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PREFACE TO FIRST EDITION 


In view of the large number of books on thermodynamics it may seem 
surprising that there should be any need for yet another. A cursory survey 
of all the existing books wil however show that only very few are at all 
comparable. The total number is considerably reduced if we reject the 
ones which G. N. Lewis so aptly described as containing "cyclical processes 
limping about eccentric and not quite completed cycles” and consider only 
those which present thermodynamics as an exact science. Many of these, 
including some of the best, arc out of date. No book written before 1929 
even attempts an account of any of the following matters; the modern 
definition of heat given by Born in 1921; the quantal theory of the entropy 
of gases and its experimental verificastion; Debye’s formulae for the activity 
coefficients of electrolytes: the use of electrochemical potentials of ions: 
the application of thermodynamics to dielectrics and to paramagnetic 
substances. The first textbook on thermodynamics to include any of these 
matters is that of Schottky published in 1929. The number of textbooks 
on thermodynamics written since then is in single figures and of these 
fewer than half a dozen are in English. The only two available bearing 
any appreciable resemblance to this book are Zemansky’s "Heat and 
Thermodynamics” and MacdougaiH’s "Thermodynamics and Chemistry”. 
I have a great admiration for both these books, but they are quite different 
from each other and from this book. Zemansky’s book is supremely good 
on the fundamentals of thermodynamics and should be equally useful to 
physicists, chemists and engineers. It includes especially thorough discus¬ 
sions on the meaning of heat, on calorimetry, on thermometry, on steam 
engines and on refrigerators. On the other hand there are important 
applications to physical chemistry, such as solutions, interfaces, electro¬ 
chemistry, the third principle, entropy constants which are dealt with 
sketchily or not at all. Macdougall’s book on the other hand is, as its 
title indicates, devoted mainly to applications of thermodynamics to 
chemistry. Less attention has been paid to a logical formulation of the 
fundamental principles and there is no application to dielectrics or to 
paramagnetics. 

The present book is addressed equally to physicists and to chemists, 
but not to engineers. It is thus in a sense intermediate between the other 
two books mentioned. It is written for graduates, but much of it should 
be useful to undergraduates intending to specialize in physical chemistry 
or chemical physics. 

There are several novel or unusual features in the treatment, notably 
the following. The third principle of thermodynamics is introduced near 
the beginning and is then used throughout the book. As the third principle 
can be properly understood only through statistical mechanics an early 
chapter is devoted to a digression on this subject. Considerable use is made 
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of a function A, called the absolute activity, related to the chemical potential 
^ by A = exp (fi/RT) ot fx = RT log A. This function plays an important 
part in statistical mechanics, more especially in Bose-Einstein and in 
Fermi-^Dirac statistics, but its close relation to /a has not always been 
appreciated. At the same time A is often more convenient than u for 
formulating equilibrium conditions, especially those of chemical reactions. 
Physico-chemical systems are classified in chapters according to the number 
and nature of the components, not according to the number or nature of 
the phases. Interfaces are treated as thin phases after the manner of 
van der Waals and Bakker, not as fictitious geometrical surfaces after 
the manner of Gibbs. There is no separate chapter on interfaces, but 
they are dealt with according to the number of components. The thermo¬ 
dynamics of an interface in a two component system is much more 
complicated than that of a single component system and conveniently 
comes at a later stage. The treatment of electrolyte solutions is split into 
two chapters; in the first of these electric potential need not be mentioned, 
while the second, entitled electrochemistry, is by contrast devoted to 
electrochemical cells. The treataent of systems in electric and in magnetic 
fields, especially the latter, is more detailed than usual. 

Choice of notation always leads to difficulties. No notation is perfect, 
but some are better than others. I have tried to be guided by the principle 
that the symbols used should be as simple as possible provided they are 
unambiguous. I will mention two examples. The symbol Vi for the partial 
molar volume of the species i is better than Vi because the bar serves no 
useful purpose and in fact does harm by suggesting an average. Again if 
the isuperscript o is used to refer to a component in the pure state, then 
to denote the value at a standard pressure a different superscript, such 
as t, should be used. It is unfortunate that there is not yet uniformity 
in the use of symbols for Gibbs’ four thermodynamic potentials f, x* W* C* 
I have used those recommended both by the International Union of 
Chemistry (1947) and by the International Union of Physics (1948), 
namely t/, H, F, G. In my opinion there is no disrespect to Gibbs, nor to 
anyone else, in finding these symbols more convenient than their 
alternatives. 

Experimental data and detailed calculations have been included here 
and there for illustrative purposes only. In all such examples care has 
been taken to use the most reliable modern data available. 

Copious references have been given to modern literature, but references 
have usually not been given for theorems and formulae now become 
classical unless there seemed to be a special reason for so doing, as for 
example to emphasize a point of historical interest or to throw light on a 
controversial matter. 

There is an author index of the references to the literature. The 
omdssion of a subject index is deliberate as it would have had to be 
either excessively long or incomplete. There is however a detailed table 
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of contents which shouild almost always enable an experienced reader to 
find what he is looking for. 

A few of the diagrams have by permission been copied from diagrams 
in other books or in journals. I am grateful for such permission to the 
Royal Society, the American Institute of Physics, the Cambridge University 
Press and Messrs. Taylor and Francis. 

I want to thank Dr. G. S. Rushbrooke for reading, checking and 
correcting the last four chapters of the book. The rest of the book has 
been checked by Mr. B. Topley, to whom my debt of gratitude cannot 
be adequately expressed in words. He has been of inestimable help to 
me in eliminating not only misprints and errors of transcription but also 
poor English, bad grammar, false reasoning and obscurity. If. as I hope, 
there remain but few examples of these, the credit is his. 

E. A. GUGGENHEIM. 

Reading University. 

August 1949. 


PREFACE TO SECOND EDITION 

The text of this edition is essentially the same as that of the first 
edition, the only significant change being at the end of § 4. 06. Several 
typographical errors in the first edition have been corrected. A subject 
index compiled by Mr. M. L. McGlashan has been added. 

A distinguished American reviewer of the first edition has proposed that 
this book might have the sub-title *‘Pride and Prejudice''. Each reader 
must decide for himself on the merit of this proposal. 

E. A. GUGGENHEIM 

Reading University, 

June 1950. 
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INTRODUCTION AND FUNDAMENTAL PRINCIPLES 

§ 1.01 Thermod 3 wainics or Thermophysics 

The word thermodynamics is a misleading name. This, possibly sur¬ 
prising statement, will now be elaborated. 

Consider as a typical example of a mechanical system a heavy weight 
suspended by a spring of comparatively negligible weight. Such a system 
has a characteristic frequency determined by the magnitude of the weight, 
the dimensions and material of the spring. But that is not all. In general 
the characteristic frequency varies according as the spring is hot or cold. 
This variation can be related to the energy that has to be supplied to the 
spring to prevent it from becoming hotter or colder when compressed or 
extended. The quantitative study of such relations would reasonably be 
called thermo-mechanics or perhaps thermo-dynamics. 

Again, consider a simple compressible fluid. Its compressibility in 
general depends on the pressure and on the nature of the fluid. But that 
is not all. It also generally varies according as the fluid is hot or cold. 
This variation can be related to the energy that has to be supplied to the 
fluid to prevent it from becoming hotter or colder when compressed. The 
quantitative study of such relations would reasonably be called thermo¬ 
hydrodynamics. 

Again, consider a parallel plate condenser immersed in a uniform liquid. 
The capacity of such a condenser depends on the size and spacing of the 
plates and on the nature of the liquid, but it also in general varies according 
as the liquid is hot or cold. This variation can be related to the energy 
that has to be supplied to the liquid to prevent it from becoming hotter or 
colder when the condenser is charged or discharged. The quantitative 
study of such relations would reasonably be called thermo-electrostatics. 
(The word thermo-electricity has a different meaning.) 

Again, consider a transformer consisting of two co axial coils of insulated 
copper wire, the whole completely immersed in a solution of a ferric salt. 
The mutual inductance of the transformer depends on the geometry of the 
two coils and on the composition of the ferric salt solution, but it also 
varies according as the solution is hot or cold. This variation can be 
related to the energy that has to be supplied to the solution to prevent it 
from becoming hotter or colder when the primary circuit is made or broken. 
The quantitative study of such relations would reasonably be called 
thermo-electrodynamics or thermo-magnetics. 

As a last example consider the chemical system consisting of a gaseous 
mixture of hydrogen, nitrogen and ammonia in the presence of an efficient 
catalyst. The equilibrium quantity of ammonia depends on the total 

J 
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quantities, combined or free, of hydrogen and nitrogen and on the pressure, 
but it also varies according as the mixture is hot or cold. This variation 
can be related to the energy that has to be supplied to the mixture to 
prevent it from becoming hotter or colder during the chemical synthesis 
or decomposition of ammonia. The quantitative study of such relations 
would reasonably be called thermo^chemics. (The word thermochemistry 
is generally used in a much more restricted sense.) 

We have now seen what might reasonably be called thermo^mechanics 
(or thermo-dynamics), thermo-hydrodynamics, thermo-electrostatics, 
thermo-electrodynamics (or thermo-magnetics) and thermo-chemics. These 
examples are not exhaustive. For example we could reasonably define 
thermo-capillarity and thermo^acoustics. The natural and obvious name for 
the science which embraces all these classes is THERMOPHYSICS. 
Unfortunately the name THERMODYNAMICS is used instead. Its use 
is so firmly established, that it would probably be futile to suggest a 
change of name. It does however seem worth while stressing that this 
science, whether called THERMOPHYSICS or not, does in fact have a 
bearing on nearly all branches of physics, as well as chemistry. 

§ 1.02 Method of Treatment 

Thermodynamics, like classical mechanics and classical electro^ 
magnetism, is an exact mathematical science. Each such science may be 
based on a small number of premises or laws from which all the 
remaining laws of the science are deducible by purely logical reasoning. 
In the case of each of these sciences there is a certain amount of 
arbitrariness as to which of the laws one chooses as the premises from 
which the others are to be deduced. 

In classical mechanics, for instance, one might begin with Newton*s 
laws of motion or alternatively one might use as the basis of the whole 
theory the Principle of Least Action. For an elementary exposition of the 
subject it is customary to choose the former, but to a reader already 
comparatively familiar with the subject the latter choice might be more 
satisfying. Whichever basis one chooses for the development of the theory 
this basis postulates the existence and definiteness of certain measurable 
quantities. In the one case they may be distance, time, mass and force, in 
the other generalized co-ordinates, generalized momenta, time and energy. 
There is a common tendency to regard the conceptions of mass and force 
as more fundamental than those of generalized momenta and energy, and 
therefore to regard them as more natural *‘bricks" with which to build up 
the complete structure of classical mechanics. But surely this is begging 
the question. When we first learn the elements of mechanics we always 
do, in fact, commence by using mass and force as the **bricks". As a 
consequence of this they are the more familiar ''bricks*' and so, without 
pausing to think why they are more familiar, we are apt to regard them 
as the natural ones. Actually if we analyse the claim of mass to priority 
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over energy and momentum, we find it due to the accidental fact that we 
live in a yery nearly constant gravitational field, as a consequence of which 
the mass of a body is proportional to its weight and so is readily measured 
with a common weighing machine. Newton's laws may be the best starting- 
point in the elementary teaching of classical mechanics, but the complete 
theory can be built up on other bases which, from a logical point of view, 
are at least equally solid. They may be less satisfactory practically but 
more so intellectually. *, 

Similarly the classical theory of electro-magnetism is still usually built 
up from conceptions such as electric and magnetic poles. Whether or not 
this choice is desirable for a first introduction to the subject, there are 
undoubtedly other more solid “bricks" from which to build the structure 
in an advanced treatment, such as for example the “four-potential" and 
“four-current" of the special relativity theory. 

In the case of thermodynamics the situation is no different. It is customary 
to regard temperature, the measure of hotness, as a natural brick and 
entropy, the measure of direction of change, as an unnatural one. This 
attitude is due to a feeling that temperature is more directly measurable. 
If, however, we analyse the question of how to measure temperature, we 
find a choice of two answers, neither of which is satisfactory: 

1. Measure it anyhow with any kind of “thermometer". We then 
obtain clumsy unnatural scales of temperature. 

2. Measure it by means of a particular type of thermometer involving 
the use of a special kind of substance called a perfect gas. We thus obtain 
a convenient and natural temperature scale known as the absolute scale. 
But if we ask what is a perfect gas and by what criterion are we to 
recognize one. the only answer obtainable without leaving the province of 
thermodynamics is that a perfect gas is a substance with certain properties, 
the most important of which is that wh^ used as a thermometer it gives 
the convenient and natural temperature scale. 

Obviously this kind of basis for an exact mathematical science is 
deplorable. This apparent vicious circle is due to an unconscious attempt 
to build up the structure without having chosen the right bricks. The 
usual introduction to entropy is unsatisfactory. For it is made dependent 
on the absolute temperature, a definition of which, independent of the 
postulate that certain substances make more perfect thermometers than 
others, involves conceptions, such as that of a Carnot cycle, which are at 
least as complex as the conception of entropy itself. 

We have deliberately chosen to regard absolute temperature and entropy, 
just as we regard pressure and volume, as two quantities both fundamental. 
We therefore do not attempt to define them in terms of other quantities 
regarded as simpler, for we do not admit the existence of simpler thermo¬ 
dynamic quantities. Nor do we attempt to define the one in terms of the 
other as we regard them as equally fundamental. We define them merely 
by their properties, expressed either in words or by mathematical formulae. 
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§ 1,03 Thermod)mamic State* Phases 

The simplest example of a system to which thermodynamics can be 
applied is a single homogeneous substance. In this simplest case a complete 
description of its thermodynamic state requires a specification of its 
content, i.e. quantity of each chemical substance contained, and further a 
specification of two other quantities such as for example volume and 
viscosity, or density and pressure. If all the physical properties of the 
system in which we are interested were independent of whether the 
system is hot or cold, it would to describe its state be sufficient to 
specify, apart from the quantity of each chemical substance contained, 
only one quantity, such as volume. Usually some, if not all, of the pro¬ 
perties of interest do depend on whether the body is hot or cold and the 
specification of one extra independent quantity fixes the degree of hotness 
or coldness. Thus this simple thermo^hydrodynamic system has one more 
degree of freedom than the corresponding hydrodynamic system. 

If the system is not homogeneous, in order to describe its thermo¬ 
dynamic state we have to consider it as composed of a number, small or 
large, of homogeneous parts called phases each of which is described by 
specifying its content and a sufficient number of other properties; the 
sufficient number for each thermo-physical phase is always one more than 
in the corresponding hypothetical physical system with all its properties of 
interest independent of whether it is hot or cold. 

In some cases the complete description of the thermodynamic state of a 
system may require it to be regarded as composed of an infinite number 
of infinitesimal phases. If the physical properties vary continuously over 
macroscopic parts of the system, this procedure offers no difficulty. An 
example is a long column of gas in a gravitational field. If on the other 
hand there are infinitely many discontinuities over infinitesimal regions, 
it may be difficult if not impossible to give a complete description of the 
thermodynamic state. An example is a gas flowing turbulently through an 
orifice* 

In considering the properties of interfaces, we shall have to include 
phases which are extremely thin in the direction normal to the interface. 

To sum up; the complete description of the thermodynamic state of any 
system involves a description of the thermodynamic state of each of its 
homogeneous phases, which may be few or many or infinite in number. 
The description of the thermodynamic state of each phase requires the 
specification of one more property than the description of the physical 
state of an analogous hypothetical phase all of whose properties of interest 
are independent of whether it be hot or cold. 

§ 1.04 Thermodynamic Process 

If on comparing the state of a thermodynamic system at two different 
times it is found that there is a difference in any macroscopic property of 
the system, then we say that between the two times of observation a 
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process has taken place. If, for example, two equal quantities of gas are 
allowed to intermix, this will constitute a process from a thermodynamic 
point of view provided the two initially separate gases arc distinguishable 
by any macroscopic property, even though their difference is very slight, 
as, for example, might be the case for two isotopes. If, on the other hand, 
the two initially separate gases are not distinguishable by any macroscopic 
property, then from a thermodynamic point of view no process takes place, 
although from a molecular standpoint there is a never-ceasing intermixing. 

§ 1.05 Infinitesimal Process 

A process taking place to such an extent that there is only an in¬ 
finitesimal change in any of the macroscopic properties of a system is called 
an infinitesimal process. 

§ 1,06 Insulating Walls* Adiabatic Processes 

The boundary or wall separating two systems is said to be insulating if 
it has the following property. If any system in complete internal equilibrium 
is completely surrounded by an insulating wall then no change can be 
produced in the system by external agency except by 

(a) movement of the containing wall or part of it 

(b) long range forces, e.g. movement of electrically charged bodies. 
When a system is surrounded by an insulating boundary the system is 
said to be thermally insulated and any process taking place in the system 
is called adiabatic. The name adiabatic appears to be due to Rankine *. 

§ 1.07 Conducting Walls* Thermal Equilibrium 

The boundary or wall separating two systems is said to be thermally 
conducting if it has the following property. If any two separate systems 
each in complete internal equilibrium are brought together so as to be in 
contact through a thermally conducting wall then in general the two 
systems will be found not to be in mutual equilibrium, but will gradually 
adjust themselves until eventually they do reach mutual equilibrium after 
which there will of course be no further change. The two systems are then 
said to have reached a state of thermal equilibrium. It was necessary to 
include the words “in general” in the definition to allow for the exceptional 
case that the two systems started in thermal equilibrium. Systems separated 
by a conducting boundary are said to be in thermal contact. 

§ 1 * 08 Zeroth Principle* Temperature 

We are now ready to formulate one of the important principles of 
thermodynamics, namely: 

If two systems are both in thermal equilibrium with a third system then 
they are in thermal equilibrium with each other* 

This will be referred to as the zeroth principle of thermodynamics. 

• See Maxwell, Theory of Heat (1871 cd.) p. 129. 
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Consider now a reference system in a well-defined state. Then all other 
systems in thermal equilibrium with it have a property in^common, namely 
the property of being in thermal equilibrium with one another. This pro¬ 
perty is called temperature. In other words systems in thermal equilibrium 
are said to have the same temperature. Systems not in thermal equilibrium 
arc said to have different temperatures. 

§ 1.09 Thermostats and Thermometers 

Consider two systems in thermal contact, one very much smaller than 
the other, for example a short thin metallic wire immersed in a large 
quantity of water. If the quantity of water is large enough (or the wire 
small enough), then in the process of attaining thermal equilibrium the 
change in the physical state of the water will be entirely negligible compared 
with that of the wire. This situation is described differently according as 
we are primarily interested in the small system or in the large one. 

If we are primarily interested in the small system, the wire, then we 
regard the water as a means of controlling the temperature of the wire and 
we refer to the water as a temperature bath or thermostat. 

If on the other hand we are primarily interested in the large system, the 
water, we regard the wire as an instrument for recording the temperature 
of the water and we refer to the wire as a thermometer. This recording of 
temperature can be rendered quantitative by measuring some property of 
the thermometer, such as its electrical resistance, which varies with 
temperature. 

§ 1. 10 Temperature scales 

Since there is an infinite choice of kinds of thermometers so there is 
an infinite choice of empirical scales of temperature. We shall however see 
later that there is one particular scale o-f temperature which has out¬ 
standingly simple characteristics which can be described in a manner 
independent of the properties of any particular substance or class of sub¬ 
stances. This scale is called the absolute scale. We shall later describe 
methods by which temperatures can be determined on the absolute scale. 
These methods, if they are to be precise, require elaborate apparatus and 
are extremely tedious. It is therefore general practice to use such a 
procedure to determine accurately a few standard temperatures on the 
absolute scale. Other subsidiary thermometers of high sensitivity and 
convenient to use are calibrated at these standard temperatures according 
to the absolute scale. Intermediate temperatures are then measured by 
the subsidiary thermometers according to specified interpolation formulae 
between the standard temperatures. These interpolation formulae are so 
chosen that the temperatures recorded according to them arc exactly the 
same as on the absolute scale at all the standard points and only differ 
very slightly, if at all, from the absolute scale at intermediate points. The 
unit of temperature is called a degree and is denoted by the symbol 
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§ 1.11 First Principle* Energy 

Wc now formulate the first principle of thermodynamics. 

The work required to bring a thermally insulated system from one 
completely specified state to a second completely specified state is in** 
dependent of the source of the work and of the path through which the 
system passes from the initial to the final state. 

It follows that when a system passes adiabatically from a state 1 to a 
state 2 the work w done on the system is given by 

w = U{2) — U(l)» (adiabatic process). (1.11.1) 

where U(l)» U(2) depend only on the states 1, 2 respectively. In other 
words the work w done on the system is equal to the increase in the value 
of a function U of the state of the system. Using the symbol A to denote 
the increase in the value of a function, we can rewrite {1) as 

ti;=:AU, (adiabatic process). (1.11.2) 

where U is called the energy of the system. According to this property U 
is for a given system completely defined apart from an arbitrary additive 
constant, which is without physical significance since only changes of 
energy are measurable. The complete definition of U for each independent 
system thus requires an arbitrary conventional fixing of the state of zero 
energy. When this has been fixed, the energy in any other state is uniquely 
determined. 

If the state of a system is defined by its temperature and certain other 
parameters such as composition and volume, and its temperature is changed 
while the other parameters are kept unchanged, then the change in the 
energy of the system may be referred to as a change in its thermal energy. 

§ 1.12 Heat 

The equality (1.11.2) holds only for an adiabatic process. In a process 
which is not adiabatic the system is said to absorb a quantity of heat q, or 
alternatively to give off a quantity of heat — q, where 

q=AU-w. (1.12.1) 

This formula, which defines q, can be rewritten as 

w + q = ^U. (1. 12.2) 

If we regard this as a statement of the conservation of energy and compare 
it with the corresponding statement for an adiabatic process, we observe 
that the energy of a system can be increased either by work done on it or 
by absorption of heat. 

For an infinitesimal process equation (1) becomes 

q = dU — w. (1.12.3) 

If of two systems in thermal contact the one absorbs heat and the other 
gives off this same quantity of heat, then we speak of a flow of heat from 
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the second to the first. According to the zeroth principle such a flow of heat 
will take place only if the two systems are at different temperatures. We 
may thus regard flow of heat as a transfer of energy resulting from a 
temperature difference. 

The extension of the mechanical principie of conservation of energy to 
include changes in thermal energy and the flow of heat was a gradual 
process, the earlier formulations betng less rigorous than later ones. The 
principle is implied in a posthumous publication of Carnot (died 1832) and 
was placed on a firm experimental basis* by Joule (1840—45). More 
explicit statements of the principle were formulated by Helmholtz (1847) 
and by Clausius (1850). The formulation adopted here, which surpasses 
in rigour and clarity all earlier attempts, is due to Born ** (1921). 

§ 1.13 Conversion of Work to Heat 

The expression conversion of work to heat should be used with caution, 
since in general w and —q are not numerically equal to each other. If 
however a system is taken through a complete cycle, then since its initial 
and final state are identical the initial and final values of U are the same 
and so 

A 17 = 0, w^^q, (complete cycle). (1.13.1) 

We may then say that in the cycle the work w done on the system is 
converted into the balance of heat —q given off by the system during the 
cycle, that is to say the excess of the heat given off over the heat absorbed 
in various parts of the cycle. 

Again if a system is kept in a steady state while work is done on it, 
then, since its state remains unaltered, U does not change and so 

At/=0, w = ^q, (steady state). (1.13.2) 

Here again we may say that in the steady state the work w done on the 
system is converted into the heat — q given off by the system. 

Except in the two special cases just mentioned, it is in general dangerous, 
if not meaningless, to speak of the conversion of work into heat or vice- 
versa. Unfortunately the expression is sometimes used incorrectly. Let us 
consider two simple practical examples which serve to illustrate the correct 
and incorrect use of the expression. 

Consider as our system an ordinary electric heater, that is to say a 
resistance across which an electric potential difference E can be produced 
by closing a switch. Suppose that initially the resistance is in thermal 
equilibrium with its surroundings and the switch is open. When the switch 
is closed a current i flows through the resistance and the electrical work 
done on the heater in an element of time dt is 

w = Eidt. (1.13.3) 

* The reader interested in the history will find useful a critical summary with 
references to the original literature in Partington, Chemical Thermodynamics (1924), p. 11. 

Bom, Physik. Zeit (1921) 22 218. 
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In the first instant this work produces an increase in the thermal energy 
of the resistance, so that 

w=dU. (initially). (1.13.4) 

But immediately the temperature of the resistance becomes different from 
that of its surroundings and so there is a flow of heat q from the resistance 
to its surroundings. Thus in a time dt 

w = dU — q, (general). (1.13.5) 

As the temperature difference between the resistance and its surroundings 
increases, so — qjw increases towards the value unity. Eventually a steady 
state is reached, the temperature of the resistance no longer increases and 
we have 

w = ^q, d£/=: 0, (steady state). (1.13.6) 

When this steady state has been reached, and not until then, may one 
correctly speak of the conversion of the work w into the heat —q in 
the time dt. 

Now by way of contrast consider the system consisting of the electric 
heater together with a fluid surrounding it, the whole being thermally 
insulated. The work done on the system is still given by (3). But now 
since the whole system, consisting of resistance and fluid, is thermally 
Insulated q is by definition zero, so that 

w = dU» q = 0, (thermal insulation). (1.13. 7) 

We may now say that the work w is converted into thermal energy; to 
speak of its conversion to heat would evidently be nonsense. 

§ 1.14 Natural, Unnatural and Reversible Processes 

All the independent infinitesimal processes that might conceivably take 
place may be divided into three types: natural processes, unnatural 
processes and reversible processes. This classification is due to Planck *. 

Natural processes are all such as actually do occur in nature; they 
proceed in a direction towards equilibrium. 

An unnatural process is one in a direction away from equilibrium; such 
a process never occurs in nature. 

As a limiting case between natural and unnatural processes we have 
reversible processes, which consist of the passage in either direction 
through a continuous series of equilibrium states. Reversible processes do 
not actually occur in nature, but in whichever direction we contemplate a 
reversible process we can by a small change in the conditions produce a 
natural process differing as little as we choose from the reversible process 
contemplated. 

We shall illustrate the three types by examples. Consider a system 
consisting of a liquid together with its vapour at a pressure P. Let the 
equilibrium vapour pressure of the liquid be p. Consider now the process 

♦ Planck, Ann. Phgsik i(1887) 30 563. 
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of the evaporation of a small quantity of the liquid. If P < p. this is a 
natuial process and will in fact take place. If on the other hand P > p, the 
process contemplated is unnatural and cannot take place; in fact the 
contrary process of condensation will take place. If P = p then the 
process contemplated and its converse are reversible, for by slightly 
decreasing or increasing P we can make either occur. The last case may be 
described in an alternative manner as follows. If P =: p — d, where <) > 0, 
then the process of evaporation is a natural one. Now suppose d gradually 
decreased. In the limit d ^ 0. the process becomes reversible. 

§ 1.15 Reversible Process and Reversible Change 

We have defined a reversible process as a hypothetical passage through 
equilibrium states. If we have a system interacting with its surroundings 
either through the performance of work or through the flow of heat, we 
shall use the term reversible process only if there is throughout the process 
equilibrium between the system and its surroundings. If we wish to refer 
to the hypothetical passage of the system through a sequence of internal 
equilibrium states, without necessarily being in equilibrium with its sur¬ 
roundings we shall refer to a reversible change. We shall illustrate this 
distinction by examples. 

Consider a system consisting of a liquid and its vapour in mutual 
equilibrium in a cylinder closed by a piston opposed by a pressure equal 
to the equilibrium vapour pressure corresponding to the temperature of the 
system. Suppose now that there is a flow of heat through the walls of the 
cylinder, with a consequent evaporation of liquid and work done on the 
piston at constant temperature and pressure. The change in the system is 
a reversible change, but the whole process is a reversible process only if 
the medium surrounding the cylinder is at the same temperature as the 
liquid and vapour; otherwise the flow of heat through the walls of the 
cylinder is not reversible and so the process as a whole is not reversible, 
though the change in the system within the cylinder is reversible. 

As a second example consider a flow of heat from one system in complete 
internal equilibrium to another system in complete internal equilibrium. 
Provided both systems remain in internal equilibrium then the change 
which each system undergoes is a reversible change, but the whole process 
of heat flow is not a reversible process unless the two systems are at the 
same temperature. 

§ 1.16 Equilibrium and Reversible Changes 

If a system is in complete equilibrium, any conceivable infinitesimal 
change in it must be reversible. For a natural process is an approach 
towards equilibrium, and as the system is already in equilibrium the change 
cannot be a natural one. Nor can it be an unnatural one, for in that 
case the opposite infinitesimal change would be a natural one, and this 
would contradict the supposition that the system is already in equilibrium. 
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The only remaining possibility is that, if the system is in complete equili¬ 
brium, any conceivable infinitesimal change must be reversible. 

§ 1. 17 Entropyt Absolute Temperature and Second Principle 

There exists a function S of the state of a system called the entropy of 
the system having the following properties. 

The entropy of a system is the sum of the entropies of its parts. In 
this respect entropy is similar to mass, volume and energy. In other words 
entropy is an extensive property in the meaning to be defined in § 1.23. 

The entropy of a system can change in two distinct ways, namely by 
interaction with the surroundings and by changes taking place inside the 
system. Symbolically we may write this as 

dS = deS + diS. (1.17.1) 

where dS denotes the increase of entropy of the system, deS denotes the 
part of this increase due to interaction with the surroundings and diS 
denotes the part of this increase due to changes taking place inside the 
system. 

The entropy increase deS due to interaction with the surroundings is 
related to the heat q absorbed by the system from its surroundings by 

deS = ^, (1.17.2) 

where T is a positive quantity depending only on the temperature of the 
system. We may therefore regard T as a particular scale of temperature 
and we accordingly call T the absolute temperature. 

The entropy increase diS due to changes taking place inside the system 
is positive for all natural changes, is zero for all reversible changes and is 
never negative. In symbols 

c//S>0. (natural changes), (1.17.3) 

S = 0, (reversible changes). (1.17.4) 

Substituting (2) and (3) into (1), we obtain for a system at the absolute 
temperature T 

cfS>~. (natural changes). (1.17.5) 

If a system is not at a uniform temperature then we cannot apply (2) or 
(5) to the whole system, but we can do so to each part of the system 
which is at a uniform temperature. 

Similarly substituting (2) and (4) into (1), we obtain 

cfS = ^, (reversible changes). (1.17.6) 

These relations constitute the second principle of thermodynamics. It is 
to be noted that in this formulation the absolute temperature T and the 
entropy S are introduced simultaneously as two fundamental quantities. In 
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a more mathematical formulation T’* appears as an integrating factor 
leading to the complete differential dS. 

The second principle was foreshadowed by the work of Carnot (1824) 
but was more clearly enunciated by Clausius (1850) and independently 
by Kelvin (1851). The conception of entropy is due to the former (1854) 
and of absolute temperature to the latter. 

According to the above relations S is indefinite to the extent of an 
arbitrary additive constant. This arbitrariness is however without physical 
significance, since only changes of entropy are observable or measurable. 
This indefiniteness can be removed by an arbitrary conventional fixing of 
a state of zero entropy for each independent system. 

For a finite change, reversible throughout, equation (6) applies to each 
of the infinitesimal steps into which the finite change may be divided. 
Hence using A to denote the increase from the initial to the final value, 
we have 

A5= 2* ~, (reversible change), (1. 17. 7) 

where 2* denotes summation over all the steps. 

In particular for a reversible cycle which leaves the system in a final 
state idential with the initial state 

AS = 0, 2* 0 (reversible cycle). (1. 17.8) 

§ 1,18 Kelvin Scale of Temperature 

It is obvious that the fundamental relation (1. 17.2) used in defining 
entropy and absolute temperature would remain valid if the signs of S 
and T were simultaneously reversed. We accordingly fixed the signs un¬ 
ambiguously by deciding that T shall be positive. The same relation 
(1. 17. 2) still remains valid if S is replaced by cS and T by T where c 
is any positive number. Thus to complete the definitions of S and T we 
have to fix their scales, in other words to fix the unit of temperature called 
the degree. This is simply accomplished by assigning an arbitrary value 
to T at some specified temperature. 

We accordingly define the temperature of equilibrium between liquid 
water and ice at a ‘pressure of one atmosphere as 273.16 degrees. The 
absolute scale of temperature with the size of the degree thus fixed is 
called the Kelvin scale, denoted by the letter K. Thus the normal (i.e. at 
one atmosphere) freezing-point of water is 273.16 °K. 

§ 1.19 Centigrade Degree 

We shall describe later in § 4. 13 how it is possible to measure the ratio 
of any two absolute temperatures, in particular the ratio of any absolute 
temperature to that of the normal freezing'^point (N.F.P.) of water. 
Having then assigned the value 273.16 to the N.F.P. of water, it thus 
becomes possible to determine unambiguously any other temperature on the 
Kelvin scale. If then the boiling<^point of water at one atmosphere or the 
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normal boiling-point (N.B.P.) of water is so determined, it will be found 
to be 373.16 ^K. Thus the N.B.P. of water exceeds the N.F.P. of water by 
)ust 100 degrees. This is of course no accident, but was the determining 
factor in the arbitrary choice of the size of the degree. Owing to this 
property of the chosen scale the degree is called a centigrade degree. 

In defining the degree we have followed Giauque * (1939) who stresses 
the fact that only one standard temperature is required to fix the size of 
the degree. The procedure adopted in the past of fixing the size of the 
degree by means of two temperatures (the N.F.P. and N.B.P. of water) 
is, as pointed out by Giauque, less direct, less reasonable and less con¬ 
venient. There is reason for hoping that Giauque’s method of defining the 
degree may soon be adopted universally, especially since it has recently 
(1948) been recommended by the International Union of Physics**. 

§ 1.20 Celsius Scale of Temperature 

For many practical purposes it is considered convenient to use a 
temperature scale such that the temperatures most usually met in the 
laboratory and in ordinary life shall be represented by numbers between 
0 and 100. For this purpose the scale most used in scientific work is the 
Celsius scale (sometimes loosely called the centigrade scale) and denoted 
by the letter C. The temperature on the Celsius scale is defined as the 
excess of the temperature on the Kelvin scale over that of the N.F.P. of 
water also on the Kelvin scale. Thus the relation between the two scales is 


x^K= (jc-273.16) °C. (1.20. 1) 

yOCz={y + 273.16) ^K. (1. 20. 2) 

N.F.P. of water = 273.16 ®K = 0®C. (1.20.3) 

N.B.P. of waterm 373.16 °K= 100 °C. (1.20.4) 


In both the Kelvin scale and the Celsius scale the unit is the centigrade 
degree. There are other scales based on other kinds of degrees, but these 
are little used in scientific work and need not be mentioned further. 

§ 1.21 Heat Flow and Temperature 

According to the zeroth principle of thermodynamics the condition for 
thermal equilibrium between two parts of a system is equality of tempera¬ 
ture. We can now verify that this condition is consistent with the general 
condition of equilibrium, namely that any infinitesimal change should be 
reversible. We consider a thermally insulated system consisting of two 

parts a and p at uniform temperatures T* and respectively. The entropy 

S of the whole system is equal to the sum of 5“ the entropy of a and 
the entropy of /5; that is to say 

s = s* + s^ 




Giauque, Nature (1939) 143 623. 

International Union of Physics, Document SG 48—6. 


( 1 . 21 . 1 ) 
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Consider now the How of an infinitesimal positive quantify q of heat from 
a to Then according to (\A7.2) 

deSr = -jr,- (1-21.2) 



(1.21.3) 


The increase in the entropy of the whole system due to this flow of heat 
is therefore 


c/eS“ + cf,S^ = - 


r“ 





(1.21.4) 


The condition that the flow of positive heat q from a to p should be a 
natural process is that the consequent change of entropy of the whole 
system should be an increase, that is to say that the expression (4) should 
be positive. Thus heat will flow naturally from a to P provided 


(1.21.5) 

We have thus reached the conclusion that according to our definition of 
the absolute temperature T, heat flows naturally from a higher to a lower 
absolute temperature. 

If each of the phases a and p is in internal equilibrium then there are no 
changes of entropy other than that due to the flow of heat from a to p. 
If on the other hand, cither phase, or both, is not in internal equilibrium 

there may be other entropy changes dt S“. di superposed on that due 
to the flow of heat. These can only be positive, so that the increase in 
entropy of the whole system will then be greater than the expression (4). 
The above argument is not affected by such other natural processes pro¬ 
ceeding as well as the flow of heat. This is an advantage of the particular 
formulation of the second principle which we have chosen *. 

In the particular case that 7’“= the expression (4) vanishes: there 
is no entropy increase associated with the flow of heat. The two parts of 
the system arc in thermal equilibrium and so the flow of heat contemplated 
is reversible. 


§ 1.22 Phases 

The simplest and most important kind of thermodynamic system may be 
considered as consisting of a finite number of homogeneous parts. As 
already mentioned in § 1.03 each such homogeneous part is called a phase. 
Strictly, we should also include a finite number of non-homogeneous parts 

♦ Compare Prigogine, Etude Thermodynamiqae des Phinom^nes hr^uenibles (1947) 
p. 14. 
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forming the boundaries between various pairs of homogeneous phases. 
However, for many purposes these non-homogeneous parts are of such 
small extent compared with the homogeneous parts that they may be 
ignored. We shall for the sake of simplicity so ignore them for the time 
being. At a later stage beginning at § 1.51 we shall show how we may 
take- account of them in an exact manner. 

§ 1.23 Extensive Properties 

The mass of a system is clearly equal to the sum of the masses of its 
constituent phases. Any property, such as mass, whose value for the whole 
system is equal to the sum of its values for the separate phases is called 
an extensive property or a capacity factor. 

Important examples of extensive properties are the energy L7, the 
entropy S and the volume V. The energy t/ of a system is related to the 

energies IT of the separate phases a by 

U-2^U\ (1.23.1) 

Similarly, for the entropy, we have 

S = 2’.S“. (1.23.2) 

and for the volume 

V. (1.23.3) 

When we are considering a system of one phase only we may obviously 
omit the superscript a and shall usually do so. 

§ 1.24 Intensive Properties 

The density of a phase is clearly constant throughout the phase, because 
the phase is by definition homogeneous. Further, the density of a phase 
of a given kind and state is independent of the quantity of the phase. Any 
property of a phase with these characteristics is called an intensive pro¬ 
perty or an intensity factor. 

The temperature and the pressure P“ of a phase a are important 
examples of intensive properties. 

§ 1.25 Pressure of Phase 

The fundamental property of the pressure is familiar from hydrostatics. 
It may be described by the statement that for any infinitesimal change 
dV^ of the volume of the phase a the work w done on the phase is given 
by 

w“ = -P“cfV“ (1,25.1) 

where P“ is the pressure of the phase a. 

§ 1.26 Chemical Omtent of Phase 

The chemical content of a phase a is defined by the number of units 
of quantity of each of a finite number of independently variable chemical 
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species in the phase. The unit of quantity may be the gram, the pound or 
any other unit of mass. It need not necessarily be the same mass for 
different chemical species. In fact, it is most usual to take as units of 
quantity the gram^molecule or mole, that is a mass proportional to that 
given by the accepted chemical formula of the particular species. A thermo¬ 
dynamic definition of the mole will be given in § 4. 14. In anticipation of 
this we may use the mole as the unit of quantity for each chemical species. 

§ 1.27 Chemically Inert Species 

We must emphasise that in the previous section we specified that the 
chemical species by which the chemical content of the phase is described 
must be independently variable. In the absence of any chemical reactions 
there is no difficulty, but if some of the species can react chemically the 
recipe required for selecting a set of independently variable species is not 
so simple. In order to postpone this complication we shall exclude the 
possibility of chemical reactions until we come to § 1.48 where we revert 
to the subject. 

§ 1.28 Closed and Open Phases 

It will be convenient to refer to a phase of fixed content as closed and 
to one whose content can be varied by passage of substances to or from 
other phases as open. In a similar sense any part of a system may be 
referred to as closed or open. 


§ 1.29 Degrees of Freedom of a Closed Phase 
Provided a closed phase is at rest and chemical reactions are excluded, 
the phase is always in internal equilibrium and so any infinitesimal change 
is reversible. An infinitesimal change can be irreversible (natural) only if 
more than one phase or a chemical reaction is involved. Hence for a closed 
phase at rest, excluding chemical reactions, we have for any infinitesimal 
change 

q = TdS, (closed phase), (1. 29. 1) 

w = — PdV, (closed phase), (1. 29.2) 


while the first principle of thermodynamics gives for any infinitesimal 
process 

dU=zq+w, (1.29.3) 

Substituting from (1) and (2) into (3) we obtain 

dll = TdS — PdV, (closed phase). (1.29.4) 


As already mentioned in § 1.03 a closed single phase has two degrees 
of freedom; that is to say two quantities must be fixed to complete the 
specification of its state. There is of course a wide possible choice of such 
pairs of independent variables. If one chooses the entropy S and the 
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volume V as the two independent variables then equation (4) shows how 
the energy U depends on them. Such a choice of independent variables is 
not necessarily the most convenient. For example it might be preferable 
to choose the energy U and the volume V as the independent variables: 
the dependence on them of the entropy S is then obtained by simple trans¬ 
formation of (4) as 

cf5=: ^ dU + ^dV (closed phase). (1.29. 5) 
Other choices of independent variables will be discussed later. 


§ 1.30 Chemical Potentials 

We can generalize formula (1.29.4) to an open phase or phase of 
variable content by writing formally 

dU = TdS-PdV + 2i fii dm, (1.30.1) 

where 2*/ denotes summation over all the chemical species in the phase 
and fii is defined by 



rij denoting all quantities like n/ except ni itself. 

The quantities /i/ were first introduced in this manner by Gibbs (1875), 
who called /// the potential * of the species i. It is more usual to call pi the 
chemical potential of i; sometimes pt is called the partial potential of i. All 
three names are unobjectionable. 

The reader may well find the definition (2) of pt puzzling because a 
variation in the content of a phase keeping its entropy constant is an 
abstract idea not corresponding to any simple physical process. It must 
indeed be admitted that at this stage it is by no means clear to what extent 
equation (2) is a sufficient definition of pi. It should however be clear 
that there is nothing contradictory or inconsistent about equations (1) and 
(2). At the worst the definition of the pi*s may be incomplete. We shall 
return to this point later in § 1.36 and § 1.47, meanwhile using (1) as 
a basis for development until we can obtain a simpler physical meaning 
of the chemical potentials pi. 

The chemical potentials pi are intensive properties; that is to say that, 
like density, they have the same value in any phase as in a larger or smaller 
phase having the same temperature, pressure and relative composition. This 
may not be obvious at this stage but will become so later. Meanwhile this 
will be assumed. 


§ 1.31 Other Thermodynamic Potentials 

Formula (1. 30.1) expresses the dependence of the energy U on the set 
of independent variables S, V, n/. This set of independent variables is not 


* 


Gibbs, Collected Works vol. 1 p. 65. 


2 
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by any means the most convenient. It is usually preferable to use T as an 
independent variable instead of 5. and often preferable to use P as an 
independent variable instead of V. In order to change over to such alter¬ 
native sets of variables, it is expedient to introduce certain new thermo¬ 
dynamic functions defined for each phase as follows: 

F = U^ TS. (1.31.1) 

H = U + PV. (1.31.2) 

G = t/— TS + PV. (1.31.3) 

If now we differentiate each of these and substitute for dU from (1. 30. 1) 
we obtain 


dF = --SdT-PdV + ZiMidni. (1.31.4) 

dH= TdS+ VdP + Zi/Hidm. (1.31.5) 

dG = -SdT+ VdP + ZiMidm. (1.31.6) 

Since F, H, G like S. V, U are evidently extensive properties the F, H, G 
in a system of several phases are related to the F“. G“ of the 
individual phases a by 

F-ZaF\ (1.31.7) 

H=ZaH\ (1.31.8) 

G=-2;G“, (1.31.9) 


It is clear that the dependence of F on the independent variables T, V, 
m is given simply and explicitly by (4). Similarly according to (5) and 
(6) H and G are simply expressed in terms of the independent variables 
5, P, m and T, P, m respectively. In view of these characteristics U is 
called a thermodynamic potential for the variables S, V, m, and F is a 
thermodynamic potential for the variables T, V, m; similarly H is a thermo^ 
dynamic potential for the variables S, P, m and G for the variables T, P»ni. 

The thermodynamic potentials U, F, H, G are sufficient for all require¬ 
ments. They are not however the only possible ones. For example by simple 
transformation of (1.30. 1) we have 

dS=YclU+YdV-Y^iMidni. (1.31.10) 

showing that S is a thermodynamic potential for the variables U. V, m. 
Again let us define two new quantities J and Y by 

U F 

j=^S-f = -Y- (1.31.11) 


Y=S- 


U 

T 


PV 

T 


G 
T ' 


(1.31.12) 


Now differentiate (11) and (12) and substitute for dS from (10). We 
obtain 


dJ=:^^dT-\-^dV-^Siiitdnt. (1.31.13) 
cfy = ^ dr - ^ rfP - ^ rfnj. 


(L 31. H) 
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from which wc sec that /, like F, is a thermodynamic potential for the 
variables T, V, m and Y, like G, is one for the variables T, P, n/. 

The functions /, Y have in recent times been largely superseded by 
F, G, In some applications the former have advantages over the latter, as 
will be seen later. In particular we shall sec in Chapter II that /, Y are 
more simply related to what is called statistical probability. We shall use 
sometimes F, G and on other occasions J, Y. 

In a system of several phases a evidently 

(1.31.15) 

y=2*«Y“. (1.31.16) 

§ 1. 32 Names and Symbols for Thermodynamic Potentials 

Whereas the definition of the several thermodynamic functions is un¬ 
ambiguous and straightforward, there is unfortunately almost unbelievable 
absence of uniformity as to their names. We shall record briefly some of 
the alternative terminologies. 

U, which we call energy, is sometimes called total energy and sometimes 
internal energy, the name used by Clausius. 

H was called by Gibbs (1875) the heat function for constant pressure. 
It has the alternative names heat function, total heat, heat content and 
enthalpy. Of these we choose heat function because this name best 
emphasizes that H, in contrast to q the heat absorbed, is a function of the 
state of the system. 

The function F was called by Gibbs (1875) the force function for 
constant temperature* and by Helmholtz (1882) the free energy**. 
It has also been called the work function and the Helmholtz free energy. 
We shall use the alternative names free energy and Helmholtz function, 
" The function G.is also due to Gibbs (1875). It is sometimes called the 
total thermodynarnic potential and sometimes merely the thermodynamic 
potential. Unfortunately G has sometimes been called free energy, thus 
causing confusion between F and G. To avoid such confusion we have in 
the past called G the Gibbs free energy, Wc now propose to use the 
simpler name Gibbs function with the alternative name useful energy. 

The functions / and Y were introduced by Massieu *** (1869) and the 
latter was widely used by Planck. We accordingly propose to call / the 
Massieu function and Y the Planck function. It is interesting to note that 
these were the earliest thermodynamic potentials, six years earlier than 
those introduced by Gibbs, namely F, G and H, 

There has also been wide disparity between the notations of various 
authors. The table below gives a comparison of the choice of some of 
the best known authors. 

♦ Gibbs. Collected Works, vol. 1 p. 89. 

** Helmholtz, Sitzungsber, Akad, Wiss, Berlin (1882) 1 22. 

*** Massieu, Comptes rendus (1869) 69 858. 
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Preferred 

Names 

Entropy 

Energy 

Heat 

Function 

Present Notation 

5 


H 

Massieu (1869) 



U* 

Gibbs (1876) 

V 


X 

Helmholtz (1882) 

1 ^ 

D 


Duhem (1886) 

s 



Lorentz (1921, 1927) 

V 



Planck (1932 edition) 

s 

u 


Lewis and Randall (1923) 

s 

E 

H 

Partington (1924) 

s 

U 

H 

Schottky (1929) 

s 

U 

H 

Guggenheim (1933) 

s 

E 

H 

Fowler (1936) 

s 

E 

H 

Br6nsted (1936) 

s 

E 

H 

De Donder and Van 

s 

E 

H 

Rysselberghe (1936) 




Fowler and Guggenheim 

s 

E 

H 

(1939) 




McDougall (1939) 

s 

E ^ 

H 

Macinnes (1939) 

s 

u 

H 

Slater (1939) 

s 

U 

H 

Mayer and Mayer (1940) 

s 

E 

H‘ 

Zemansky (1943) 

s 

U 

H 

Prigogine and Defay (1944) 

s 

E 

H 

De Boer (1946) 

s 

U 

W 



Our notation has b^cn chosen so as to agree with, or at least not to 
contradict, as many authors as possible especially those still alive, of 
whatever nationality In the use of S, U and F it conforms to the 
notation of Helmholtz (1882). It is unfortunate that pupils of the famous 
school in California founded by G. N. Lewis use F to denote the Gibbs 
function, whereas other American authors, as well as Belgian, British, 
Danish, Dutch, French, and German authors all use F to denote the 
Helmholtz function. It is to be hoped that eventually international agree¬ 
ment will be reached. 


* This notation has the support of the Internationa] Union of Physics (1948) and 
of the Intemational Union of Pure and Applied Chemistry (1947). 
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§ 1.33 Fundamental Equations 

Let us recollect four important relations from § 1.30 and § 1.31, namely 


dU = TdS-PdV + Si fii dm. 

(1.33.1) 

dF -- SdT- PdV + Si f,i dm. 

(1.33.2) 

dH = TdS -1- VdP + Si Hi dm. 

(1.33.3) 

dG = - SdT+ VdP + Si Hi dm. 

(1.33.4) 

Each of these relates a thermodynamic potential to its appropriate in¬ 
dependent variables. Following Gibbs we call these fundamental equations. 
The relationship between the four thermodynamic potentials U, H. F. G 
and the various pairs of independent variables chosen from the set S, T, 
V, P can be expressed schematically by 

SUV 

H F 

P G T 

(1.33.5) 

By means of a fundamental equation all the thermodynamic functions can 
be expressed in terms of the chosen thermodynamic potential and its 
derivatives with respect to the corresponding independent variables. 

For example choosing G (T, P, n/) we obtain directly from (4) 

« dG 

(1.33. 6) 

H=G-T~. 

(1. 33. 7) 

II 

(1.33. 8) 

F = G-P§. 

(1. 3 3. 9 


(1.33.10) 

dG 

(1.33. 11) 


Similarly we could express all the thermodynamic functions in terms of 
U and its differential coefficients with respect to S. V, m. but not in terms 
of its differential coefficients with respect to T, V, m. This accounts for 
the muddle produced by certain so-called elementary treatments wherein 
U, T. V, m are introduced as fundamental quantities without mentioning 
entropy until a late stage. 

The set of fundamental equations (1) to (4) used by Gibbs has 
symmetry expressed by the scheme (5). It is the best known and most 
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used set. It is however not always the most useful set. In some respects 
the set , 

= (1.33.12) 

dJ=^,dT+ ~dV-~,:S,Micln,. (1.33.13) 

dY=^ -!^dT-^dP-Y^if^idn, (1.33. H) 

is more convenient. We recall that / is the Massieu function and Y the 
Planck function, defined respectively by 

U F 

7=5-^ = -^. (1.33.15) 

U PV G 

= (1.33.16) 

In particular we shall in Chapter II find the fundamental equations 

(12) to (H) most convenient in relating classical thermodynamics to 

statistical thermodynamics. For this purpose a fourth thermodynamic 
potential is not needed. 

§ 1.34 Dimensions and Units 

It is clear from the relations of § 1.31 that U, H, F, G all have the 
same dimensions as energy and can be measured in joules or any other 
unit of energy. The products TS, PV and also have the same 

dimensions as energy. Hence S has the same dimensions as energy/tempera^ 
ture and can be measured for example in joule/degree centigrade, fjn has 
the same dimensions as energy/mole and can be measured for example in 
joule/molc. 

Thermodynamic data are in fact often expressed in terms of a different 
energy unit the calorie equal to 4.1840 (absolute) joules and referred 
to again in § 4. 06. 

This is perhaps the appropriate place to mention that we do and shall 
consistently use symbols to denote physical quantities, not their measure 
in terms of particular units. This is sometimes called Stroud's system of 
notation For example we may write 

P = 1,2 atm. 

= 91.2 cm. Hg. 

, = 0.912 m.Hg. 

= 1.216 X 10^ dyne/cm.2 
= 0.1216 joulc/cm.^, 

but under no circumstances shall we equate P to 1.2 or any other number. 

♦ See Lodge. Nature (1888) 38 281, 

Henderson. Math, Gazette (1924) 12 99, 

Guggenheim, PhiL Mag. (1942) 33 479, 

Jeffries and Jeffries, Methods of Mathematical Phgsics (1946) p. 3. 
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§ 1. 35 Integrated Relation 

Any of the relations (L33.1). (1.33.2), (1.33.3) or (1.33.4) can 
be integrated by the following artifice. Each of these relations holds for 
any variations of the independent variables. Let us now choose to keep T, 
P constant and make each m change by an increment proportional to 
itself. We accordingly put 

C?r=r0, dP-0. dni = nidi. (1.35.1) 

Physically this means that we increase the quantity of the phase in the 
proportion (1 + d^) : 1 without altering its temperature, pressure or relative 
composition. Evidently then all other intensive properties, in .particular the 
fiiS remain unaltered while all other extensive properties, in particular S, 
V, U, H, Ft G also increase in the proportion (1 +cff) : 1. We have 
therefore 


dfAi = 0, dS=i Sdl dV = VdS. (1.35. 2) 

Substituting from (1) and (2) into (1.33.1) we obtain 

UdS zn TSd^ - PVdi + fii m d£. (1.35. 3) 

Now integrating from | zn 0 to f z:z 1, or dividing by df, we obtain 

U=:TS---PV+2iiUini, (1.35.4) 

Alternatively we might substitute from (1) and (2) into (1.33.4), 
obtaining 

Gd^- Si^imd^. (1.35.5) 

Integrating from f zr 0 to f zr 1, or dividing by df, we obtain 


C = Ii^init (1.35.6) 

which is equivalent to (4). 

If instead we substituted into (1.33.2) or (1.33.3), we should again 
obtain the same result equivalent to (6). 

We could also obtain the same result more directly by observing that U 
is homogeneous and of first degree in the extensive properties S, V, m. 
Consequently by Euler*s theorem 


^rr 


— TS—PV + i^i n/, 

the same as (4) and equivalent to (6). 


(1.35.7) 


§ 1. 36 Single Component Phase 

In a phase containing only one chemical species formula (1.35.6) 
reduces to 

G = iJLn (1.36.1) 

or 

f,=zGln = G^. (1.36.2) 

where Gm denotes the value of the Gibbs function per mole. 
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Suppose now that for a chemical species in its pure state, we con¬ 
ventionally assign an arbitrary value to Um the energy per mole at some 
chosen value of the temperature, pressure and state of aggregation (e.g. 
crystal or liquid or gas). Suppose also we do the like for Sm the entropy 
per mole. Then subject to these arbitrary conventions, which are physically 
insignificant, Um and Sm are completely defined at any other temperature 
and pressure and state of aggregation. Moreover T, P and Vm» the volume 
per mole, are unambiguously defined. Hence is completely determined 
by 

Gm=Um-TSm + PVm^ (1.36.3) 


It follows according to (2), that having once chosen arbitrary zeros of 
Um arid Sm for a pure chemical substance jjl is unambiguously defined. 

This disposes of the question raised in § 1.30 so far as pure chemical 
substances are concerned. The preciseness of definition of /i/ in a phase 
of several components will be examined in § 1.47 

If now we apply the relation (1.33.4) to one mole of a single component, 
using (2) we obtain 

d^a=:dGm=^-SmdT+VmdP, (1.36.4) 


There is no term in dn, since n has the constant value unity. From (4) it 
follows immediately that 


By using the identity 


we can transform (5) to 


or 


_ e 

ar “ 

(1.36. 5) 

II 

(1.36.6) 

— Gm — Hm TSmt 

(1.36. 7) 


(1.36. 8) 

b (fllT) Hm 

bT ~ T^' 

(1.36.9) 


§ 1.37 Mole Fractions 

We are often interested only in the intensive properties of a phase and 
not at all in the amount of the phase. It is then convenient to describe 
the phase entirely by intensive variables. One such set of variables is 
T, P, x.i where x/ denotes the mole fraction defined by 

^ 

V — * 

n* 

where denotes summation over all the species. 


(1.37.1) 
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By definition the mole fractions satisfy the identity. 

2iXi=L (1.37.2) 

If the number of independent species or components it G, then of the 
G + 2 quantities T, P, Xi used to describe the state of the phase, apart 
from its amount, only G + 1 arc independent owing to (2). Wc therefore 
say that a single phase of G components has G + 1 degrees of freedom, 

§ 1.38 Gibbs-Duhem Relation 

We may, if we choose, describe the state of a single phase, apart from 
its size, by the set of intensive quantities T, P, pi. The number of these 
is G + 2, Wc have however seen that the number of degrees of freedom 
of a single phase is only G 4 - 1. It follows that T, P pi cannot be in¬ 
dependently variable, but there must be some relation between them 
corresponding to the identity (1.37.2) between mole fractions. We shall 
now derive such a relation. 

We differentiate (1.35.6) and obtain 

dG = Hi Pi dni + m dpi, (1.38. 1) 

From (1) we subtract (1.33.4) and obtain 

SdT- VdP + Zi m dpi = 0. (1.38.2) 

Dividing (2) by 2’,-n/ and denoting the average entropy and volume per 
mole by Sff, and Vm respectively, we find 

SmdT-^ VmdP + 2i Xi dpi = 0. (1.38. 3) 

This is the sought relation between T, P and the pi*s. Either (2) or (3) 
is known as the Gibbs-Duhem relation *. It is particularly useful in its 
application to changes at constant temperature and pressure, when it may 
be written 


Zi Xi Dpi = 0, (T,P constant), (1.38. 4) 

where we have used D to denote variations due to changes of composition 
at constant temperature and pressure. Wc shall frequently use this notation. 
In particular wc shall return to formula (4) in § 6. 06. 

§ 1.39 Multiphase Systems 

In the previous ten sections most of the formulae have been written 
explicitly for a single phase. Corresponding formulae for a system con- 

• Gibbs, Collected Works, vol. 1 p. 88; 

Duhem, Le Potentiel Thermodynamique et ses Applications (1886) p. 33. {The 
author has been unable to find any derivation of this relation by Duhem in an,y scientific 
journal. The derivation in the above mentioned text-book is the basis of that given here.) 
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sisting of several phases are obtained by summation over all the phases. In 
particular from the fundamental equations in § 1.33 we obtain 

dU = la 7“ dS*- Ha P^dV^ + Ha Hi dfl^ (1.39.1) 

dP Ha S“ dr* - Ha P"dV^ + Hi dfl^ . (1. 39. 2) 

dH= HaT^dS^ + HaV^dP^ + HaHifi^idnn (1.39.3) 

dG=:^HaS^dr + HaV^dP^ + HaHi/LiUnn (1.39.4) 

where Hi denotes summation over the components and Ha denotes sum¬ 
mation over the phases. 

We are still postulating the absence of chemical reactions. This 
restriction will be removed in § 1.48. 

§ 1.40 Adiabatic Changes in Closed System 

We recall that for any infinitesimal change in a closed system 

dll =: w + q. (1.40. 1) 

If the change is adiabatic, then by definition 

q = 0, dll = w, (adiabatic). (1.40.2) 

All conceivable infinitesimal adiabatic changes can moreover, according 
to the definitions in § 1.15 and § 1.17, be classified as follows. 

dll = w, dS> 0, (natural adiabatic): (1.40. 3) 

dll = w, d5 =: 0, (reversible adiabatic); (1.40. 4) 

dll = w, dS <. 0, (unnatural adiabatic). (1.40. 5) 

Suppose now that the whole system is enclosed by fixed rigid walls, so 
that u; = 0. Wc then have the classification 

dll = 0, dV = 0, dS > 0, (natural adiabatic); (1.40. 6) 

dll — 0, dV = 0, dS = 0, (reversible adiabatic); (1. 40. 7) 

dll — 0, dV = 0, d5 < 0, (unnatural adiabatic). (1.40. 8) 

Suppose now, instead, that each phase a is partly bounded by a piston 
acting against a constant pressure P*, so that 

w = -HaP'"dV^=:--Had(P^V'') — -dHaP"V\ (1.40.9) 
Then we have 

dU=-dHaP^V\ (1.40.10) 

dH=d(U + HaP^V^) = 0. (1.40.11) 

Consequently in this case we have the classification 


dH = 0, 

<fP" =0, 

dS>0. 

(natural adiabatic); 

(1.40.12) 

dH = 0. 

dP* = 0, 

G> 

11 

(reversible adiabatic); 

(1.40.13) 

o 

II 

dP* = 0, 

dS<0. 

(unnatural adiabatic). 

(1.40.14) 
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§ 1.41 Isothermal Changes in Closed System 

Instead of a thermally insulated system, let us now consider a system 
whose temperature T is kept uniform and constant. This may be achieved 
by keeping the system in a temperature bath at the temperature T. Then 
according to the fundamental properties of entropy expounded in § 1.17 
and in particular formulae (1.17.5) and (1.17.6) we have the classi¬ 
fication of possible infinitesimal changes 

c/T m 0, cl{TS) q, (natural isothermal); (1.41.1) 

dT = 0, d(TS) = q» (reversible isothermal); (1.41.2) 

dT = 0, d{TS) <q, (unnatural isothermal). (1.41.3) 

We also have according to the first principle of thermodynamics, in par¬ 
ticular formula (1.12,3), 

q := dll--wzzzdP + d(TS)’-w, (1.41.4) 

using the definition (1.31.1) of F. Substituting from (4) into (1), (2) 
and (3) in turn we obtain 

dT = 0, w'>dF, (natural isothermal); (1.41.5) 

dT = 0, wzi:dF, (reversible isothermal); (1.41.6) 

dT = 0, w<,dF, (unnatural isothermal). (1.41.7) 

In particular if the system is enclosed by fixed rigid walls, so that 
w = 0, the classification becomes 

dT = 0» dV = 0, dF<0, (natural isothermal); (1.41.8) 

dT =: 0, dV = 0, dF := 0, (reversible isothermal); (1.41.9) 

dT m 0, dV =: 0, dF>0, (unnatural isothermal). (1.41. 10) 

If on the other hand each phase a is partly bounded by a piston acting 
against a constant pressure P“, then 


w = -I.P^dV^ = -Io.d(P^ V^) = -^dI.P^ 

= d(F-G) = dF-dG (1.41, 11) 

from the definitions (1.31.1) and (1.31.3) of F and G respectively. 
Substituting from (11) into (5), (6) and (7) in turn, we obtain 

dT = 0, dP** = 0, dG<0, (natural isothermal); (1.41,12) 

dT = 0, dP* = 0, dG = 0. (reversible isothermal); (1.41. 13) 

dT = 0, dP“ = 0, dG>0, (unnatural isothermal). (1.41.14) 

§ 1.42 Equilibrium Conditions* General Form 

We saw in § 1.16 that if a system is in complete equilibrium then any 
conceivable change , in it must be reversible. This enables us to put the 
conditions for equilibrium into various forms each of general validity. 

If we first consider an infinitesimal change at constant volume, the. 
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system being thermally insulated, we have according to (1.40.7) the 
equilibrium conditions 

cfS = 0, dV=zO. (1.42.1) 

If instead we consider an infinitesimal change keeping each phase a at 
constant pressure P“ the whole system being thermally insulated, we 
have according to (1.40. 13) the equilibrium conditions 

dS=:0. c/P“=rO. c/Hr-0. (1.42.2) 

Thirdly let us consider an infinitesimal change at constant volume and 
constant uniform temperature (isothermal change). We now have 
according to (1.41.9) the equilibrium conditions 

dT-0, dV=zO. cfF=:0. (1.42.3) 

Lastly by considering an infinitesimal change keeping each phase a at 
a constant pressure P“ and a constant uniform temperature T, we have 
according to (1.41. 13) the equilibrium conditions 

dT-0, dP“ = 0. dG-0, (1.42.4) 

Any one of the four sets of equilibrium conditions (1). (2). (3), (4) 
is sufficient by itself. They are all equivalent and each has an equal claim 
to be regarded as fundamental. It is therefore curious that many text-books 
omit the second set (2). This omission disguises the symmetry between 
the several thermodynamic functions to which attention was drawn in 
§ 1.33. 

§ 1.43 Conditions of Stability 

In order to make clear what is meant by stability and instability in 
thermodynamic systems, we shall first discuss the significance of these 
expressions in a purely mechanical system. In Fig. 1. 1 are shown in 


C 

+ 


a 



Fig. 1.1. Stable and unstable equilibrium. 


section three different equilibrium positions of a box on a stand. In 
positions a and c the centre of gravity G is lower than in any infinitely 
near position (consistent with the box resting on the stand); the 
gravitational potential energy is a minimum and the equilibrium is stable. 
If the position of the box be very slightly disturbed, it will of itself return 
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to its former position. In position 6, on the other hand, the centre of gravity 
G is higher than in any infinitely near position (consistent with the box 
resting on the stand), the gravitational potential energy is a maximum and 
the equilibrium is unstable. If the position of the box be very slightly 
disturbed, it will of itself move right away from its original position, and 
finally settle in some state of stable equilibrium such as a or c. As maxima 
and minima of the potential energy must alternate, so must positions of 
stable and of unstable equilibrium. Only stable equilibria are realizable 
in practice as the realization of an unstable equilibrium requires the 
complete absence of any possible disturbing factors. 

Whereas positions a and c are both stable, one may describe a as more 
stable than c. Or one may say that a is absolutely stable, while c is 
unstable compared to a. By this is meant that in position c the potential 
energy is less than in any position differing only infinitesimally from c, 
but is greater than the potential energy in position a. 

Similarly, the equilibrium of a thermodynamic system may be absolutely 
stable. On the other hand it may be stable compared with all states differing 
only infinitesimally from the given state, but unstable compared with some 
other state differing finitely from the given state; such states are called 
metastable. Truly unstable states analogous to b are not realizable in 
thermodynamics, just as they are not in mechanics. 

The fact that all thermodynamic equilibria are stable or metastablc, but 
never unstable, is equivalent to the fact that every natural process proceeds 
towards an equilibrium state, never away from it. Bearing this in mind and 
referring to the inequalities (1.40. 6), (1.40. 12), (1. 41. 8) and (1.41. 12), 
we obtain the following alternative conditions for equilibrium: 

for given U and V that S is a maximum (1.43. 1) 

for given H and P’s that S is a maximum ( 1 . 43. 2) 

for given T and V that F is a minimum or that / is a maximum (1. 43. 3) 
for given T and P’s that G is a minimum or that T is a maximum ( 1 . 43.4) 

Since (dU/dS)y = T>0, we may replace the first two conditions 
above by two others so as to obtain the more symmetrical set of equivalent 


conditions: 

for given S and V that U is a minimum (1.43.5) 

for given S and P s that H is a minimum (1.43.6) 

for given T and V that F is a minimum (1.43.7) 

for given T and P 's that G is a minimum (1.43.8) 


Since T* is a more convenient independent variable than S, the last two 
conditions are more useful, but nowise more fundamental, than the 
previous two. 

Each of the above is the condition for stable equilibrium or metastable 
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equilibrium according as the minimum (or maximum) is absolute or only 
relative to immediately neighbouring states. 

§ 1.44 Hydrostatic Equilibrium 

Consider a system of several phases in equilibrium at the temperature T. 
Suppose the phase a to increase in volume by an amount and the 
phase /? to decrease by the same amount, the temperature and volume of 
the whole system and the composition of each phase remaining unchanged. 
Then, according to (1.42.3), the condition for equilibrium is 



c/F = c/F“ + c/F'® = 0. 

(1.44. 1) 

or using (1.39, 2) 


-P“c/V“ + P’cfl/“ = 0. 

(1.44. 2) 

and so 


P“ = P'\ 

(1.44. 3) 


That is to say that any two phases in hydrostatic equilibrium must be at 
the same pressure. 

If we now consider two phases at the same temperature T and 
different pressures P“ and P'^ there will then not be hydrostatic 
equilibrium. There will be a tendency for the system to approach hydrostatic 
equilibrium by a change in which the volume of one phase, say a, increases 
by dV^ and that of the other phase /S decreases by the same amount. Such 
a change is by definition a natural one. If we keep the temperatures of 
both phases constant, we therefore have, according to (1.41. 8) 

dF" + dF^ <0. (1.44.4) 

or using (1. 39. 2) 

-P“dV'' + P’t/V“<0. (1.44.5) 

If we suppose c/V“ to be positive, it follows that 

P“>P^ (1.44.6) 

That is to say. that the phase a with the greater pressure will increase 
in volume at the expense of the phase with the smaller pressure. 

§ 1.45 Equilibrium Distribution between Phases 

Consider a system of several phases, all at the same temperature T, 
but not necessarily at the same pressure. Suppose a small quantity dn/ of 
the species i to pass from the phase /S to the phase a, the temperature of 
the whole system being kept constant. Then according to (1.39.2) 

dF^-SyP^dV^ ■\-lAdn’(-i/idTU, (1.45.1) 

omitting the terms which obviously vanish. Since the total work w done 

on the whole system is — ZyP'dV*, it follows from (1.41.5) that the 
process considered will be a natural one if 

dF<i—2yP^dV^, (natural process). (1.45.2) 
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Comparing (1) with (2) we obtain 

(/i/ — /if) drxi < 0, (natural process). (1.45.3) 

Thus rfn* in a natural process has the same sign as In other 

words each chemical species i tends to move from a phase where its 
potential /if is higher to another phase in which its potential is lower 
Hence the name potential or chemical potential for pi. 

If, instead of natural processes, we consider reversible processes we 
have equalities instead of inequalities: in particular instead of (3) we have 

(/i/ — /if) cfn/ =: 0, (reversible process). (1. 45.4) 
or 

/<“ =: /if. (equilibrium). (1. 45. 5) 

We have obtained the important result that the condition for the phases 
to be in equilibrium with respect to any species is that the chemical 
potential of that species should have the same value in the two phases. 

§ 1.46 Membrane Equilibrium 

It is important to notice that, provided a system is at a uniform 
temperature, the condition for equilibrium between two phases of each 
chemical species is independent of that for other species and of that for 
hydrostatic equilibrium. If then two phases a and ^ are separated by a 
fixed wall permeable to some components i but not to other components j, 
the condition for the two phases to be in equilibrium as regards i is still 

(1.46.1) 

but in this case in general 

(1.46.2) 

Such a partial equilibrium is called a membrane equilibrium, 

§ 1.47 Definiteness of Chemical Potentials 

In § 1. 30 we provisionally used Gibbs' definition of pi and pointed 
out the uncertainty at that stage whether that definition was sufficient. 
Later in § 1.36 we showed that for a phase consisting of a single chemical 
substance p is in fact completely defined by p ~ Gm » apart from trivial 
additive constants in Um and 5m. At last we are in a position to confirm 
that pi is likewise well defined in all phases. 

We have merely to imagine the phase a in question separated from a 
phase ^ consisting of the pure substance i by a membrane permeable only 
to I. By adjustment of the pressure in the phase /! it is in principle possible 
to achieve equilibrium with respect to i across the membrane. We then have 

= (1.47.1) 

and, since fif is adequately defined, we may regard (1) as a possible 
and sufficient definition of . 
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Incidentally the property of the ///*s expressed by (1.46. 1) or by (1) 
confirms that fii is, as hitherto assumed, an intensive property. 

§ 1.48 Chemical Reactions. Frozen Equilibrium 

Hitherto we have explicitly excluded chemically reacting species from 
the systems considered. We shall now explain how this restriction can 
be removed. 

Owing to the slowness of attainment of some chemical equilibria, it can 
happen that the change towards chemical equilibrium is negligible during 
a time sufficient for other kinds of equilibria to be observed and measured. 
In other cases the attainment of chemical equilibrium if not sufficiently 
slow for this to be the case can be made so by the addition to the system 
of a small quantity of a substance called an anticatalyst or merely by rigid 
exclusion of all traces of some other substance called a catalyst. Even in 
cases where the attainment of chemical equilibrium cannot be adequately 
slowed down in practice it is possible and legitimate to consider the 
hypothetical case wherein this has been achieved. 

We are thus led to consider a system not in chemical equilibrium in 
which however the chemical reactions leading towards its attainment have 
been virtually suppressed. The system is then in a special kind of 
metastable equilibrium sometimes called frozen equilibrium. The several 
chemical species present are then virtually independent and so we can 
suppose a chemical potential assigned to each such species. 

If we now suppose the addition of a suitable catalyst so as to thaw the 
frozen equilibrium then generally changes of composition will take place 
as a result of chemical reactions; such changes are of course natural 
processes. In the special case that the state of frozen equilibrium 
corresponds to complete chemical equilibrium, then on thawing no chemical 
change will take place. If we imagine a virtual chemical change to take 
place, such a change will then be a typical reversible change. If we write 
down the condition for this, we therefore obtain a relation between the 
fis which is a condition of chemical equilibrium. 

The final result may be described as follows. Instead of choosing a set 
of independent chemical species or components, we use the set of all the 
chemical species present whether independent or not and then obtain 
restrictive relations on their behaviour. The actual form of these restrictive 
relations will be obtained in the next section. 

§ 1.49 Chemical Equilibrium 

We consider a system of any number of phases maintained at a constant 
temperature T and constant pressure P. Then according to (1.39.4) 

dG = -5* juf dru, {Tf P constant), (1.49.1) 
where now, in contrast to previous practice, the species i are no longer 
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all incapable of interacting chemically. According to (1,41.12) the 
condition for a natural process is 

dG <0. (r. P constant), {natural process). (1.49. 2) 

Combining (1) and (2) we obtain as the condition for a natural process 

Za Zi ii\ dru < 0, (natural process). (1,49. 3) 
Any chemical reaction at a given temperature and pressure can be 
described by a formula. As typical examples we quote 

CaCOj (s) CaO {$) + CO 2 ig ): 

2NH,(g)-^N2(9) + 3HA9)i 

a-glucose (aq.) /5-glucose (aq.); 

where (s) denotes a solid phase, (g) the gaseous phase and (aq.) denotes 
an aqueous solution. 

We can represent the most general chemical reaction symbolically by 

Zv^A-^Zv^B. (1.49.4) 

meaning that moles of A and the like react together to give moles 
of B and the like. The unit of quantity the mole is defined in such a way 
that the stoichiometric numbers v can all be small integers. The symbols 
A and B are supposed to specify not only the kind of chemical species i 

but also in what phase it is present; in other words the label A 

corresponds to the pair of labels i and a. 

Now imagine the chemical process (4) to take place to the extent 

Zd^ v^A^ Zd$ B. (1.49. 5) 

where d^ denotes a small number. Then the c/n® corresponding to A is just 
d£v^. The inequality (3) thus becomes 

Zd^Vj^g.^<C Z d^ /u^. (natural process). (1. 49. 6) 
or if we assume dl > 0 

f^A* (natural process). (1. 49. 7) 

Thus the chemical reaction will in fact take place from left to right if 
the inequality (7) holds and conversely. 

If we replace the inequalities by equalities we obtain as the condition 
for the chemical change in either direction to be a reversible process 

Zv^fij^ = Zv^ (reversible process). (1. 49. 8) 

In other words the condition for equilibrium with respect to the chemical 
process (5) is 

Zv^/Lt^ = Zvq juq, (equilibrium). (1. 49. 9) 

It is to be observed that the condition for equilibrium is obtained from 
the formula for the reaction by replacing the symbol for each species by 
that of the corresponding potential and replacing the sign by =. 


3 
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§ 1. 50 Affinity and Degree of Advancement 

Let us consider a system consisting of any number of phases and 
chemical species all at the same temperature T, We need not however 
restrict ourselves to the usual case that all phases are at the same pressure^ 
but may include membrane equilibria of the kind described in § 1.46. 
Let us now consider the most general type of isothermal chemical or 
physico-chemical change which can conceivably take place in the system, 
denoting it symbolically as in the previous section by 

(1.50. 1) 

Two particularly simple examples of such changes are: 

(1) the passage of one mole of the substance i from phase a to phase /?. 
provided of course that, if these two phases are separated by a 
membrane, this membrane is permeable to the species i; 

(2) a homogeneous chemical reaction taking place in a single phase. 

Any conceivable process can be regarded as a superposition of processes 
of types (1) and (2). 

Let us now introduce a dimensionless quantity f, called the degree of 
advancement of the process, such that a change of f to ^ means that 
d^ moles of A and the like react to form c/| moles of B and the like. 
If now we suppose | to change to f + cf^, we have according to (1.39. 2) 

dT = 0. dF:=z- lo. dV* + (Zv^ fx^) df. (1. 50. 2) 

while the work done on the system is 

w^-ZaP'^dV^ (1.50.3) 

But we know from (1.41.5), (1.41.6) and (1.41.7) that the process 
considered is natural, reversible or unnatural according as w is greater 
than, equal to, or less than dF, Hence from (2) and (3) we obtain the 
conditions 

{Z Vq — 2* fx^) d^ < 0, (natural); (1. 50. 4) 

{Z VQfXg — Z ju^) df = 0. (reversible); (1. 50. 5) 

(Z VqJx^ — Z jUj^) df > 0, (unnatural). (1. 50. 6) 

We now define a thermodynamic quantity A (not to be confused with 
the species A) by 

— (1.50.7) 

and c^ll A the affinity of the change (1). We can then rewrite (4), (5) 
and (6) as 

Ad^>0. (natural); (1.50.8) 

Adi = 0. (reversible); (1.50.9) 

AdS < 0, (unnatural). (1. 50.10) 

We can express this result simply, as follows. Any chemical or physicQ> 
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chemical change will take place in the direction in which the affinity is 
positive. In the particular case that the affinity is zero, no change can 
take place in either direction and the system is in equilibrium with respect 
to the process considered. 

The relation between the affinity A and the free energy F may be 
written symbolically 

dT=0, dV = 0. dF=--Ad^. (1.50.11) 

or alternatively 

provided it is understood that in varying F, not only are T and the 
kept constant, but no process takes place other than the one to which | 
refers. The arffinity is likewise closely related to the other thermodynamic 
potentials £/, H and G. In fact 



These definitions of affinity A and degree of advancement are 
essentially those introduced by De Donder * in 1922. This notation has 
not yet attained as wide a usage as it deserves. It is related to the better 
known notation due to G. N. Lewis as follows. In writing a chemical or 
physico-chemical process of the most general type as 

Iv^A^Iv^B, (1.50. H) 

let us now agree that this shall imply: 

(1) constancy of T as previously; 

(2) constancy of each P; 

(3) increase of f by unity. 

Let us further use the operator symbol A to denote the increase of any 
function of a state when the change considered takes place. Subject to 
this interpretation of (H), we then have 

A:=: — — (1. 50.15) 

Thus at constant uniform temperature T and constant pressures P® on 
the various phases, the affinity A any change is equal to the decrease 
in the Gibbs function G and such a change will be a natural one if this 
affinity is positive. 

§ 1.51 Surface Phases 

We have hitherto assumed that every system consists of one or more 
completely homogeneous phases bounded by sharply defined geometrical 

* See De Donder and Van Rysselberghe, Affinity (1936). 
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surfaces. This is an over-simplification, for the interface between any two 
phases will rather be a thin layer across which the physical properties 
. vary continuously from those of the interior of one phase to those of the 
interior of the other. We must now consider the thermodynamic properties 
of these surface layers between two phases. We shall begin by considering 
a plane interface and shall in § 1.56 extend our considerations to curved 
interfaces. 

The following treatment * is essentially that of van der Waals junior 
and Bakkcr. It is less abstract than the alternative treatment of Gibbs. 

Fig. 1.2 represents two homogeneous bulk phases, a and yS, between 
which lies the surface layer a. The boundary between a and a is the 


B 

A 




5 ' 


o 


A' 


a 


Fig. 1.2. Plane interface between two phases. 


plane AA\ that between a and ^ the parallel plane BB\ All properties 
of o are. uniform in directions parallel to AA\ but not in the direction 
normal to AA\ At and near AN the properties are identical with those 
of the phase a; at and near BB' they are identical with those of the phase /S. 
Subject to these conditions there is freedom of choice in placing the planes 
AA' and BB\ It will be possible and therefore natural, though not 
essential, so to place the planes AA' and BB' that the uniform distance 
between them is submicroscopic and usually less than 10“® cm., if not 
less than l(h“^ cm. 


§ 1 • 52 Interfadal Tension of Plane Interface 

Since the surface layer a is a material system with a well defined volume 
and material content, its thermodynamic properties require no special 
definition. We may speak of its temperature, free energy, composition 
and so on just as for a homogeneous bulk phase. The only functions that 


Van der Waals and Bakker, Handb, Experimentatphysik vol. 6 (1928). 

Sec also Verschaffelt, Acad, Roy, Belgique, Bull, classe sciences, (1936) 22 No. 4 
pp. 373, 390, 402. 

Guggenheim, Trans, Faraday Soc, (1940) 36 398. 
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call for special comment are the pressure and the interfacial tension. In any 
homogeneous bulk phase the force across any unit area is equal in all 
directions and is called the pressure. But fn o the force across unit area is 
not the same in all directions. If. however, we choose any plane of unit 
area parallel to AA' and BB\ then the force across it has the same value 
for all positions of the plane whether it lie in a, /J or a; this value of the 
force across unit area is called the pressure P. Suppose, on the other hand, 
we choose a plane perpendicular to AA' and extending above AA and 
below BB'\ let this plane have the form of a rectangle of height h (parallel 
to AB) and of thickness / (perpendicular to the plane of the paper). Then 
the force across this plane will be equal to Ph — yl, where P is the above- 
defined pressure and y is called the interfacial tension. If the height of 
this plane is chosen to extend exactly from AA' to BB\ then the force 
across it will be equal to Pxl—yU if the height AB is denoted by t. Let 

the surface layer have an area A, a perimeter s and a volume V"' so that 

V^ = zA. (1.52. 1) 

Suppose the area to be increased to A ^ dA, the perimeter to s + ds. 
the thickness to t 4* dr and the volume to + dV\ the material content 
remaining unaltered. Then the work done on o consists of —PAdr by 
the forces across A A' and BB' and --(Prs—ys)dA/s by the forces 
parallel to the planes AA' and BB'. The total work done on o is therefore 

^PAdx-— (Pts—) dA/s 
— P(Adr + rdA) + ydA 

~ ^PdV^ + ydA. (1.52.2) 

This expression takes the place of —PdV^ for a homogeneous bulk 
phase. 

§ 1.53. Free Energy of Surface Layer 

For the most general variation of the free energy F“ of a homogeneous 
bulk phase we have the fundamental equation (1. 3J, 2) 

dF^ = - dT-PdV^ + -T/ fxi dn% (1.53. 1) 

For a surface phase a the dependence of the free energy on the 

temperature and the composition will be exactly parallel to that for a bulk 
phase; this follows directly from the definitions of entropy and chemical 
potentials. But for the dependence of on size and shape wc must replace 
— PdV^ by the expression (1.52.2). We thus obtain the formula 

dF^ = - 5’ dT-PdV^ + ydA + 2i fAi dnr (1. 53. 2) 

There is no need to add superscripts to T, P, jui, because these must have 
values uniform throughout a,./? and o in order that there may be thermal, 
hydrostatic and physico-chemical equilibrium. 
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§ 1.54 Integrated Relation* Gibbs Function of Surface Phase 

Formula (1.53.2) can be integrated by an artifice analogous to that 
used in § 1.35 for integrating the fundamental equations of a bulk phase. 
We proceed as follows. 

In formula (1.53.2) we now set 

dT=0. dA = -Adi. dfi] = -n]di. (1.54.1) 

and obtain 

dF'" = — dS(’-PV + A + 2*/ /i/ n/). (1. 54. 2) 

This substitution corresponds physically to decreasing the extent of the 
surface layer a by simply cutting off a portion at its edge* so that what 
remains is exactly like the original system except that it is reduced in 
extent in the ratio (1 —df) : 1. It is therefore obvious that F' will also 
be reduced in the same ratio. It is equally obvious that P, y, jut remain 
unaltered. In mathematical terminology: at constant temperature and 
thickness F® is homogeneous of first degree in V’* A and and of zero 
degree in P* y, fxi. Thus the conditions (1) imply the simultaneous con¬ 
ditions 

dF" zr ~ FVC. dP = 0* dy = 0* dfxi =0. (1. 54. 3) 

Substituting the value of dF'' into (2) we obtain 

-FVf = - (-PV^ + YA + i:i txi m) df, (1.54. 4) 

and equating coefficients of df,^or alternatively integrating from f = 1 
to ^ = 0* 

F’ = - PI/" + y A + -2*, (1. 54. 5) 

or 

F’ + py- pa n\. (1. 54. 6) 

Alternatively formula (6) can be derived mathematically from (1.53.2) 
by using Euler's theorem. Formula (6) is the analogue of 

F“ + Pl/“=:2',A*,n?, (1.54.7) 

for a homogeneous bulk phase. 

In analogy with the definition of the Gibbs function of a bulk phase a 

G“=:F* + PV/“. (1.54.8) 

we now define the Gibbs function G" of the surface phase a by 

G" = F" + Pl/"-yA. (1.54.9) 

We deduce from (1. 53. 2) and (9) 


dG" = 5" dr + V" dP- Ady + h fxi dnl (1.54. 10) 

G^ = 2tfAinl (1*54.11) 
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These two formulae are the analogues of the formulae 
c/G“ =i-S^dT+V^dP + 2i pa dn^. 

G“ = Hi jUi rh 

for a homogeneous bulk phase. 

§ 1.55. Analogue of Gibbs-Duhem Relation 

If we differentiate (1.54.6) we obtain 
dF^ + PdV + VdP — y dA — Ady :=^ Hi jUi dn] + Hi n] dfXi, (1, 55. 1) 
If we now subtract (1) from (1. 53. 2) we obtain 

S' c/r- V^dP + Ady + I'/ n] dpn = 0, (1. 55. 2) 

which is the analogue for a surface phase of the Gibbs-Duhem relation 
(1. 38. 2) for a bulk phase 

If we divide (2) throughout by A we obtain the more convenient form 

5^ dT-idP + dy + H, n dpi = 0 (1.55. 3) 

where 5^. is the entropy per unit area and jT/ the number of moles of 
the component / in unit area of the surface phase o, defined respectively by 

Sl=syA. (1.55.4) 

riZ=:n]/A. (1.55.5) 

We recall that t is the thickness of the surface layer, that is to say the 
length AB in Fig. 1.2. 

§ 1.56 Interfacial Tension of Curved Interface 
We must now consider under what conditions the formulae already 
derived for plane interfaces may be applied to curved interfaces. We 
shall see that the formulae strictly derived for plane interfaces may be 
applied to curved interfaces with an accuracy sufficient for experimental 
purposes provided that the thickness of the inhomogeneous surface layer 
is small compared with its radii of curvature *. 

For the sake of simplicity let us first consider a system consisting of 
two homogeneous bulk phases a and p connected by a surface layer a 
having the form of a circular cylindrical shell. Fig. 1.3 shows a cross- 
section of the phases a and P separated by the surface layer a, bounded 
by the circular cylinders AA^ and Bfi' with common axis O. There is 
complete homogeneity in the direction normal to the diagram. The 
properties of the surface layer a are supposed identical at all points the 
same distance from the axis through O. Throughout the phase a and 
extending up to AA' there is a uniform pressure P“; throughout the 
phase p, and extending down to Bff, there is a uniform pressure PK 


(1.54.12) 
(1.54. 13) 


Compare Guggenheim, Trans, Faraday Soc. (1940) 36 408. 
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Between AA* and jBB' the pressure parallel to the radii of the cylinders 
AA' and BB* varies continuously, but not necessarily monotonically, from 
the value P“ to the value P^. 



Fig. 1.3. Curved interface between two phases. 

In the previous discussion of plane surfaces it was pointed out that the 
geometrical planes AA' and BB' may be placed an arbitrary distance 
apart, provided that the inhomogeneous layer is contained between 
them. For the present discussion of curved surfaces it is on the contrary 
essential that the circular cylindrical surfaces AA^ and BB' should be 
placed as near together as is consistent with the condition that the 
inhomogeneous layer be contained between them. According to this 
condition we may usually expect the distance AB to be about 10“^ or at 
most 10~^ cm. We shall denote by r distances measured radially from O, 
and in particular by and the distances OA and OB respectively. 

Whereas the force per unit area across any element of surface inside 
cither homogeneous phase is independent of the orientation of the clement 
(Pascal’s Law), this is not the case in the inhomogeneous layer o. It is 
convenient to denote the force per unit area in the direction parallel to 
the surface AA' and BB' by Pr — Q. Both Pr and Q are functions of r. 
Q is zero at r = r and at r = r-, but at least somewhere between Q is 

a (s 

greater than zero. It is conceivable that Q might be negative somewhere 
between r = and r = but its average value in this range is 
unquestionably positive. 

According to elementary statics the mechanical equilibrium of the matter 
enclosed by AA'B'B requires that for all values of r 

diPrt) = (Pr-Q)dn (1.56.1) 

or 

dPr=:-Qdr/r. ( 1 . 56 . 2 ) 
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If we integrate (2)- from to r„, we obtain 



(1.56.3) 


We now define quantities r, y, / by 


2r = r« + r5. 

(1.56.4) 

y—J ^ Q cf*’- 

(1.56.5) 

y'=i-rf'^^dr. 

(1.56.6) 


According to (6) we can-rewrite (3) in the form 



(1.56.7) 


If now the thickness of the interfacial layer is small compared with its- 
curvature, that is to say 


ra-r.<-r, (1.56.8) 

so that we may ignore any distinction between r„, r^. r, then we may also 
ignore the distinction between y and /, and instead of (7) we may write 

P^-P^-ylT. (1.56.9) 

For the sake of simplicity we have confined ourselves to an interface 
in the form of a circular cylinder. For a spherical interface, we should 
have found by similar reasoning instead of (9), 

P*-P^ = 2j'/r. (1.56.10) 

For an interface of arbitrary shape the geometry is somewhat more 
complicated and the general formula obtained is 

= + -i). (1.56.11) 

\^1 Ql) 

where principal radii of curvature cf the interface. 

Formula (11), like (9) and (10), implies ignoring the difference between 
lengths such as When the inequality (8) is not satisfied, the very 

definition of intcrfacial tension becomes ill-defined and probably useless. 

Formula (11) is the basis, as we shall see, for the experimental 

determination of y. The quantities measured are ^ 1,^2 then 

y is calculated by means of (11). It follows that the very measurement 
of interfacial tension implies that the thickness of the interfacial layer be 
small compared with its radii of curvature. 

§ 1. 57 Discussion of Pressure Terms 

Although the pressure difference — P^ is fundamental in the 
measurement of y and so, one may say, in the definition of y, we shall 
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show that this pressure difference in certain other respects is insignificant 
for the properties of the interface. Let us again use r to denote the thickness 
of the sui^face layer, so that 

t = (1.57.1) 

Our fundamental assumption for y to be precisely defined may then 
be written 

+ (1.57.2) 

T ^1 Q2 

Comparing (1.56. 11) with (2) we see that 

(P“-P'*)r<y. (1.57.3) 

Now according to formula (1.52.2) the total work done on a plane.' 
surface layer when its volume and area arc altered is 

+ (1.57.4) 

We cannot immediately apply this formula to a curved interface owing 
to the ambiguity in the meaning of P. Owing however to the inequality 
(3) we may expect and can in fact verify that in practice 

\{P"-P^dV\^\ydA\. (1.57.5) 

Consequently formula (4) is sufficiently .accurate if P denotes either 

P* or p? 

or any intermediate pressure. 

To recapitulate, for an interface whose thickness is small compared with 
its curvature, and it is only for such interfaces that the interfacial tension 
is defined, we may apply unchanged the fundamental formtilae obtained 
for plane interfaces in §§ 1.51 —1.55. 


§ 1.58. Pressure within a Babble 

Let us now consider a bubble having the form of a thin spherical film 
of liquid of internal and external radii r/ and re. If P^ denotes the pressure 
nearer to the centre than the film, P* the pressure further from the centre 
than the film, and P' the pressure in the liquid film itself, we have, 
according to (1.56.10) 


P‘-P' = — 7. (1.58.1) 

n 

P'-P'= —y. (1.58.2) 

SO that 

or, neglecting the difference between r/ and r. 

P'-P* = yy. (l.Sa.*!) 
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§ 1.59 Determination of Interfacial Tension 

The commonest method of determining the value of the interfacial tension 
y depends oii formula (L 56. 11). This method is shown diagrammatically 
in Fig. 1.4, Two fluid phases a and are represented, the one shaded 


P P' 



Fig. 1.4. Capillary rise due to interfacial tension. 

the other not shaded. They are separated partly by the plane surfaces 
AA^' and A'A"\ and partly by the curved surface JBB' in the capillary 
tube PP'Q'Q of internal radius r. We may, with sufficient accuracy, regard 
the surface BB' as a segment of a sphere. Let the centre of this sphere 
be O and let 6 be the angle between OB and the horizontal OX, or 
alternatively the angle between the tangential plane to BJ5' at B and the 
wall of the vertical capillary tube. Then the radius of curvature of the 
surface BB' is r/cos 0. 

Let P® denote the pressure at the plane surfaces AA" and A^A"\ 
It will also be the pressure inside the capillary tube at the height AA' 
Let the pressures at the height BB' be denoted by P“ in the phase a and 
by P'‘ in the phase /?. Then 

p^ = po-Q^gh, (1.59.1) 

= (1.59.2) 

v/here denote the densities of the phases a and )8, g is the acceleration 
due to gravity, and h is the height AB* But, according to (1. 56. 11) 

P'®-P“ = 2^^y. (1.59.3) 

Comparing (1), (2) and (3), we obtain 

2^Y = {e‘-Q^)9h. (1.59.4) 

Thus, from measurement of e“. r, $ and h, one can calculate y. In the 
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special case that a is a liquid and the vapour phase in equilibrium with 
it, it will usually be allowable to neglect compared with g^ so that (4) 
simplifies to 

2S2?^y = gOgh. (1.59.5) 

In the case that the surface BB' is concave towards the bottom, its 
radius of curvature will have the opposite sign, and so h will also have 
the opposite sign. That is to say. BB' will lie below AA\ 

§ 1.60 Independence of Interfacial Tension of Curvature 

Let us now turn to the question whether the interfacial tension depends 
on the curvatures. We shall see that when the question is precisely defined 
it answers itself. In asking the question it is not sufficient to state that 
we vary the curvatures; we require also to state what we keep constant. 
For the question to be useful it should apply to the actual conditions of 
the experimental measurement of interfacial tension. For definiteness let 
us consider the capillary rise method described in the preceding section. 
The values of the temperature T and the chemical potentials ju are uniform 
throughout the system, and so. whatever be the size and shape of the 
capillary, these variables have the same values at the curved surface where 
the surface tension is measured, as in the bulk phases. Hence to be useful 
the question should be worded: how does y depend on g^, g 2 for given 
values of T and the jtisl According to equation (1.55.3) the variation 
of y under these restrictions is given by 

dy = rdP (1.60.1) 

In its present application the ambiguity in the exact meaning of P does 
not matter, since we have already verified that (P“ — P‘')r is negligible. 
If now we consider a curved interface, say in a capillary, in equilibrium 
with a plane interface and we integrate (1) from the pressure at the plane 
surface to the pressure at the curved interface (either side of it) we again 
find that the integral of the right side is always negligible. Consequently 
y has effectively the same value for the curved surface as for the plane 
surface with which it is in equilibrium. This is a statement of a principle 
usually assumed whenever an interfacial tension is measured. It is 
experimentally verified by the fact that within the experimental accuracy 
the same value is found for the interfacial tension when capillaries of 
different size are used, but this verification can be realized only for 
capillaries with diameters considerably greater than the lower bound 
cm., allowed by the theory. 

§ 1.61 Gibbs Treatment of Curved Interfaces 
The problem of curved interfaces was treated by Gibbs in a manner 
which appears to be quite different and more rigid. The essence of Gibbs* 
treatment is that he replaced the term 

ydA 


(1.61.1) 
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for a plane interface by terms of the form 

+ ( 1 . 61 . 2 ) 

and assumed implicitly that, provided the. radii of curvature are not too 
small, one may assign to Ci and C 2 the values appropriate to a plane 
surface. It is then obvious from symmetry that Cj = C 2 , and so (2) can 
be written in the simpler form 

ydA + Cd(- + —\. ( 1 . 61 . 3 ) 

\^1 Q2 ) 

whci i: C is independent of ^ 1 ,^ 2 * So far so good. Gibbs then set out to 
prove that his geometrical surface could be so placed that C vanishes. 
The reasoning adduced is far from simple, and Gibbs' meaning is not 
even always clear. It seems that Gibbs was himself aware of the difficulty 
of being precise in this particular piece of reasoning. He discussed the 
variation of a plane interface by bending it and used the sentence * ‘‘also 
at and about the surface let the state of the matter so far as possible be 
the same as at and about the plane surface in the initial state of the 
system*! The words written in italics are in their vagueness unlike Gibbs' 
usual style. The whole treatment of Gibbs» like the treatment in this book, 
postulates complete equilibrium throughout the entire system. It is therefore 
impossible to conceive of a variation of an interface apart from a variation 
in at least one of the bulk phases. It is clear that Gibbs realized this 
difficulty and tried to overcome it by flexible wording. 

Gibbs then claimed to show that the position required for his geometrical 
surface to make C vanish would be either inside the nonhomogeneous 
layer or at most at a distance from it comparable to the thickness of the 
layer. He here used the words "on account of the thinness of the non¬ 
homogeneous film", and it seems clear that this thinness is an essential 
assumption common to Gibbs' treatment and that outlined above. If then 
the assumption r <^q is essential, it seems preferable to introduce it at 
the outset and so considerably simplify the whole argument. 

§ 1. 62 Basis of Thermodynamic Principles 

The zeroth principle in § 1.08, the first principle in § 1.11 and the 
second principle in § 1.17 have all been quoted as fundamentally 
independent assumptions. From this point of view their justification is the 
empirical fact that all conclusions from these assumptions are without 
exception in agreement with the experimentally observed behaviour in 
nature. 

The form in which these principles have been enunciated is essentially 
that used by Bom ** There are other alternative forms some more, others 

Gibbs, Collected VJ'orks vol. 1 p. 226. 

•* Bora, Physih Zeit (1921) 22 218. 
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less abstract, but all of an entirely empirical nature: that is to say that 
their justification is agreement between their implications on the one hand 
and experiment on the other. 

It is, however, possible to obtain a deeper insight into the fundamental 
principles from a statistical point of view. It is in fact possible to derive 
these principles from our knowledge of the structure of matter including 
the elements of quantum theory together with a single statistical assumption 
of a very general form. It is a matter of taste whether to choose as a 
basis several empirical principles which make reference neither to atomic 
theory nor to quantum theory, or to choose a single principle superposed 
on atomic theory and quantum theory. The former choice, the one adopted 
in this book, is the method of classical thermodynamics; the latter 
choice corresponds to the more modern science which we call statistical 
thermodynamics. 

There are however other relations of a general nature which follow 
naturally and directly from the statistical thermodynamic formulation, but 
which cannot be derived from the zeroth, first and second principles of 
classical thermodynamics. The relations to which we refer are of several 
types concerning respectively 

(a) entropy changes in highly disperse systems (i.e. gases): 

(b) entropy changes in very cold systems (i.e. when T ->0): 

(c) entropy changes associated with mixing of very similar substances 
(e.g. isotopes). 

The three types are of comparable importance. They resemble one 
another in relating to entropy changes. Their formulation in terms of 
classical thermodynamics is either complicated or inaccurate or else 
involves reference to conceptions inherently foreign to classical thermo¬ 
dynamics. As already mentioned they all follow naturally and directly 
from the statistical thermodynamic formulation. 

We shall therefore devote the following chapter to a digression on 
statistical thermodynamics, describing in very general terms the methods 
of this science just sufficiently to give the reader an idea of the source 
of the relations in question without attempting to derive them in detail. 
The reader interested in the complete derivations must refer to a standard 
text-book on statistical thermodynamics, 

§ 1.63 Third Principle 

It is customary to refer to the three types of general relations mentioned 
in the preceding section in three quite different ways. The relations of 
type (a) are referred lo as the determination of entropy constants, those 
of type (&) as the third law of thermodynamics and those of type (c) 
merely as the formulae for entropy of mixing. This biased discrimination 
between types of relations of comparable importance and generality is 



INTRODUCTION AND FUNDAMENTAL PRINCIPLES 


47 


difficult to defend. We accordingly reject this unbalanced terminology 
and instead choose as our third principle the following statement: 

By the standard methods of statistical thermodynamics it is possible to 
derive for certain entropy changes general formulae which cannot be 
derived from the zeroth, first or second principles of classical thermo¬ 
dynamics. In particular one can obtain formulae for entropy changes in 
highly disperse systems (i.e. gases), for those in very cold systems (i.e. 
when r -» 0) and for those associated with the mixing of very similar sub¬ 
stances (e.g. isotopes). 



CHAPTER II 


DIGRESSION ON STATISTICAL THERMODYNAMICS 

§ 2. 01 Micro^ and Macro-'descriptions of a System 

According to quantum theory the state of a system is completely des¬ 
cribed by its eigenfunction. To each state there corresponds one eigen¬ 
function and to each eigenfunction one state. The expression degenerate 
state of weight Q is an abbreviation for a group of states between which 
we do not care to distinguish. Such a description of the system we shall 
call a microdescription. 

It is often though not always, possible to regard the system as consisting 
of a large number of almost independent units (molecules, atoms, ions, 
electrons) and to express each eigenfunction of the system as a linear 
combination of products of the eigenfunctions of all the units. According 
to the symmetry restrictions, if any. imposed on the eigenfunctions of the 
system, one then obtains three alternative sets of statistical formulae 
referred to by the names of Fermi-Dirac, Bose-Einstein and Boltzmann, 
respectively. These three alternatives, however, arise only when one 
expresses the eigenfunctions of the system in terms of those of the 
constituent units. As long as we refer only to the eigenfunctions of the 
whole system, we shall not need to consider these three alternatives 
separately. Nor shall we do so until we reach § 2. 10. 

When we describe the equilibrium properties of a system by thermo¬ 
dynamic methods, we are not interested in such a precise description as 
the microdescription, but are content with a more crude large scale 
description, which we shall call a macrodescription. For example a possible 
macrodescription of the system would be a precise statement of the energy, 
the volume, the exact chemical composition (and in special cases other 
quantities all measurable on a large scale) of each homogeneous part or 
phase. For brevity we shall confine our discussion initially to systems 
whose macrodescription requires a precise statement of only four quantities. 
The extension of the argument to more complicated systems should be 
obvious. Initially we shall take the first of these quantities to be the energy, 
the second to be the volume, the third to be the empirical composition; the 
nature of the fourth quantity is best indicated by some specific examples. 

Example 1. Let us consider a definite quantity of hydrogen (free from 
deuterium) of given energy and given volume. Then we can complete the 
description by a statement of what fraction of it is para, the remaining 
fraction being ortho. 

Example 2. If instead of hydrogen, we have lactic acid we can com** 
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plcte the description by a statement of what fraction is dextro, the 
remaining fraction being laevo. 

Example 3. If the system consists of a given quantity of iodine of given 
energy and volume we can complete the description by a statement of what 
fraction is in the diatomic form 1 2 , the remainder being in the monatomic 
form I. 

Example 4. If the system consists of a given quantity of tin of given 
energy and volume, we can complete the description by stating what 
fraction is white, the remainder being grey. 

Example 5. If the system consists of a given quantity of carbon dioxide, 
we may complete the description by stating what fraction is liquid, the 
remainder being vapour. 

In examples I—3 it is tacitly assumed either that the system is homo¬ 
geneous or, if it consists of two phases, that we are not interested in the 
relative amounts, these being determined by the other conditions. Another 
example that might be suggested is a system of .a given quantity of 
hydrogen of given energy and volume for which we were interested both 
in the ratio of para to ortho and in the ratio of liquid to vapour. Such a 
system, however, requires five quantities, instead of four, to complete its 
macrodescription and so lies outside the class which we shall discuss, 
although the extension of the treatment to such a system in fact offers 
no difficulty. 

Having made clear by these examples the nature of the fourth inde¬ 
pendent variable describing the assembly we shall denote this variable 
by It corresponds closely to the quantity $ which we introduced in 
§ 1.50 and which, following De Donder, we call the degree o[ advancement 
of a physico-chemical change. It is not a necessary property of f that one 
should be able completely to control its value, provided that its value can 
in principle be measured by macroexperiments, 

§ 2, 02 System of Given Energy, Volume and Composition 

Let us now consider in more detail a system of prescribed energy U, 
prescribed volume V and containing a prescribed number N of atoms or 
molecules of a given kind. Let the number of independent eigenfunctions 
of the system consistent with the prescribed values of U, V, N and 
corresponding to a particular value of the parameter * be denoted by 
As long as we are not interested in distinguishing between the states 
of equal f, we may group them together into a degenerate state of 
weight Q(S)* 

Then the fundamental assumption of statistical thermodynamics is the 
following: 

The average properties of the system for prescribed values of U, V, N 
can be derived statistically by averaging over all degenerate states of given 

assigning to each a weight 
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In Other words it is assumed that for given U, V, N the probability of 
a particular value of f is 

(2 02 I) 

It is customary to refer to the numerator Q{^) in (1) as the thermodynamic 
probability of the particular value of f;It must be emphasised that a thermo-^ 
dynamic probability thus defined is not a probability in the usual sense of 
the word. Whereas an ordinary probability such as (1) is a number less 
than or equal to unity, the thermodynamic probability is generally a large 
number. 

For reasons which will appear later 12(f) had better be called the 
thermodynamic probability of f [or given U» V. N than merely the thermo¬ 
dynamic probability of f. Another name for Q(^) is the partition [unction 
[or given U» V, N, f. The reason for this name will also become clearer 
as we proceed. 

We now define a quantity S(fi. V. A/, f) by the relation 

S(a V.N.f) z=zk log i2(f). (2.02.2) 


where k is an arbitrary constant whose value will be settled later. It can 
then be shown as we shall see later that in a macroscopic system S has all 
the properties of the entropy of the system in the macrostate defined by 
U,V,N,i» Formula (2) is a precise formulation of the well-known 
relation due to Boltzmann to whom the name thermodynamic probability 
is due. 

We shall sec that Boltzmann’s relation (2) between the entropy and 
the thermodynamic probability or partition [unction for given U, V, N, f 
is merely one of a number of relations of a similar type between a thermo^ 
dynamic potential for a particular set of variables on the one hand and the 
thermodynamic probability or partition [unction for the same set of variables 
on the other. 


§ 2. 03 Characteristic of Macroscopic System 

According to the fundamental assumption of statistical thermodynamics 
in a system of given U, V, N the average value of f is determined by 


and the average value of by 




(fv= 




Thus in general is not the same as 

In other words there are fluctuations measured by 




(2.03.1) 

(2.03. 2) 


Q (I) Q f Q (f) Zj i Q (f) 


(2.03.3) 
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It can be shown generally that the larger the system the less important 
is this fluctuation and that for any macroscopic system the fluctuation is 
entirely trivial compared with UavV Itself. Without attempting a proof 
we shall consider a little more closely how this comes about. 

There is some value ?rn of | for which Q(^) has a maximum Generally 
speaking the larger the system the sharper is this maximum and for any 
macroscopic system it is very sharp indeed. On each side of this maximum 
term Q(^m) there will be many terms almost as great as Then 

there will be a still greater number of terms appreciably smaller but not 
negligible; but an overwhelming majority of the terms will be entirely 
negligible, and this majority includes all those terms in which | differs 
appreciably from Sm • 

As a result of such considerations it can be shown that whereas the 
average properties are strictly determined by attributing to each | the 
weight in any macroscopic system we may with trivial inaccuracy 

ignore all values of ^ other than the .value at which QH) is maximum. 
Thus for any macroscopic system we have with trivial inaccuracy 

= (2.03.4) 

= (2.03.5) 

and so on. 

It is instructive to relate this important characteristic of a macroscopic 
system to the quantity S(U» V. N, f) defined by (2. 02. 2), namely 

S{U,V.N,^) =k\og Q(S). (2.03.6) 

Let us now define another quantity S (U,V,N) by 

S{U. V,N) = k log 2'^r2(f). (2. 03. 7) 

Then by definition 

S(W, V, N) > S(l/, V. N, f), (all values of f). (2. 03. 8) 

Let us now consider the ratio 

log2|^3(f)—logg(fn,) fj Q\ 

\ogQ(Sm) ■ 

It can be shown that roughly speaking i2{(m) Is of the order N! and 
is of the order 7V“ where a is comparable to unity. Hence 
the numerator in (9) is of the order a log N and the denominator of the 
order N log N. Thus the expression (9) is of the order a/N or near 
enough Af"’* which is entirely negligible in any macroscopic system. 
Hence, although the inequality (8) is strictly true by definition for all 
values of f, in any macroscopic system when f has the special value im 
we may with trivid inaccuracy replace the inequality (8) by the equality 
S{U.V,N) = S{U,V.N,U)> (2.03.10) 

We shall see in § 2.05 that the functions denoted by 5 have in fact 
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the properties of entropy. Anticipating this identification let us call 
S(ii, V,N,§) the entropy [or fixed f and S(U,V,N) the entropy for 
equilibrium 

Consider now a system of given U, V, N with ^ frozen. Now suppose 
that by introduction of a catalyst (is thawed, so that it takes its equilibrium 
value. By definition the entropy changes from S(U, V, N, f) to S(U, V, N) 
and also by definition this is always an increase. Only in the special case 
that the initial value of ^ was the entropy increase from S(U, V, N, ^m) 
to S(U.V,N) for any macroscopic system is trivial. In other words 
although S(U, V,N) the entropy for equilibrium f is by definition greater 
than the entropy for ^ fixed at its equilibrium value fthe difference is 
in a macroscopic system negligible and trivial. 

We shall see later that a macroscopic system has other characteristics 
similar and parallel to that just formulated. These characteristics can be 
summed up in the single sentence that in a macroscopic system fluctuations 
of measurable properties are negligible, 

§ 2. 04 System of Given Temperature, Volume and Composition 

We shall now consider a system whose volume V and composition N 
are; still prescribed, but instead of prescribing the energy we shall suppose 
the system to be immersed in a large temperature bath with which it can 
exchange energy so that the energy of the system can now take various 
values Uq, U\, and so on. Let us now enumerate the eigenfunctions of the 
system for the prescribed values of V and N and for some definite value 
of let there be Qr such eigenfunctions corresponding to an energy 
Ur (V, N,$), 

From the fundamental assumption of statistical thermodynamics, as 
stated in §2.01, without any further assumptions it can be shown that 
the average properties of the system in the temperature bath for the 
prescribed values of V and N can be derived statistically by averaging over 
all degenerate states attaching to each state r of specified f and Ur a 
weight 

(2.04.1) 

where p is determined entirely by the temperature bath and so may be 
regarded as a temperature scale. 

The fact that the parameter p is found to appear without any new 
assumptions is the statistical thermodynamic basis of the zeroth principle 
of classical thermodynamics. The statistical thermodynamic equivalent of 
the first principle of classical thermodynamics is merely the principle of 
conservation of energy applied on the microscopic scale, that is to say 
applied to molecules, atoms, electrons, etc. Thus this principle is from the 
point of view of statistical thermodynamics not a new law but merely one 
item in general atomic quantum theory. 

To relate the second principle of classical thermodynamics to statistical 
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thermodynamics we make certain algebraic transformations. We begin by 
defining a function /(/?, V, N, f) by 

/ (/?. V. N.() = k log 2r Hr (f) (2.04.2) 

where the summation is over all states of given f and k is an arbitrary 
constant. 

In the system with temperature specified by /J there will be fluctuations 
of U, but the experimentally measurable U will be Ua^ the average value 
of U. Let us now consider the value of Ua„ for specified yj, V, N and f. 
Using the weighting factors (1) we have 


Ua. {P. 


V.N.f) = 


2r Hr (f) 


= - A log Q, (^) e-P^r (P. V. N. f). (2.04. 3) 

using (2). 

Again associated with the fluctuations in U there will be fluctuations in 
the pressure — (dU/dV), but the experimentally measured pressure P 
will be (dU/dV) , where the subscript Av denotes averaging with the 
weight factor (1). We accordingly have for given V N and f 






(2. 04.4) 


using (2). 

Let us now make the further algebraic substitution 


kp=zT-' 


.(2.04.5) 


and use T as an independent variable instead of p. We now have in place 
of (3) and (4) 

Ua. (T. V. N,()=- J {T. V. N. f) 

= r^}{T.V.N.S). (2.04.6; 

p=T^J[T.V.N.i). (2.04.7) 


Combining (6) with (7) we have 

dJ=^dT+^dV. (given N. (). 


(2.04.8) 
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Comparing (8) with (L31.13) wc see that the dependence of / defined 
by (2) on r defined by (5) and on P is precisely the same as the 
dependence of the Massteu Function on the absolute temperature and on 
the pressure. It can in fact be shown that T defined by (5) has all the 
properties of absolute temperature and / defined by (2) has all the 
properties of the Massieu Function, This constitutes a brief summary of 
how the second principle of classical thermodynamics follows as a natural 
deduction from statistical thermodynamics. 

For the benefit of the reader not familiar with the Massieu [unction J, 
we recall that it is related to the free energy or Helmholtz function F by 

J-^F/T. (2.04.9) 

and that either / or F is a thermodynamic potential for the independent 
variables T*. V, N, 

We can now substitute from (5) into (1) and so have as a weighting 
factor for each state r 

(2.04. 10) 

and this factor is called Boltzmanns factor. From (10) it is clear that kT 
has the dimensions of energy. A: is a universal constant called Boltzmann s 
constant. If we use the Kelvin scale of temperature with the centigrade 
degree then 

k = 1.3805 X 10"** erg/deg. (2. 04. 11) 

From (10) we see that the average properties of the system for 
prescribed values of T, V, N and unspecified f can be obtained by 
averaging over all f attaching to each | a weight Q{T, f) defined by 

Q (r, f) = 2*, Qr (f) (2. 04. 12) 

The function Q(T,$) is usually called the partition function, but a more 
precise name is the partition function [or given T, V, N, An alternative 
name is the thermodynamic probability [or given T, V, N, 

Substituting from (5) and (12) into (2) we obtain 

/(7, V,N,f) A log Q(r,f). (2.04.13) 

We observe that this relation between the thermodynamic potential J 
and the statistical probability Q(T,^) for given T, V, N, | is completely 
analogous to Boltzmanns relation (2.02.2) between the thermodynamic 
potential S and the thermodynamic probability Q(S) for given U, 

§ 2. 05 Further Characteristics of Macroscopic Systems 
Let us consider the individual terms of Q(T,i) defined by (2.04. 12). 
Let us denote the maximum term by 

(2.05.1) 

noting that this Qm Is not the same as the i3((m) ol § 2.03. Generally 
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speaking the larger the system the sharper this maximum and for any 
macroscopic system it is so sharp that all terms in Q(r, f) in which Ur 
differs appreciably from Um arc entirely trivial. Moreover, although the 
actual number of terms Q(T,^) comparable with (1) may be great, the 
ratio 


logQ(r.f)-Ioo e-^mlkT 
log Qm 


(2.05* 2) 


is roughly of the order a/N where a is far nearer to unity than to 2V. 
Hence in any macroscopic system the ratio (2) is effectively zero and we 
may therefore replace the definition (2. 04. 2) of / by 


J=k\oQ Qme-^ml^T^ (2.05.3) 

It follows that with an inaccuracy again trivial for a macroscopic system 

IIa.= T^^=U„. (2.05.4) 

From the classical definition (1.31.11) or (1.33.15) of the Massieu 
function wc have 


r. . U 

5—7 + 


(2.05. 5) 


We accordingly in statistical thermodynamics define a function S(T,V, 
N, $) by 

5 (T. V. N. f) = J(T. V.N.() + ^. (2.05.6) 

Using (3), (4) and (5) we obtain from (6) 

5 (T, V. N.S) = k log («. (2.05. 7) 

Now comparing (7) with (2. 02. 2) we obtain the striking result 

S (T. V. N.S) = S (Ua,. V. N, f). (2.05. 8) 

Thus although the definition of entropy at a specified temperature by 
means of (2.04.13) together with (6) is entirely different from the 
definition of entropy at a specified energy by means of (2. 02. 2), yet for 
a macroscopic system the difference between the two is quite trivial. 

This characteristic property of a macroscopic system may be described 
in the following instructive but less exact way. If we define S by 

S = Jfelogi2(f) (2.05.9) 

then in a system of specified energy Q must denote the number of states 
having precisely this energy, whereas in a system of specified temperature 
Q denotes the number of states of energy nearly equal to the average 
energy. The question immediately arises how nearly. The answer is that 
for a macroscopic system it just does not make any difference. 
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§ 2.06 System of Given Temperatuire, Pressure and Composition 
Wc now consider a system of prescribed composition surrounded by a 
temperature bath and enclosed by a piston subjected to a prescribed 
pressure P. We construct the double sum 

W(T. P. N. f) = Jr J:b Sirs (f) e-^rl^r^^Pv,ikT^ (2, 06. I) 

where the summation extends over all energies Ur and all volumes Vg 
consistent with the prescribed value of It can then be shown without 
any new assumptions that we can correctly derive the average (equilibrium) 
properties of the system for the prescribed values of T, P, N by averaging 
over all values of f attaching to each a weight W{T, P, N, 

We call W{T, P, N, i) the thermodynamic probability for given T, P, 
TV, f or the partition function for given T, P, TV, It is related to the 
Planck function Y, which is a thermodynamic potential for the independent 
variables T, P, TV, f, by 

y(r,P,TV,f) rr^log W(T.P,N.i). (2.06.2) 

analogous to (2.02.2) and (2.04. 13). 

For the benefit of the reader unfamiliar with the Planck function Y wc 
recall its relation to the Gibbs function G, namely 

y =z-.G/r. (2.06.3) 

Provided the system is macroscopic we may again with only trivial in¬ 
accuracy replace W by its maximum term, say 


Sim (i) 

(2. 06.4) 

so that we may replace (2) by 


Y(T.P,N.() = k log QmiS)- 

(2. 06. 5) 

From (1) and (5) we immediately verify that 


(u+p vu, = r> jy = t/„ + p v„ 

(2.06.6) 

V^.=-T^=V, 

(2.06. 7) 


as we should expect according to (1.31.14). Furthermore comparing (5) 
with (1. 33. 16) we obtain 

S{T.P.NJ) = k log (2. 06. 8) 

verifying that for a macroscopic system the entropy at given T, P is in¬ 
distinguishable from the entropy at given U = Um and V =Vm* 

§ 2.07 System at Given Temperature^ Pressure and Partial Potential 

To conclude we choose as independent variables the temperature 
pressure P and partial potential p. An illustrative example is a gas in 
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contact with a crystal of the same substance: the crystal is not considered 
as part of the system. Such a system is called open. 

We now construct the triple sum 

(2.07. 1) 

where ) denotes the number of states of energy Ur, volume V^ and 

content Nt corresponding to the given value of f and the triple summation 
extends over all sets of values of Uf, Vs,Nt corresponding to the given 
value of It can then be shown without any new assumptions that all 
the average properties of the system for the prescribed values of T, P, jn 
are correctly obtained by averaging over all values of f attaching to each 
a weight W{T,P,iu,^), this expression being the partition [unction or 
thermodynamic probability of f for the given values of 7, P, /i. 

For a macroscopic system W can in the usual way be replaced by its 
maximum term say 


iim (S) e-PV^\kT^„N^\kT^ 


(2.07. 2) 

If we now define a quantity 0(7, P. p, f) by 

O (T. P. iu.^) = k log W(T.P. fi. f). 


(2.07. 3) 

we may for a macroscopic system replace (3) by 

0(T.P.tk,() = klogQ„,(^)-^ + 

T • 

(2.07.4) 

Moreover for a macroscopic system we have as usual 

S = A: log Qm (f). 


(2.07. 5) 

Uad — UiU’ 


(2.07.6) 

Va.= V„,. 


(2.07. 7) 

Na. = N„. 


(2.07.8) 

Comparing (5) to (8) with (4) we find dropping subscripts that 


n,r p ~ TS-U-PV-i 

0{T,P,p.S)= j 

- = 0 

(2.07.9) 


according to (1.35.4). 

From the analogy between (3), (2.02.2), (2.04.13) and (2.06.2) we 
expect 0(7, P, f) to be a thermodynamic potential for the variables 
7, P, and p. According to (9) this thermodynamic potential is identically 
zero. We now recall the Gibbs—Duhem relation (1. 38. 2) 

SdT-VdP + ^inidpi = 0. (2.07. 10) 

In a system of one component the sum Zirndpt reduces to ndp and 
if we denote by p the partial potential per molecule, instead of per mole 
as in Chapter I. (10) becomes 

0 = SdT^VdP + Ndp, 


(2.07. 11) 
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showing that the thermodynamic potential for the independent variables 
T, P. fjL is indeed zero. 

§ 2. 08 Recapitulation 

We can now summarize the content of the several preceding sections *. 
For each selected set of three independent variables, other than f, a 
different kind of weighting factor w has to be attached to the microstates. 
The sum Zw for all microstates consistent with the prescribed values of 
the three chosen independent variables other than | and corresponding to 
a definite value of f is called the partition function or the thermodynamic 
probability for the prescribed values of f and the other three independent 
variables. Furthermore in each case k log is a thermodynamic potential 
for the chosen set of three independent variables other than These 
relationships are shown in Table 2.1. 


TABLE 2.1 


Independent 

Variables 

Weighting Factor for each 
Independent Microstate 

Thermodynamic Potential 
equal to k log 2* w 

U. V. N, 1 

1 

s 

T. V. N. f 


J = -F/T 

T. P, N. i 

^-UjkT ^-PVIkT 

Y = -G/T 

T, P. fi. f 

Ulk T Q-PVIkT ^MNlk T 

0 


' We emphasize again that each of the listed thermodynamic potentials 
S, /, y and zero is related to the corresponding thermodynamic probability 
according to 

thermodynamic potential = klo^ (thermodynamic probability)> 

The earliest and best known example of this form is Boltzmann’s relation 
for S(L/, V, N, 3), but the others and particularly that for J(T, V, N, f) 
are in fact more useful. 

Once again we mention that we have introduced / and Y largely because 
of their close analogy to S; for the benefit of the reader more familiar 
with F and G we again recall that 

J=--F/T (2.08.1) 

Y=-G/T (2.08.2) 

It is a fundamental characteristic of a macroscopic system that any 
partition function may with trivial inaccuracy be replaced by its maximum 
term. It follows that the equilibrium value of f is that value which maximizes 


Compare Guggenheim, /. Chem. Phys, (1939) 7 103, 

Fork. 5te Nordiske Kemikermode Kobenhavn 1939 p. 205. 
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the thermodynamic potential belonging to the chosen set of independent 
variables. The alternative equilibrium conditions 

for given U and V that S is a maximum, (2.08.3) 

for given T and V that J is a maximum, (2.08.4) 

for given T and P that Y is a maximum, (2.08.5) 

thus obtained are precisely equivalent to (1.43. 1). (1.43.3) and (1.43.4) 

respectively. 

§ 2. 09 Extension to Several Components* Absolute Activities 

We have hitherto restricted our exposition to systems of a single com¬ 
ponent purely for the sake of brevity. The extension to systems of several 
components is straightforward. 

In particular for a system at given values of the independent variables 
T, P and the /^/*s. the weighting factor for each independent microstate 
will be 

e-uikT^-^pvikT (2. 09. 1) 

where for brevity we have introduced quantities A/ defined by 

A/ 

or 


fii = k Tlog A/. (2. 09. 2) 

These quantities A/ may be used instead of the jui^s and are often more 
convenient. A/ is called the absolute activity of the species i. 

In later chapters we shall meet these formulae with a slightly different 
appearance in that Boltzmann's constant k will be replaced by another 
constant denoted by /?. The explanation is simply that in this chapter /i 
denotes the partial potential per molecule, whereas in all other chapters it 
denotes the partial potential per mole. The two constants k and R are 
accordingly related by 

R = Nk, (2.09.3) 

where N, called Avogadro's number, denotes the number of molecules in 
one mole. 

§ 2. 10 Antisymmetric and Symmetric Eigenfunctions 

In § 2. 01 we mentioned that it is often, though not always, possible to 
regard the units (molecules, atoms, ions, electrons) composing the system 
as almost independent. In this case each eigenfunction of the system can 
be expressed as a linear combination of products of the eigenfunctions of 
all the units. We begin by considering the case that all the units are of 
the same kind. We denote the eigenfunctions of the units by (p and the 
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eigenfunctions of the whole system by y. We have now to distinguish 
two cases. 

If each unit is a fundamental particle (proton, neutron or electron) or 
is composed of an odd number of fundamental particles, then each eigen¬ 
function y) of the system is constructed by forming a determinant of the 
eigenfunctions of the individual units. For the sake of simplicity and 
brevity we consider a system consisting of only three units, numbered I, 
2 . 3. The symbol (1) then denotes the eigenfunction of the unit 1 when 
in the state a. The eigenfunction is then constructed as follows: 




<P« ( 2 ). 


<Pfi ( 2 ). 

<Pfi (3). 


9’,(2) 

<P,(3) 


( 2 . 10 . 1 ) 


We notice that if we interchange the states of any two units, changes 
sign. We accordingly describe the eigenfunctions y) as antisymmetric with 
respect to every pair of units. It follows at once that if any two of the 
states a, y arc identical then vanishes. Thus there is one independent 
yj for each combination of three 9 ?^, 9 ?^, provided a, y arc all different 
but none if any two of a, /S, y are the same. 

If on the other hand each unit is a photon or is composed of an even 
number of fundamental particles (protons, neutrons, electrons), then each 
eigenfunction of the system is constructed from the eigenfunctions of the 
units by forming linear combinations similar to determinants, but in which 
all the terms are added. Thus in the case of only three units 1 , 2, 3 the 
eigenfunction defined by 








<Pfi ( 2 ). 

V,{2) 


9’. (3). 


9 ,( 3 ) 


which differs from ( 1 ) in that all the six terms are added. We notice that 
if we interchange the states of any two units, y; remains unchanged. We 
accordingly describe the eigenfunction y; as symmetric in all the units. It is 
clear that there is one independent rp for every combination of three eigen¬ 
functions 9 ?^, 9 ? 3 , 9 ?y whether or not any two or more of a, jS. y are the same. 


§ 2.11 Fermi-Dirac and Bose-Einstein Statistics 
Let us now consider a system containing N indistinguishable units and 
enquire how many eigenfunctions tp of the system can be constructed out 
of g eigenfunctions q) of the units. There are two distinct problems with 
different answers according as y; is to be antisymmetric or symmetric in 
the units. 

In the case where %p is to be antisymmetric, to obtain any such %p at 
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all g must be at least as great as N and the number of such eigenfunctions 
\p is then 


’ antisymmetric, (g'^N). (2.11.1) 

In the other case where ip is to be symmetric, the number of such eigen¬ 
functions is 


(^ + N~1).' 

Igl^riynv/ ‘ ' symmetric, 


( 2 . 11 . 2 ) 


which, when 
expression 


^ ^ 1. is not significantly different from the simpler 


(g + N) ! 
glNT^ 


symmetric, (g ^ 1). (2.11.3) 


It is of interest to note that when both (1) and (3) are nearly 

the same as 



antisymmetric or symmetric, (g^N). 


(2.11.4) 


If now we translate the laws governing the average properties of the 
whole system outlined in §§ 2. 01—2. 09 into forms relating to the average 
distributions of the component units, we shall as a result of the difference 
between (1) and (2) find different results according as the eigenfunctions 
tp are to be antisymmetric or symmetric in the units. These distribution 
laws take the simplest form if we choose as independent variables the 
temperature T, the volume V and the absolute activity A. We shall now 
state these laws without any derivation. 

Let denote the energy of a unit in the non-degenerate state a having 
the eigenfunction (p^. Then if the unit is a fundamental particle (proton, 
neutron or electron) or is composed of an odd number of fundamental 
particles, the eigenfunction yj must be antisymmetrical in the units and 
the average number iV« of units in the state a is found to be given by 

= (2.11.5) 

1—/v« 


where A denotes the absolute activity of the unit, T the absolute temperature 
and k Boltzmann s constant. This distribution law is called that of Fermi-- 
Dirac Statistics. 

If on the other hand the unit is a photon or is composed of an even 
number of fundamental particles, the eigenfunction yj must be symmetrical 
in the units and the average number Na of units in the state a is found 
to be given by 


Na 

l+Na 




This distribution law is called that of Bose-Einstein Statistics. 


( 2 . 11 . 6 ) 
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It is to be noted that in both the cases of Fermi-Dirac Statistics and 
Bose-Einstein Statistics the average number Na of units in each state is 
related simply and explicity to the temperature T and the absolute activity 
X, which we recall is related to the potential by (2.09.2). 

§ 2. 12 Boltzmann Statistics 

Let the subscript 0 denote the state of lowest energy Eq and let us 
consider the case that 

( 2 . 12 . 1 ) 

so that a fortiori 

(all a). (2. 12.2) 

It then follows from either (2. 11.5) or (2. 11. 6) that 

(2. 12.3) 

We may then without loss of accuracy replace either (2.11.5) or (2.11.6) 
by 

= (2. 12.4) 

This distribution law is called that of Boltzmann Statistics. 

We now state without any proof that in almost all the systems met in 
practice the condition (1) is satisfied. There are only two important 
exceptions. The first is the system of conducting electrons in a metal; 
these obey the Fermi-Dirac distribution law and will not be discussed in 
this book. The other is the system of photons forming radiation; these obey 
the Bose-Einstein distribution law and will be discussed in Chapter XIV. 
Boltzmann Statistics are sufficient for all the other systems to be met in 
this book and from here onwards wc shall confine our attention to these. 

§ 2.13 Partition Functions of Units and Thermodynamic Functions 
For any system obeying Boltzmann Statistics, we have according to 
(2.12.4) 

= (2. 13. 1) 

If we apply (1) to every state a and add, we obtain 

(2.13.2) 

so that 

u=:kTlog i = kTlog 2 *^ 

The sum is called the partition function of the units. Its structure 

is similar to that of the partition function for the independent variables 
T, V, N of the whole system. Formula (3) is the basis for the evaluation 
of the thermodynamic functions in terms of the energies of all the states 
of the component units. 
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Formula (3) is equivalent to the formula of the Massieu [unction ] and 
, the free energy F 



} w; V 


(2.13. 4) 


If we compare (4) with (2.04. 13) we see that the two are equivalent 
when we bear in mind that the factor N\ in the denominator in (4) is 
required to avoid counting as distinct states those obtainable from one 
another by a mere permutation of indistinguishable units. 

The more general formula for a system containing more than one kind 
of units (molecules) is 


J=- 


F 

f 


^ k Zi log 


M-/—-j 


(2.13. 5) 


§ 2. 14 Separable Degrees of Freedom 

It is often the case that there is no appreciable interaction between two 
or more degrees of freedom of a unit. Such degrees of freedom are said 
to be separable. Each eigenfunction q? may then be expressed as a product 
of the eigenfunctions for the several separable degrees of freedom, and the 
energy Ea as the sum of the energies of each separable degree of freedom. 
It then follows immediately that the partition function of the unit can be 
expressed as the product of partition functions for its several separable 
degrees of freedom. 

In particular the translational degrees of freedom of molecules are usually 
separable from the internal degrees of freedom. Among the internal degrees 
of freedom we here include rotational degrees of freedom as well as atomic 
vibrations, electronic and nuclear degrees of freedom. We may accordingly 
write for the partition function of a molecule 

/Ac r — 0—T (2. 14. 1) 


where Etr denotes the energy of the translational degrees of freedom and 
Eint tbe energy of the internal degrees of freedom. Substituting (1) into 
(2. 13. 5) we obtain for the Massieu function / and the free energy F 


/ ~ ^ /c 2, log ' -— 


Nil 


Alternatively we may write 

/ = ftr 4 " Jintf 
F Ftr + Ftnt* 

Ftr 


Jtr — — ^ — kZ, log] 


J,„, = -£jf = k^tN, log 


(2. H. 2) 

(2. H. 3) 
(2. H. 4) 

(2. H. 5) 
(2.H.6) 


where the subscript tr refers throughout to contributions from the trans- 
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lational degrees of freedom and the subscript int to contributions from the 
internal degrees of freedom. 

§ 2. 15 Classical and Unexcited Degrees of Freedom 

It may happen that there are many energy levels less than kT, When 
this is the case, the sum which defines the partition function may without 
loss of accuracy be replaced by an integral, whose evaluation is often 
elementary. Such a degree of freedom is called a classical degree of free¬ 
dom. Whether a particular degree of freedom is classical depends on the 
temperature. Under ordinary conditions the translational and rotational 
degrees of freedom of the molecules in a gas are classical. 

In the opposite case it may happen that the separation between the 
states of lowest energy level and those of the next energy level is several 
times greater than hT. The partition function then reduces effectively to 
the terms corresponding to the lowest energy level, that is to 

czoe-^l^^. (2.15.1) 

where fo denotes the lowest energy level and (Zq denotes the number of 
states having this energy. Such degrees of freedom are called unexcited 
degrees of freedom. The contribution of each such unexcited degree of 
freedom to the free energy F is clearly 

e^—kT log c^o» (2.15. 2) 

and the corresponding contribution to the entropy 

k log (2.15.3) 

which we notice is independent of the temperature. Whether a particular 
degree of freedom is unexcited depends by definition on the temperature. 
At all the temperatures with which we are concerned all degrees of free¬ 
dom internal to the atomic nucleus are unexcited. The electronic degrees 
of freedom of most molecules may also be regarded as unexcited at most 
of the temperatures which concern us; there are however a few exceptions, 
notably the molecule NO. 


§ 2. 16 Translational Degrees of Freedom 

The translational degrees of freedom of a dilute gas may be regarded 
as classical. When the partition function for the translational degrees of 
freedom of a molecule is replaced by an integral and the integration is 
performed, one obtains 


( 


2nmkT\\ 


V. 


(2. 16. 1) 


where m denotes the mass of a molecule and V the volume in which it is 
enclosed; h denotes Planck's constant and k as usual Boltzmann's constant. 
Thus for a dilute gaseous mixture according to (2. 14.5) we have 




^^ = fc2-Jog 




(2. 16. 2) 
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Let us now consider the translational degrees of freedom in a crystal. 
We may regard each molecule as vibrating about an equilibrium position 
in the crystal lattice. Let us denote by q the partition function for a mole¬ 
cule attached to a given lattice position and for the moment let us imagine 
all the N molecules to be individually distinguishable but sufficiently alike 
so that any one can be interchanged with any other without destroying 
the crystal structure. Then the molecules can be permuted over the lattice 
positions in Nl ways, so that the partition function for the translational 
motion of the molecules of the whole crystal would be N! q^. Actually the 
molecules are of course not individually distinguishable and we must, 
consider only states whose eigenfunction is symmetric in molecules con¬ 
taining an even number of fundamental particles and anti-symmetric in 
molecules containing an odd number of fundamental particles. In the 
simplest case when all the molecules in the crystal are of the same kind 
the number of states is thus reduced by a factor N!, which cancels the 
other NI, so that the partition function for the whole crystal becomes q^. 
We thus have for a crystal of a pure substance 

= = log q" (2.16.3) 

Each molecule has at a given lattice position only one state of lowest 
translational energy and so at low temperatures q tends to unity. We 
therefore have for a crystal of a pure substance 

= {T^O). (2.16.4) 

For a mixed crystal containing several distinguishable kinds of mole¬ 
cules, e.g. isotopes, the eigenfunctions have to be symmetric, or anti¬ 
symmetric, only with respect to identical molecules. Hence we have to 
divide only by the product of all the Ni! instead of by Nl. We therefore 
have instead of (3) 

F 

hr = --^=k log Nl + k 2’, log . (2.16. 5) 

where N Hi Ni. It has been implicitly assumed that interchanging two 
molecules of different kinds in the crystal does not affect the partition 
function qt of either of them. This assumption is justified provided the 
molecules are sufficiently similar, e.g. isotopic. Since at low temperatures 
each qi tends to unity it follows that 

/,,= -^-*ifclogN/-*2'/logM/. (T^O). (2.16.6) 

§ 2. 17 Third Principle of Thermodynamics 

After this brief and admittedly incomplete sketch of statistical thermo¬ 
dynamics we recall the formulation of the third principle of thermodynamics 
which we adopted in § 1.63. namely: 
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By the standard methods of statistical thermodynamics it is possible to 
derive for certain entropy changes general formulae which cannot be 
derived from the zeroth, first or second principles of thermodynamics. In 
particular one can obtain formulae for entropy changes in highly disperse 
systems (i.e. gases), those in very cold systems (i.e. when 7-^0) and 
those associated with the mixing of very similar substances (c.g. isotopes). 

We shall now briefly state these deductions from statistical thermo¬ 
dynamics without giving detailed derivations. 

In the first place we consider the translational term in the thermo¬ 
dynamic functions of a highly disperse system, i.e. a gas, containing Ni 
molecules of type i having a mass m/. The contributions to the Massieu 
function / and to the free energy F are given by 


r_ F,r {2^1 

Jtr— J. -kZi log 

The corresponding contribution Sfr to the entropy S is 

c ^ I, V 1 ^^ (2nmikT)'^^i V^i , , ^ ^ 
Sir — fc-^ilog 

In particular in a gaseous single substance 

= k log- hWJ^i - + lNk. 

Using Stirling’s formula for large N 

log NI = N log N-N. 

we can rewrite (3) as 

Nk h^N 


(2.17.1) 

(2.17. 2) 

(2.17.3) 

(2.17.4) 

(2. 17. 5) 


Anticipating the formula for the pressure P of a perfect gas. 



we can replace (5) by 


Str_, _ (27im)UkT)^ 




(2. 17.6) 


(2. 17.7) 


We shall use the equivalent of formula (2. 17. 7) in § 4. 56. 

Our second example is the translational term in the entropy of a crystal 
of a pure substance. As the temperature tends towards zero, this con¬ 
tribution tends to zero. We shall return to this law in § 4.60. 

Finally we consider the entropy of mixtures of very similar substances, 
such as isotopes. If several very similar substances, such as isotopes, all 
at the same temperature and same number of molecules per unit volume 
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are mixed, keeping the temperature and number of molecules per unit 
volume unchanged, the entropy is increased by A S given by 
A S 

^ = log N! - li log Ni!. (2.17.8) 

where Ni denotes the number of molecules of the species i and N -= 2", Ni 
denotes the total number of molecules of all species. Using Stirling's 
formula (4), we can rewrite (8) as 

(2.17.9) 

This applies to solids, and incidentally liquids, as well as to gases, provided 
the various species are sufficiently similar, e.g. isotopic. We shall make 
use of this in § 4. 57. 

When we meet these formulae again in Chapter IV, the number of 
molecules Ni will be replaced by the number of moles m and corres¬ 
pondingly Boltzmann’s constant k will be replaced by the gas constant R. 
In particular Nik becomes mR. 



CHAPTER 111 

SOME RELATIONS OF GENERAL VALIDITY 


§ 3.01 Identities between Partial Differential Coefficients 
We begin this chapter by summarizing certain important properties of 
partial differential coefficients, which will constantly be required. 

Let X. y and z denote three quantities any one of which is completely 
determined by the other two. so that we may regard any one as a function 
of the other two. Symbolically 

2 = z(jc. y), (3. 01. 1) 

:3i: zr x(y, z), (3. 01.2) 

y =: y(z.x). (3. 01.3) 

The partial differential coefficients arc defined by relations such as 


/^\ _ 2(x+dx, y)--z(x. y) 

[dxjy cfx-tO 


From this definition it follows immediately that 



(3.01. 5) 


and there are of course two other similar relations obtained by permuting 
X, y, 2. 

Subject to certain conditions concerning the smoothness of the function 
2 (x,y) which will always be fulfilled in the physical applications, the 
order of successive differentiations of z(x, y) is immaterial. In particular 


S- 


or more briefly 


mi 


(3.01.6) 


(3.01.7) 


A ^ — A ^ 

dx dy dy dx ’ 

We shall make much use of this relation and for the sake of brevity 
shall refer to it as the cross^di[[erentiation identity. 

When wc differentiate (1). (2) and (3), using the definitions of partial 
differential coefficients, we obtain 


= + dy. (3.01.8) 

dx. (3.01.10) 
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Substituting (9) into (8) we obtain 


-(£),(g)**i(a,(a*(ah 

and using (5) 

or since dy is arbitrary 



We can rewrite (13) in the alternative form 


(3.01. 11) 


(3.01. 12) 


(3.01. 13) 



(3.01. 14) 


or, by using relations of the form (5), in the symmetrical form 



(3.01. 15) 


All the above differential relations between jc, y, z remain valid even 
when there are further variables provided all the remaining variables arc 
held constant. For example an extension of (15) is 



(3.01. 16) 


Among the useful applications of (7) there will be cases where one of 
the independent variables is the degree of advancement defined in § 1. 50. 
Thus 


^ ^ _ jd dz 

dx d( ^ di dx' 


The equivalent relation in alternative notation is 

^ Az = A . 

OJC ox 


(3.01. 17) 


(3.01. 18) 


where the operator symbol A. as usual, denotes the increase of any 
quantity when the particular change being considered takes place. As just 
one of many concrete examples of (18) we may mention 



(3.01. 19) 


There is a further relation, which we shall require, between the four 
quantities w, x. y, z such that any two completely determine the other two. 
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If wc regard w firstly as a function of x, y and secondly as a function of 
X, z wc have 



Substituting from (8) into (21) we obtain 


(3.01.20) 

( 3 . 01 . 21 ) 



Comparing (22) with (20) and equating coefficients of 
variations dx» dy we obtain 


dy. (3.01.22) 
the independent 



(3.01.23) 

(3.01.24) 


The relation (24) is rather obvious; for. since x is held constant through¬ 
out, we may ignore x and think of lu, y, z as three quantities any one of 
which determines the other two. Then evidently 


div dtv dz 

dy dz dy * 


(3.01.25) 


and (24) merely states that this remains true when w, y, z also depend 
on X provided x is kept constant. The relation (23) is more important and 
will be required. 


§ 3. 02 Choice of Independent Variables 

For practical purposes the most convenient independent variables to 
describe any single phase are, usually, temperature and pressure. We shall 
therefore require to express most thermodynamic properties as functions 
of T. P and shall be interested in their partial derivatives with respect to 
T and P. In the case of gases, as opposed to liquids and solids, it is some¬ 
times convenient to choose as independent variables T, V instead of T» P. 
We shall accordingly also require to express thermodynamic properties as 
functions of T. V and shall be interested in their partial derivatives with 
respect to T and V. 


§ 3.03 Coefficient of Thermal Expansion and Isothermal Compressi¬ 
bility 

If we regard the volume of a phase of fixed composition as a function 
of temperature and pressure, we have 



(f 03.1) 
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We define a the coefficient of (cubic) thermal expansion, by 


1 (dV\ 

“-v(dr)/ 

(3.03.2) 

and X the (isothermal) compressibility by 


1 /dl^\ 

V\'dp)7.‘ 

(3.03.3) 

Substituting (2) and (3) into (1) we obtain 


dV ~aVdT -xVdP. 

(3.03.4) 

or 


d log V ^ adT — xdP. 

(3.03.5) 


Alternatively if we choose to regard P as a function of T. V, we have 

dP = — dT-~dV. (3.03.6) 

H kV 

By applying the cross-differentiation identity (3.01.7) to (5). we 
obtain 



§ 3. 04 Maxwell's Relations 

For a closed system in the absence of chemical reactions and in particular 
for a single phase of fixed content, formulae (1.31.4) and (1.31.6) 
reduce to 

dF = ^SdT-PdV. (3.04. 1) 

c/G = - SdT -f VdP. (3. 04. 2) 


Making use of the cross differentiation identity (3.01. 7), we have 


/d^\ _ (dP\ __ a 


(3.04.3) 




dTj, 


aV. 


(3.04.4) 


These two relations, due to Maxwell *, are of great importance as they 
express the dependence of entropy on volume or pressure in terms of the 
more readily measurable quantities a and y.. 


§ 3. 05 Dependence o£ Thermodynamic Functions on Pressure 
If. as will usually be our choice, we take as independent variables, other 
than the composition of each phase, the temperature T and the pressure P 
the relevant thermodynamic potential is the Gibbs function G and according 
to (1.33. 8) we have 



(3.05. I) 


Maxwell, Theory ol Heat (1871 cd.) p. 167. 
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We also have Maxwell's relation (3.04.4) 



Since the heat function H is related to G and S by 

H = G+TS. 


we have using 0) (7) 



V(\—aT). 


(3. 05.2) 

(3.05. 3) 

(3. 05.4) 


When we use the independent variables T, P the functions F, U are 
much less important than G, H. If nevertheless we should require their 
dependence on the pressure, it is readily derived as follows. By definition 


F = G-PV 


(3.05. 5) 


and so by differentiation with respect to P at constant 



V-P 





T 


(3. 05.6) 


using (1). Substituting (3.03.3) into (6) we obtain 


= (3,05.7, 

Finally since by definition 

H~t/=G-F (3.05.8) 

we obtain from (1), (4) and (7) 



V(xP^aT). 


(3.05.9) 


§ 3. 06 Gibbs-Helmholtz Relation 

If. as will usually be our choice, we take as independent variables, other 
than the composition of each phase, the temperature and the pressure we 
have for the temperature dependence of the relevant thermodynamic 
potential G according to (1.33.6) 

If we compare this with the definition of G. namely 

G = H-TS. 


and eliminate S, we obtain 


(3.06.2) 
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If we apply this relation to the final state II and to the initial state I in 
any isothermal process and take the difference, we obtain 


= , 3 . 06 . 4 , 

where P^, denote the initial and final pressures respectively. Formula 
(4) is known as the Gibbs—Helmholtz relation. This name is also some¬ 
times given to formula (3). 

By simple transformation we can rewrite these formulae as 


{ d(GlT) ) __H 
f dT T^' 

\ d{AG/T) ) AH 

I dT r 

or alternatively as 


(3.06.5) 
(3. 06.6) 


If instead of the 
defined by 

we have 


^ a(G/r) ) _ 

(d{llT) 

\d(A Gl T)) 

( a(i/r) \ptpii 


AH. 


(3.06.7) 
(3.06.8) 


Gibbs Function G, we use the Planck function Y 


Y=-GIT. 


(3. 06.9) 


Jair7r,t=- 

^ d(Ay) ) 

(d (llT))pi pii 


(3.06.10) 
(3.06.11) 


§ 3.07 Dependence of Thermodynamic Functions on T, V 

As already stated, it is usually convenient to take T. P as independent 
variables. Only in the case of gases is it sometimes convenient to use 
instead the independent variables T, V, The dependence of the various 
thermodynamic functions on these variables is readily obtained and we 
give the chief results for a phase of fixed composition in the order in which 
they are conveniently derived without however giving details of the 
derivations. 

dF=--SdT-PdV, (3.07.1) 

dP = ^dT-j^dV. (3.07.2) 


(3.07.4) 
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d(Pj=-^^dT-^dV. (3.07.5) 

dI=^jdT+^dV. (3.07.6) 

By applying (5) or (6) to the final state II and the initial state I of an 
isothermal process and taking the difference we obtain the analogues of 
the Gibbs-Helmholtz relation 


(d(AF/7’)) _ AU 

I dT \y,y, - • 

(d(A/)) _AU 

i dT 

These may also be written in the forms 


jswftL. —“ 


(3.07.7) 

(3.07.8) 

(3.07.9) 
(3. 07. 10) 


§ 3. 08 Use of Jacobians 

Many thermodynamic identities, including those obtained in the pre¬ 
ceding sections, can be obtained rapidly and elegantly by the use of 
Jacobians. The procedures are due to Norman Shaw *, who has shown how 
to apply them to obtain a tremendous number of identities, some important, 
others merely amusing. We shall here give a brief sketch of the method, 
which we shall illustrate by a few simple examples. We would however 
emphasize that all the simple and most important relations are deduced in 
this book without using Jacobians, so that the reader not interested in 
their use may omit this section which does not affect the rest of the book. 

We recall that Jacobians are defined by 


= — f 


d (x, y) _ _ a (y, x) _ 
a (a. ^) — a (a, /?) 

and that they obey the multiplicative law 

a (x. y) a (u. p) _ a (x, y) 

a (u.p) a («./?)■ 


— 


da), 


(3.08.1) 


(3.08.2) 


d(a.p)‘ 

which can be derived by simple geometrical or algebraical considerations 
on transformation of coordinates. 

As particular cases of (1) we have 


(dx\ _d(x^)_ d{p.x) 
\da)^-d{aj)- d(a.fi)‘ 

(dy\ _d(a,y)_ d(y,a) 

W.“d(a./?)- a(a./J)- 


(3.08.3) 

(3.08.4) 


• Norman Shaw, Phi/. Trans. Roy. Soc. A (1935) 234 299. 
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Using (3) and (4) we derive from (2) 



d(x.y)_ 

_ d (x. y) Id (z. y) 

d ( 2 . y) ~ 

-d(aj) d (a. fi) 


(3.08.5) 


Wc now replace a, /? by the pair of quantities which we regard as the 
usually most convenient independent variables, namely the temperature T 
and the pressure P. We further introduce the following new notation 


i yf — d (r. P) 




In particular we have 



{jpj^ = -]ix.T) = ](T.x). 


(3. 08.6) 


(3. 08.7) 
(3. 08.8) 


Using our new notation we have instead of (5) 


(3.08.9) 

\dzjy ](z,y) 

The relations (6) and (9) together enable us to express any quantity 
of the type {dx/dz)y in terms of the partial differential coefficients of 
X. y, 2 with respect to T, P. 

We shall illustrate by two examples, the first a useful one. the second 
more far-fetched. We have 


/^\ (dH\ //d//\ 

\dPj„-J(P.H)- [dP)rl[dfl/ 


(3.08.10) 


a relation which we shall meet again in § 4. 17, where it is derived more 
simply by using (3.01. 14). 

We now take a more complicated, but less useful, example 


/^\ (dF\ _ (^\ (dF\ 

[dPlA^^lp >3 og 

dGL“J(G,P)'“/aG\ (dF\ /dG\ /^\ ’ ' • • ' 

^drjAdPjr IdPjrWp 

in which all the derivatives on the right can be expressed in terms of 
readily measurably quantities. Thus the derivatives of G occurring on the 
right of (11) have the simple values 





(3. 08.13) 
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The values of the derivatives of H are given by 



ar, 




Similarly the values of the derivatives of F are given by 


\dTjp \ dT jp 




dF\ _/d[G~PV]\ _ 
dP ]i~ 



Now substituting (12) to (17) into (11) we obtain 


(3. 08. 17) 


(dH\ _Cy.PV+V{\^aT)(S + aVP) 
\dG Jp ““ -5^P V+y(S + a VPf 


CxP + d-aT) (S + aVP) 

— S « P + (S + a V P) 


(3. 08. 18) 


where we have used the symbol C to denote {dH/dT)p. 

These illustrative examples by no means exhaust the uses to which 
Jacobians can be put. The reader who is interested is referred to the 
original papers by Norman Shaw. 


§ 3. 09 Reversible Cycles 

Suppose a system is taken through a complete cycle of states. Then as 
its final state is identical with its initial state, its entropy must obviously 
be the same at the end as at the beginning. Thus 

AS=:0, (any cycle). (3.09.1) 

If at all stages the system is in equilibrium, so that no irreversible (natural) 
change takes place, then 

A S = -T, , (reversible changes), (3. 09. 2) 

i / 

where q/ denotes the heat absorbed at the temperature Tt and the sum¬ 
mation extends over all the temperatures through which the system passes. 
Substituting (2) into (1) we obtain 


“ = 0, (reversible cycle). (3.09.3) 
i i 

Evidently, since T, is always positive, some of the q/*s must be positive 
and some negative. It is convenient to modify our notation so as to 
distinguish between the positive and negative q/'s. We accordingly replace 
(3) by 


2. 



rs' 


(reversible cycle). 


(3. 09.4) 



SOME RELATIONS OF GENERAL VALIDITY 


77 


where each qr is a positive quantity of heat taken in at the temperature 
Tr 3nd each is a positive quantity of heat given out at the tem¬ 
perature Ts- 

According to the first principle of thermodynamics the work —w done 
by the system during the cycle is given by 


—w 


<Jt — Clr Qs. 


The ratio rj defined by 


V = 


— IV 

qr 


qr-^s Qs 

qr 


= 1 



(3,09.5) 


(3. 09.6) 


is called by engineers the thermodynamic efficiency of the cycle. 

Let us suppose that there is a maximum temperature and a minimum 
temperature between which temperatures the cycle is confined. The 

following question arises. Subject to this restriction on the temperatures, 
what is the maximum possible value of fjl The answer is obviously obtained 
by making 


(all r); (3.09.7) 

(alls). (3.09.8) 

This means that positive absorption of heat occurs only at the highest 
temperature Trmx and positive loss of heat occurs only at the lowest 
temperature . No heat is exchanged with the surroundings at any 
temperature intermediate between and In other words the 

passages from T„ax and the reverse are adiabatic. Thus the cycle 

consists entirely of isothermal absorption of heat at isothermal 

emission of heat at . and adiabatic changes from to and 

from Tmxn to Such a cycle was first considered by Carnot and is 

called Carnot's cycle. 

For Carnot’s cycle we have by substituting from ^7) and (8) into (4) 


Ir qr _ ^5 Qs 
Tm»x Tfnin 


(Carnot’s cycle). (3.09.9) 


Now substituting from (9) into (6) we obtain 

t)=\- , (Carnot s cycle). (3. 09. 10) 

* max 


There is sometimes confusion between Carnot's cycle and reversible cycles. 
It will be observed that Carnot's cycle is a very special case of a reversible 
cycle. 
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SOME RELATIONS OF GENERAL VALIDITY 


A completely isothermal cycle is a special case ol Carnot's cycle. For 
such a cycle 


T — T — T 

^r<Jr — Q* 
u; = 0 
0 


(isothermal cycle) (3.09.11) 

(isothermal cycle) (3,09.12) 

(isothermal cycle) (3.09.13) 

(isothermal cycle) (3. 09. H) 


Formula (13) is known as Moutier's theorem. 

We shall have no occasion to make any further reference to cycles. They 
are important in engineering thermodynamics for the treatment of engines 
and refrigerators, but these fall outside the subject matter of this book. 



CHAPTER IV 


SYSTEMS OF A SINGLE COMPONENT 


§ 4. 01 Thermal Condition of Internal Stability 

Consider a homogeneous pure single substance, that is to say a single 
phase of one component. Let its entropy be S, its volume V and its 
energy U. Imagine one half the mass of this phase to change so as have 
an entropy l(S 4- dS) and volume iV while the other half changes so as 
to have an entropy ^(S — (^S) and volume According to Taylor’s 
expansion the energy of the first half becomes 


1 

2 


|U + «^<S + 


1 ^ 

2d5' 




(4.01. 1) 


neglecting small quantities of third and higher orders; all partial differ¬ 
entiations in (1) are at constant V, The energy of the second half becomes 
similarly 


1 

2 




(4.01.2) 


Hence by addition the energy of the whole system has increased by the 
second order small quantity 

while the total entropy and volume remain unchanged. Now a condition 
for a system to be in stable equilibrium is that, for given values of the 
entropy and the volume, the energy should be a minimum. If then the 
original state of the system was stable, the change considered must lead 
to an increase of energy and the expression (3) must be positive. Hence 
we obtain as a necessary condition for stable equilibrium 



(dm 

\d5V 

)>“• 

(4.01.4) 

Since according to (1. 

29.4) or (1. 

30. 1) 



(dU\ 
\dS ) 

1 =T. 

V 

(4.01.5) 

we can replace (4) by 





(dS] 

[dTj 

o 

A 

(4.01.6) 

The physical meaning 

of (6) is that when at 

constant volume heat is 


supplied to a stable phase its temperature is raised. 
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§ ^. 02 Hydrostatic Condition of Internal Stability 
Consider again a single phase of one component. Let its temperature 
be T, its volume V and its free energy F. Imagine half the mass to change 
so as to have a volume i(V^ + dV), and the other half to change so as 
to have a volume i(V — dV), the temperature remaining uniform and 
unchanged. Then by an argument precisely analogous to that of the 
previous section we find that the free energy of the whole system has 
increased by the second order small quantity 


while the temperature and total volume are unchanged. Now a condition 
for a system to be in stable equilibrium is that for given values of 
temperature and volume, the free energy should be a minimum. If then 
the original state of the system was stable, the change considered must 
lead to an increase of free energy and the expression (1) must be positive. 
Hence we obtain as a necessary condition for stable equilibrium 


H.02.2) 

Since according to (1.31.4) 

= M.02.3) 

we can replace (2) by 

or using (3.03.3), since V is always positive, 

x>0. (4.02.5) 


This means that when the pressure of a stable phase is increased, the 
volume must decrease. Whilst this condition ^s necessary, we shall see in 
§ 4. 49 that it is not sufficient for stability. 


§ 4. 03 Other Conditions of Internal Stability 

By reasoning similar to that of the two previous sections, we can 
obtain other conditions necessary for internal equilibrium of a single 
phase of one component. In particular we could obtain the conditions 

(,.03.1) 

and 



(4.03.2) 
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Such other conditions are however not independent but can be derived 
from the previous ones. In fact we shall in § 4.09 find that 



(4.03.3) 


£0 that ( 1 ) follows from (4.01.6). We shall also find in § 4.26 that 



so that (2) follows from (4.02.4) with (4.01.6) and 


(4. 03,4) 


§ 4. 04 Dependence of Entropy on Temperature 

The experimental determination of entropy and absolute temperature 
are inter-linked. We have not yet described how either can be directly 
or conveniently measured. In § 4. 13 we shall describe an especially 
convenient way of measuring absolute temperature. Anticipating this 
result, that is to say assuming we have a thermometer which measures 
absolute temperature, we shall now describe how we can determine the 
dependence of entropy on temperature at constant pressure. 

For a single closed phase, we have according to (1.31.5) 

dH =: TdS + VdP, (4.04.1) 

or if we. keep the pressure constant 

dH - TdS, (P const.). (4.04.2) 

If then we supply heat <7 to a single component system, since the change 
in the system must be reversible, quite regardless of whether the process 
of supplying the heat is reversible (see § 1 . 15), we have 

q-dH- TdS, (P const.). (4.04.3) 

Furthermore if we supply the heat by means of an electric element, 
the heat will be equal to the electrical work done on the element. To be 
precise, if the potential difference across the element is E and the current 
flowing is i. then in a time t the heat given up by the element to the system 

is E i t. Since E, i and t are all measurable we can calculate q. We see 

then that, apart from experimental difficulties, there is no difficulty in 
principle in measuring increases of H, As already mentioned we are 
postulating, in anticipation of § 4. 13, the availability of a thermometer 
which measures T, We thus obtain a direct experimental relationship 
between T and H, or rather changes in H which itself contains an arbitrary 
additive constant. 

As an illustration we show in Fig. 4. 1 the experimental data * for one 
mole of HjO at a constant pressure of one atmosphere. The first curve 
on the left applies to ice from 0 °K to 273.16 °K, at which temperature the 

* Giauque and Stout. /. Am. Chem. Soc. (1936) 58 1144. 

6 
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icc melts: the value of the heat function then rises at constant temperature 
by an amount equal to the molar heat of fusion. As this change would run 
off the paper the scale of the curve for the liquid has been shifted down- 



Fig. 4.1. Heat function of H 2 O at one atmosphere. 

wards by 1 kilojoule. This curve on the right of the figure runs from 
273.16 to 373.16 °K at which temperature the water boils; the value 
of the heat function again rises at constant temperature and runs off 
the paper. 

In Fig. 4. 2 we show the data in a somewhat different form. (bH/bT)p 
being now plotted against log 7. The three separate curves apply to icc, 
liquid water and steam respectively. From (2) we have 
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We see then that apart from an arbitrary constant the entropy of ice at 
a temperature T is equal to the area under the part of the curve to the 
left of r. In particular the entropy of ice at the fusion-point exceeds that 



Fig. 4. 2. 


at 0 by an amount corresponding to the whole area under the ice curve. 
This amounts to 38.09 joulc/mole deg. 

When the ice changes to liquid water there is an increase of entropy 
called the entropy o[ fusion equal to the heat of fusion divided by the 
temperature. Thus 

A// 6007 joule/molc nn • i / i _r 

AS = -y- = -273.16 deg:' = Joule/mole deg. 

Suppose we wish to know by how much the entropy of steam at 1000 
and 1 atmosphere exceeds the entropy of ice at 0 ®K. We have to add the 
following contributions. 
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(a) Ice at 0 ice at 273.16 
A5 = 38.09 joule/mole deg.. 


(area under ice curve) 


(b) Ice at 273.16 liquid water at 273.16 

, ^ AH 6007 joule/mole . i / i • 

A5 = -^ = = 21.99 ,oule/mole deg. 

(c) Water at 273.16 °K water at 373.16 °K 

AS = 23.52 joule/mole deg., (area under water curve) 

(d) Water at 373.16 °K -> steam at 373.16 

A o 40656 joule/mole . i / i i 

AS = -^ = -373 deg. = Joule/mole deg. 

(e) Steam at 373.16 °Ksteam at 1000 

AS = 35.8 joule/mole deg.. (area under steam curve) 

By addition we obtain for the change 

Ice at 0°K steam at 1000 (both at 1 atm.) 


A S = 228.4 joule/mole deg. 

In the case of some substances there may be several solid phases with 
transition temperatures at which the entropy increase A S is equal to the 
increase AH divided by 7. but such transitions cause no further com¬ 
plication. 

We see then that the determination of changes in the entropy of any 
single substance through any range of temperature at constant pressure 
becomes straightforward provided the heat input and absolute temperature 
can be measured. 


§ 4. 05 Heat Capacity at Constant Pressure 

In the previous section we saw that the determination of entropy 
requires us to use the relation 



(4. 05.1) 


This quantity is called the heat capacity at constant pressure of the system. 
If referred to one mole of substance this is called the molar heat capacity 
at constant pressure and will be denoted by C, or by C/> when it is desired 
to emphasize the contrast with another quantity Cv defined in §4.08. 
Thus using the subscript m to denote molar quantities 


C = C,= r(^)^=(^”)^. H.05.2) 

The real importance of C is that it forms the connecting link between 
5 and H. One measures directly H is a function of T and then determines 
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S by the relation (1). Importance was in the past attached to C for a 
completely different, accidental and inadequate reason, namely that for 
many substances at the most usual temperatures C happens to be approxi¬ 
mately independent of the temperature. For example we notice from Fig. 4.2 
that C is nearly constant for liquid water, only roughly constant for steam, 
but not at all constant for ice. 

§ 4. 06 So-called Mechanical Equivalent of Heat 

Before the classical experiments of Joule, the relationship between work, 
heat' and energy was not understood. These experiments established that 
within the experimental error the work or energy input required to raise 
the temperature of a given mass of water through a given temperature 
range is independent of the particular mechanism used. The formulation 
of the first principle of thermodynamics is largely based on these experi¬ 
ments and later repetitions and improvements of them. Since Joule’s experi¬ 
ments were performed before the formulation of the first principle, the 
terminology of Joule was necessarily different from the terminology based 
on familiarity with the principles of thermodynamics. Joule described some 
of his experiments as the ’’determination of the mechanical equivalent of 
heat”. Once the principles of thermodynamics are understood, this phrase 
becomes meaningless. What Joule in fact did was 

(a) to establish an experimental basis for the formulation of the first 
principle of thermodynamics; 

(b) to measure the heat capacity of water. 

Before the first principle of thermodynamics was formulated or under¬ 
stood the unit of heat was the quantity of heat required to raise the 
temperature of one gram of water by one degree centigrade and this unit 
was called the calorie. Work was however measured in joules. It is found 
that the heat capacity of liquid water is about 4.18 joule/gram degree 
but in fact varies appreciably with the temperature. Nowadays almost all 
accurate thermal experiments involve measurements of volts, amperes and 
seconds leading to energy values in joules. Moreover the International 
Union of Physics has recently (1948) recommended* that all accurate 
calorimetric data should be expressed in joules. It is difficult to understand 
why the use of the calorie as a unit persists, except as a habit. The most 
careful experimental workers have in fact abandoned the old definition of 
the calorie and have replaced it by the more satisfactory definition 

1 calorie = 4.1840 absolute joules. 

The calorie thus defined is called the thermochemical calorie. 

As already mentioned the heat capacity of water is approximately, 
but by no means exactly, independent of the temperature. Its value 

• International Union of Physics, Document SG 48—6. 
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is very near 1 cal./gram deg. at 290 °K. The experimental values at a 
few other temperatures are, according to Osborne, Stimson and Ginnings 
(1939), as follows: 

At 0° C 4.2176 abs. joule/gram deg. 

15° C 4.1857 . 

17° C 4.1839 . 

18° C 4.1831 .. 

25° C 4.1795 . 

§ 4. 07 Dependence of Entropy on Pressure 

In § 4.04 we saw how the variation of entropy with the temperature at, 
a constant pressure is determined experimentally. In order to determine the 
entropy as a function of temperature and pressure, this procedure has to be 
supplemented by a determination of the dependence of entropy on pressure 
at constant temperature. This dependence is given according to Maxwell’s 
relation (3.04.4) by 

which intcgrateii becomes 

S(T. P") - S(T. PO = -j''"a VdP. (4. 07. 2) 

If we differentiate (1) with respect to T, keeping P constant, and 
multiply by T we obtain 

(^),=- ^ j t 

The second term on the right will usually be small cx)mpared with the 
first for solids and liquids; for gases on the contrary the two terms arc 
nearly equal and opposite. 


§ 4. 08 Heat Capacity at Constant Volume 

In §§ 4.04 — 4.07 we have collected the most important formulae 
required to determine the entropy in terms of temperature and pressure. 
There is an analogous set of relations for the alternative choice of tempera¬ 
ture and volume as independent variables. Except for gases these relations 
arc considerably less used than those relating to the independent variables 
T, P. We shall refer to them quite briefly, without giving detailed deriva¬ 
tions; these are in all cases quite analogous to those in the T, P system. 

For the dependence of entropy on temperature at constant volume, we have 

/^\ _i/w 
\drjy~r\drj 


which integrated becomes 
5(72, V)- 


V/ 


(4.08.1) 


dT 
T ' 


(4.08.2) 
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Correspondingly for the dependence of entropy on volume at constant 
temperature, we have according to Maxwell's relation (3.04.3) 


/^\ 


(4.08.3) 


dV. 


(4.08. 4) 


which integrated becomes 

rv" a 

S(T.V")-S(T.Vi)= — 

J vi ^ 

The quantity (bU/dT)y in formula (1) is called the heat capacity 
at constant volume of the system. The corresponding quantity referred to 
one mole is called the molar heat capacity at constant volume and is 
denoted by Ci^. Thus 




(4.08. 5) 


§ 4. 09 Relation between Heat Capacities 

If in the general relation (3. 01.23) we substitute S for w, T for x, P 
for y and V for z we find 



(4.09.1) 


Substituting from (3.03.2) and from Maxwell’s relation (3.04.3) into 
(1), we obtain 


/^\ ^ 
(drj^~(drjy'^ ^ • 


(4. 09.2) 


Applying (2) to one mole, multiplying by T and using the definitions 
(4. 05. 2) and (4. 08. 5) of Cp and Cy respectively we find 


Cp = Cv + 


a^TVm 

X 


(4.09.3) 


Since in a stable phase none of the quantities Vp,, x can ever be 

negative, it follows that Cp can never be less than Cy. 

Cv is much more difficult to measure than Cp. If the value of Cv is 
required, it is usual to measure Cp and then calculate Cv from (3). Cv is 
altogether less important than Cp, There seems to be a widespread belief 
that in the comparison of a theoretical model with experimental data the 
most suitable quantity for the comparison is Cv* This is however a mis¬ 
conception, Any theoretical model susceptible to explicit analytical treat¬ 
ment, such as for example Debye’s model of a crystal, discussed in § 4. 37, 
leads to an explicit formula for the free energy and so by differentiation 
with respect to T to explicit formulae for the energy and the entropy, both 
of which are directly measurable as a function of temperature. These are 
clearly the most suitable quantities for comparison between a theoretical 
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model and experimental data. There is no reason or excuse for a further 
differentiation to obtain a heat capacity except in the case that the agree¬ 
ment between theory and experiment is so good that a more sensitive test 
is required. This may in fact be the case for gases, but it is certainly not 
the case for solids or liquids. 

§ 4. 10 Condensed Phases and Gases 

Solids and liquids, which we shall class together under the name 
condensed phases, are under most conditions sharply distinguished from 
gases by a striking difference in compressibility. It is true that in the 
neighbourhood of the critical point, as we shall see in § 4. 48 the distinction 
between liquid and gas disappears, but at least for liquids or solids at 
temperatures well below the critical temperature and for gases at pressures 
well below the critical pressure the contrast is striking. 

In a condensed phase at a given temperature the compressibility is small 
and practically independent of the pressure. That is to say that to a first 
approximation the volume is independent of the pressure and to a better 
approximation decreases linearly with the pressure. In a gas on the other 
hand the compressibility is much greater and far from independent of the 
pressure. In fact it is at least roughly true that the volume of a gas varies 
inversely as the pressure, according to Boyle's Law. In other words it is 
PV, not V, which to a first approximation is independent of P. 

§4.11 Isothermal Behaviour of a Gas 

It is reasonable to expect that the volume of any phase at constant tem¬ 
perature can be expressed as a power series in the pressure. In view of 
what was said in the previous section, the leading term will in the case of 
a gas be an inverse first power. We may accordingly write 

V=^+B + CP+... (4.11.1) 

In principle the number of terms is indefinite, depending on the accuracy 
aimed at. Up to quite high pressures, of say a hundred atmospheres, it is 
usually unnecessary to use terms beyond C'P. At pressures up to a few 
atmospheres even this term is usually negligible, only the terms A/P and 
B being required. All the coefficients A, B, C\ ... of course depend on the 
temperature, but not on the pressure. 

In the treatment of gases it is sometimes convenient to regard T, V 
rather than T, P as independent variables. We then express the pressure 
as a power series in the density or in the reciprocal of the volume. We 
accordingly write 

P=^i+V + ^ + ■■■\■ H.II.2) 

The coefficients A and B are common to the two formulae (1) and (2); 
C and O' are connected by 


C = B* + AC'. 


(4.11.3) 
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There are more complicated relations between any higher coefficients 
which may be included. 

B is called the second virial coefficient; C is called the third virial coeffi^ 
dent and so on. 

It is purely a question of convenience or taste whether one uses a 
formula of type ( 1 ) or of type ( 2 ). For our immediate purpose, it is more 
convenient to use ( 1 ). Fortunately at ordinary pressures all terms beyond 
the second are usually negligible and cither formula then reduces to 

V + B, (low pressures). (4. 11.4) 

From ( 1 ) we readily obtain the Gibbs Function G as a function of 
pressure by substituting into (3.05. 1 ) and integrating. We thus find 

G (T. P)-G (T. Pt) = A log ^ + B (P-P+) + { C (P'-Pt^') (4.11.5) 

where is an arbitrarily chosen standard pressure. 

We obtain for the heat function H by substituting (5) into (3.06.3) 

H{T.P)-H(T.P^)={a-T~^ log^, 

+ (p-pt) + i (p^-pt^). (4.11.6) 

§ 4. 12 Throttling Experiment 

In the previous section we set up an empirical formula for V as a function 
of P based on experiment. From this we deduced a formula for G and 
thence a formula for H. We shall now consider the comparison between 
this formula for H and experiment. 

The experiment which supplies the most direct information concerning 
the dependence of H on the pressure at constant temperature is known as 
throttling. The first experiment of this type was performed by Joule and 
Lord Kelvin (William Thomson); it is accordingly often called the Joule- 
Thomson experiment. In this experiment a stream of gas in a thermally 
insulated container is forced through a plug, the pressure being greater on 
the near side than on the far side and the temperatures of the gas stream 
approaching and leaving the plug are measured on an arbitrary scale; we 
denote the temperatures on this scale by 0 to distinguish them sharply 
from absolute temperatures T, which wc do not yet know how to measure. 
Consider now the whole system in a steady state such that in each unit of 
time a certain mass of gas is pushed in at a pressure P] and during the 
same time an equal mass of gas streams away at a pressure P 2 . We use 
the subscript 1 to denote the state of the gas being pushed in and the 
subscript 2 to denote that of the gas streaming away. Then during the time 
considered a mass of gas of pressure P 2 . volume V 2 , temperature 02 
energy [ij is displaced by an equal mass of pressure P|, volume V\, 
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temperature and energy t/|. During this time the work done on the 
system is P, I/, — P 2 V 2 . Since the system is supposed thermally insulated 
this work must be equal to the increase in energy of the system. Thus 

U2-U,=P,V,^P2V2, (4.12.1) 

Hence according to the definition (1.31.2) of /f, we have 

H2 = H,. (4.12.2) 

or choosing 6, P as independent variables 

H(e,.P,) = H(e2.P2). (4.12.3) 

Suppose that the effect of throttling is to cool the gas. so that 02 is a 
lower temperature than Oj, then there is no difficulty in principle in 
heating the throttled gas at constant pressure so as to restore its tempera¬ 
ture from 02 to the heat required for this purpose is measured, we 

then know the value of 

H(6^.Pj)-H{d2.Pj). (4.12.4) 

which according to (3) is equal to 

/f(tfi.Pj)~H(0„P,). (4.12.5) 

If on the contrary the effect of throttling is to warm the gas, then we must 
do a subsidiary experiment to determine the heat required to raise the 
temperature of the gas at the pressure P 2 from 0i to 02» We thus obtain 
an experimental value of 

H(02,P2)-H(0uP2) (4.12.6) 

which according to (3) is equal to 

H(e,,P,)^H(0,.P2). (4.12.7) 

In either case we obtain experimental values of H (0^, Pj) —H(^i. Pi) 
positive in the former case, negative in the latter. It is important to notice 
that this experiment does not require any knowledge of how the arbitrary 
6 scale of temperature is related to the absolute scale or to any other scale. 

We shall now describe the experimental results obtained. It is found 
that, whatever the temperature, H(Pi) — H (P 2 ) is at least approximately 
proportional to P|—P 2 and not very sensitive to the absolute magnitude 
of P|. It is quite certain that at very low values of P 2 , the value of 
H(P,) — H{P 2 ) does not tend towards infinity, which is what one should 
expect from formula (4.11.6) owing to the term in log P. In short the 
Joulc-Thomson experiment shows that the first term on the right of 
formula (4. 11.6) is in fact missing and the linear term in P is in fact the 
leading one. 

§ 4. 13 Measurement of Absolute Temperature 

In principle to determine T, one should measure A H and A G for the 
same isothermal process and by comparing these obtain a differential 
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equation for T. In particular, we can determine the coefficients A, B, C' 
in the formula for G simply by pressure measurements and one can 
obtain independent measurements of (A--T dA/dT), (B^T dB/dT), 
(C '—T dO/dT) the coefficients in H, from the throttling experiment. 
By comparison we obtain information concerning T. but admittedly in a 
rather awkward form. 

To our agreeable surprise the information is in a strikingly convenient 
form in the case of the coefficient A, The Joule-Thomson experiment 
shows unmistakably that H contains no term tending to infinity as P tends 
to zero, that is to say no term in log P. Hence from (4. 11. 5) we conclude 
that 

A-T~^^0 (4,13.1) 

which is equivalent to 

Ao^T, (4.13.2) 

At last we have found a simple, direct and reliable way of determining 
the ratio of any two absolute temperatures. We use as a thermometer a 
fixed quantity of gas. We measure several pairs of values of P. V at the 
same temperature and extrapolate the product PV to P = 0, thus obtaining 
the value of A. We repeat this at another temperature thus obtaining 
another value of A, Then the ratio of these two values of A is equal to 
the ratio of the two values of T, Having thus established a way of 
determining the ratio of any two temperatures, the numerical values are 
fixed by the convention described in § 1.18 so that the normal melting 
point of ice is 273.16 degrees and this is called the Kelvin scale. 

§ 4. 14 The Gas Constant and the Mole. Equation of State of Gas 

We have found that the coefficient A is directly proportional to the 
temperature. Since the volume is an extensive quantity, it is obvious that A 
is also an extensive quantity proportional to the quantity of gas to which 
it applies. We accordingly write 

A=znRT. (4.14.1) 

where n denotes the number of moles and R is clearly independent of 
temperature, pressure and quantity of gas. R is actually also independent 
of the nature of the gas. In fact from a purely thermodynamic view point, 
we may regard the mole as defined as that quantity of gas for which 
A = RT, where P is a universal constant called the gas constant and 
having the value 

R =. 8.3144 X 10^ erg/mole deg. 

= 8.3144 abs. joule/molc deg. 

= 1.98718 cal./mole deg. 

0.082054 litre atm./mole deg. 


(4. 14.2) 
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When the mole is defined in this manner, then it can be shown by 
statistical mechanics or kinetic theory that the number of molecules in a 
mole is the same for every gas. This number is called Avogadro s number. 
It is defined as the number of atoms of oxygen in 16 grams and is denoted 
by N. Its value is 

N = 0.6023 X 10^^ molecules/mole. (4. 14, 3) 

The gas constant R is related to Boltzmann’s constant k introduced in 
Chapter II by 

R = Nk. (4. 14.4) 

We now consider formula (4. 11. 1) applied to one mole of a gas and 
we accordingly replace A by RT. We thus obtain 

V'm = ^+5 + C'P. (4. H.5) 

This is called the equation of state of a gas. Under ordinary conditions the 
term in C'P is negligible and for the sake of brevity we shall omit it. If 
it is required, it should be obvious how to insert it into the formulae. Wc 
accordingly replace (5) by 

V„.= ^ + B{T). (4.14.6) 

It is important to remember that B has the dimensions of a volume and 
depends on the temperature. 

§ 4. 15 Absolute Activity 

In Chapter II we met a quantity called the absolute activity which plays 
an important part in the statistical thermodynamics of open systems. It is 
related to the molecular chemical potential ^ by ^ ~ We now give 

a purely thermodynamic definition of the absolute activity, which is some¬ 
what out of place in the present chapter, but we could not give it earlier 
because it involves the gas constant R. We accordingly define * the 
absolute activity as related to the molar chemical potential fi by 

k = (4.15.1) 

or 

jx — RT log A. (4. 15. 2) 

Whereas it is not necessary to use X as well as //, we shall find that the 
absolute activity X is often a very convenient function in the study of 
equilibria of all kinds whether involving one species or several. In § 1.49 
we showed that for the most general chemical reaction represented sym¬ 
bolically by 

(4.15.3) 

• Sec Fowler and Guggenheim, Statistical Thermodynamics (1939) p. 66. 



SYSTEMS OF A SINGLE COMPONENT 


93 


the condition for equilibrium is according to (1.49.9) 


^ ^'a f*A — 

(4. 15.4) 

We now see that this condition can equally be expressed in terms of 

absolute activites in the form 


n(kAf^ = n(hf^ 

or 

(4.15.5) 

77 (^/'‘ 

(4. 15. 6) 

where the denominator is the product of the absolute activities of all the 
reactants in the process (3) and the numerator is the product of the 

absolute activities of all the products of this process. 

In particular the condition for the equilibrium distribution of 
between the phases a and ^ may be written 

a species i 

A“ = Af. 

(4.15.7) 

We may note that the fundamental equations (1.33. 12), 
and (1.33. 14) can be written 

(1.33.13) 

dS=y dU+Y 

(4.15.8) 

dJ=j2dT+^dV-R2, \ogl,dn,. 

(4.15.9) 

dY= dT -y dP-R 2 i \ogX,dTn. 

(4.15.10) 


§ 4. 16 Thermodynamic Functions of a Gas 

In § 4. 11 we derived various thermodynamic functions from (4. 11. 1). 
Proceeding alternatively from (4. 14.6) we obtain 

A*^^ = G„ = /i(P^) + /?r log^ + BP-BP+. (4.16.1) 

where is an arbitrarily chosen standard pressure. We may write (1) in 
the alternative form 

^ = ^ = Gm = /it + /?riog^4-BP. (4.16.2) 

where is a function of the temperature only, is not exactly equal to 
the value of when the pressure is P+ but differs from it by BP^, which 
however can be made small by choosing a small pressure as the standard P^. 
From (2) we derive immediately 

5m—Plog ^dT* (4.16.3) 

H„ = ^ = A*+-r^+(B-7^jp. (4.16.4) 
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The compressibility x is given by 


1 IbV, 
dP 




P-' 1 + 


RT 


and the coefficient of thermal expansion a by 


- 


dVm 


1 =^ 


dB 


The molar heat capacity at constant pressure is given by 


dT), 


[m 

dT 


)r- 


din ^ dn' 


or 


C=:a-TP 


d^B 

dT^' 


(4. 16.5) 


(4. 16.6) 


(4. 16.7) 


(4. 16.8) 


where O denotes the limiting value of C at zero pressure. 
From (2) and (4.15. 1) we obtain for the absolute activity 

P 


X = l^ 


Pt 


^BPIRT 


where 

is a function of the temperature only. 


(4.16 9) 

(4. 16. 10) 


§ 4. 17 Joule-Thomson Coefficient 

When we discussed the throttling experiment in § 4.12, we stressed the 
fact that at that stage we could not yet measure the absolute temperature. 
Now that we know how to do this by means of a gas thermometer, it is 
profitable to return to a discussion of throttling. The conditions of the gas 
before and after throttling are related by 


H(r:.Pj) = H(r,.P,). (4.17.1) 

Provided the pressure drop is not too great, we may usefully replace 
this by the differential relation 

The Joulc-Thomson coefficient, which measures the ratio of the 
temperature fall to the pressure drop, is then 



(4.17.3) 
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By substitution from (3.05.4) and (4.05.2), this becomes 


/dT\ _-V„{l-aT) 

Cp 


(4. 17.4) 


where we have written Cp rather than C to avoid possible confusion with 
the third virial coefficient. 

If we assume the equation of state (4. 14. 6) then a is given by (4.16. 6). 
Substituting this value of a into (4) we obtain for the Joule-Thomson 
coefficient 


^ dT_T^d(BIT) 
Cp Cp dT * 


(4.17.5) 


§ 4. 18 Dependence of Second Virial Coefficient on Temperature 
The second virial coefficient B is negative at low temperatures, but 
increases with the temperature and eventually becomes positive. 

It is customary to measure B for each gas in a unit of volume equal to 
that of one mole at 0 and a pressure of one atmosphere. This is called 


TABLE 4.1 

Second virial coefficient of nitrogen. 


T 

lO^B/Amagat units 

®K 

experiment 

calculated 

M3 

-35.6 

-27.8 

173 

-23.1 

-19.2 

223 

-II.8 

-10.1 

273 

- 4.61 

- 4.3 

323 

- 0.11 

- 0.2 

373 

2.74 

2.6 

423 

5.14 

4.8 

473 

6.85 

6.6 

573 

9,21 

9.25 

673 

10.5 

11.1 

B 

1 

li 



6 = 21.5 X 10-^ Amagat units 


A = 327® 
bR 


the Amagat unit of volume. It varies slightly from one gas to another 
according to the value of B bqt is always near to 22.4 litres. 
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As a typical example of the way B depends on the temperature, we give 
in Table 4. 1 the experimental values * for nitrogen. This dependence on 
temperature cannot be represented accurately by any simple formula, but 
at the higher temperatures it can be represented approximately by a formula 
of the form 


B = b- 


Rr 


(a, b constant). 


The values so calculated for nitrogen, assuming 


fc = 21.5 X 10*“^ Amagat units, 
are given in the last column of the Table. 


^ = 327 deg. 


(4.18.1) 

(4.18.2) 


§ 4. 19 Boyle Temperature and Inversion Temperature 
At the temperature at which B changes sign, Boyle's Law 
PVm = RTB is accurate and this temperature Tb is accordingly called 
the Boyle temperature. Insofar as formula (4.18.1) is valid, we have 


Tb^ 


bR- 


(4.19.1) 


and so for nitrogen the Boyle temperature is approximately 327° K. 

According to the way B depends on the temperature the Joule-Thomson 
coefficient is positive at the lowest temperatures (cooling by throttling) 
but is negative at higher temperatures (heating by throttling). The tern-* 
perature Ti at which the effect changes sign is called the inversion tem¬ 
perature. According to (4.17. 5) the inversion temperature is determined by 


d(BIT)_ 

dT 

Insofar as formula (4. 18. 1) is valid, we have 

2 a 


Ti = 


bR- 


(4.19.2) 


(4.19.3) 


and so for nitrogen the inversion temperature is approximately 654° K. 
By comparison of (1) and (3) we obtain 

Ti = 2TB. (4.19.4) 


but this relation is only approximate since formula (4. 18. 1) is not accurate. 


§ 4. 20 Van der Waals" Foraula 

In 1873 van der Waals suggested the formula 

Ip+A] {Vm-b) = RT. (a. b constant) (4.20.1) 

\ y mJ 


* Holbom and Otto. Zeit, [, Physik (1925) 33 5. These authors* unit of B is the 
volume occupied by one mole at a pressure of 1 m. Hg. Their value of B have been 
converted to the Amagat unit, namely the volume occupied by one mole at one atmosphere. 
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as the equation of state for a gas with a. b constants characteristic of the 
gas. This equation does give a qualitative description of the behaviour 
of gases and also of liquids (see §4.52)» and it has the one merit of 
simplicity. It is far from accurate and has no sound theoretical basis 
except for low pressures and high temperatures. But at low pressures 
formula (1) is, apart from second order small quantities, equivalent to 


RT 


+ b- 


Rr 


(4.20.2) 


According to the definition of the second virial coefficient B, formula 
(2) is equivalent to 


B-b- 


RT 


(4. 20.3) 


which is the same as (4. 18, 1). We have already seen that this is a fair 
approximation at temperatures near and above the Boyle temperature, 
but becomes seriously inaccurate at low temperatures. 


§4.21 Perfect Gas 

For many purposes, especially at low pressures, it is allowable to neglect 
the second and a fortiori the higher virial coefficients. The thermo¬ 
dynamic formulae of a gas then reduce to particularly simple forms, which 
are called the formulae of a perfect gas. It must be emphasized that there is 
no such thing as a perfect gas, which is an abstraction to which any real 
gas approximates more or less depending on the nature of the gas and on 
the conditions. From a molecular point of view the perfect gas laws 
correspond to the idealized behaviour of a system of molecules whose 
mutual interactions are neglected. 

The most important formulae of a perfect gas are obtained directly 
from § 4. 14 and § 4. 16 by omitting all terms containing B, 

We thus obtain 


lu=^ = G„ = ,^^ + RT\og^. 


“ n ■" dT 


R\og^^. 


Hm — ^—fi 

1/ —l^\ 

'^”~\dPjT~ P ’ 


(4.21.1) 

(4.21.2) 

(4.21.3) 

(4.21.4) 


It will be observed that for a perfect gas the molar heat function Hm 
is independent of the pressure: this is merely another way of saying that 
B is ignored. 
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We have further 


_L — p-i 

dP )r~ ’ 





/dSm\ _dHm_ 

\dTjp~ df ~ ^ dT^' 


A _P 

^ “ P+ • 


(4.21.5) 

(4.21.6) 
(4.21. 7) 
(4.21.8) 


§ 4. 22 Fugadty 

Some of the formulae for real gases can be transcribed to forms having 
a simplicity resembling that of the formulae of perfect gases by the device 
due to G. N. Lewis * of introducing a fictitious pressure called the [ugacity. 
We accordingly define the fugacity p* by the two properties 

^=::const., (T const.); (4.22.1) 

^-*-lasP-»»0 , (allT). (4.22.2) 

According to this definition, at low pressures the fugacity p* is indistinguisn- 
able from the pressure P. At a given temperature as the pressure is 
increased so p* deviates from P in such a manner that whereas the formula 
(4.21.8) becomes progressively less accurate formula (1) remains 

identically true. 

From (4, 15.2), (4. 16. 10 ) and ( 1 ) we obtain 

p = p^ + Priog^. (4.22.3) 

From (3) all other thermodynamic functions can be derived, if required, 

by differentiation. For example 

= 14.22.4) 

= . (4.22.5) 

The simplification attained by the introduction of the fugacity is one 
of appearance or elegance, but leads to nothing quantitative unless we 
express the fugacity in terms of the pressure and we are then back where 
we started. Thus at ordinary pressures when we may neglect all virial 


♦ Lewis, Proc. Am. Acad. Sci. (1901) 37 49; Zeit. Physik. Chem., (1901) 38 205. 
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coefficients beyond the second, the absolute activity is given by (4. 16. 9). 
Comparing this with (1) we see that 

p» —PcBWr (4.22.6) 

or 

RP 

logp* = logP + |^. (4.22.7) 

When we substitute (7) into (3) and (4) we recover (4.16.2) and 
(4.*16. 3) respectively. 

In general we can obtain a formula for p* by integrating (5) adjusting 
the integration constant so as to satisfy (2). For example, at pressures 
where we have to use (4. 14. 5) instead of (4. 14. 6) we obtain 

iogp*=:logP+^(BP + iC'P^). (4.22.8) 


§ 4. 23 r, V Formulae for Gases 

In all our discussion of gases we have up to the present chosen the 
independent variables T, P and we accordingly started from formula 
(4. 14. 5), namely 

V"„ = ^ + B + C'P. (4.23.1) 


If however we prefer to use the independent variables T, V then we 
should start from the formula 


P = 


RT 




(4.23.2) 


which is equivalent to (1) apart from small quantities of a higher order 
involving the fourth virial coefficient. C and C are related by 


C = + RTC. 


(4. 23.3) 


We shall actually neglect the terms containing C, just as we previously 
neglected terms containing C'. If they arc required there is no difficulty 
in inserting them. We accordingly reduce (2) to 


P = 



_ nRT 
~ V 



By integrating (4) with respect to V we obtain 


F — nFm — nft^ — nRT + nRT log 


nRT n^RTB 

ptv^+ V • 


(4.23.4) 


(4.23.5) 


wherein the integration constant, a function of T. has been written m a 
form so as to be consistent with (4. 16.2). For if we differentiate (5) 
with respect to n we obtain 




RT 2RTB 
P^Vn, V„ • 


(4.23.6) 
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which is equivalent to (4.16.2) apart from higher order small terms. 
By differentiation of (5) with respect to T we obtain 


c p, RT 


(4 23 71 

^ Km Km dT 


an(d 


/r — t DT- RT^ dB 

n ^ dT Vm dT 


(4. 23.8) 


By further differentiation of (7) or (8) with respect to T, we obtain 


- ^72 « Vmdfy df}‘ 


(4. 23.9) 


§ 4.24 Relation between Cp and Cy for Gases 

Neglecting all small quantities of higher orders than B/Vm, we may 
replace (4.23.9) by 




P d 


^dT ^ T dT 
Subtracting this from (4.16. 7) we obtain 

Cp-Cv = R + 2P^Y 


T 


dB 
dT}' 


(4.24. 1) 


(4.24.2) 


,To the same order of accuracy we have from (4. 14.6) and (4. 16.5) 

RT 


«Km = 


P^ 


(4. 24.3) 


(4.24.4) 


with no term of order B/V and according to (4. 16.6) 

aKm-p|^l + ^ ^j,j. 

From (3) and (4) we deduce, still neglecting all terms small compared 
withB/Km, 


5^ = fi + 2p". 

X dT 


(4. 24.5) 


By comparing (2) w(fh (5) we thus verify at least as high as the terms 
of order BjV„ the general relation (4.09.3), namely 

a^TVn, 


Cp-Cv=' 


(4. 24.6) 


§ 4.25 T, V Formulae for Perfect Gases 

If in the formulae of the last two sections we omit all terms containing B, 
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particular 


corresponding simpler formulae 

for perfect 

gases. In 

F„. = ^ = ,^^~RT+RT\og-^, 

(4. 25.1) 

H = /j^ + RTlog 


(4.25.2) 

II 


(4.25.3) 

Um = — = ^i^-T%-RT, 
n dT 


(4.25.4) 

= R = Cp-R. 


(4.25.5) 


We sec from the formulae of § 4. 21 and the present section that for 
a perfect gas at a given temperature each of the following quantities is 
independent of pressure or volume: Um, Cp, Cv* 

§ 4. 26 Adiabatic Compressibility 

In § 3. 03 the isothermal compressibility x or Xj, was defined by 


__ 1 _ /^\ 

V Up 


(4. 26.1) 

The adiabatic compressibility is similarly defined by 

(4.26.2) 

If in formula (3. 01.14) we write V for x. P for y and S for z we obtain 

a-©,/©, 

whereas if we write V for x, P for y and T for z we obtain 


ra,-(S)./a, 


(4. 26.4) 


Dividing (3) by (4) and comparing with (1), (2) we obtain 

/dV\ /dS\ {dT\ /dS\ 
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using (3.01.24). According to the definitions (4.05.2) of Cp and 
(4.08.5) of Ck. (5) becomes 


_ O 
Xj. ~ Cp’ 


(4. 26.6) 


§ 4. 27 Adiabatic Equations 

For an adiabatic change we have by combining (4. 26. 2) with (4. 26. 6) 


j_dV_Cv 
V dP~Cp 


(S constant). (4. 27, 1) 


This differential equation for an adiabatic change can not be integrated 
unless the right side can be expressed as an explicit function of P, V and 
not necessarily even then. In the special case of a perfect gas, according 
to (4.21.5) jtfjrrP*! and so (1) becomes 


dlogV_ Cv 

dlogP“ C/ 


(5 constant). (4.27.2) 


We have seen that for a perfect gas Cp and Cv constants at 
constant T but they are usually not constant at constant 5 (varying T). 
In the exceptional case of a perfect gas with monatomic molecules, we 
shall see in § 4. 29 that 


= Cp = |/?. 

(monatomic molecules). 

(4. 27.3) 

so that (2) becomes 



d\ogV _ 
dlogP'^ 

(monatomic molecules). 

(4. 27.4) 

which can be integrated to 



P = const. 

(monatomic molecules). 

(4. 27.5) 

Again for a perfect gas of diatomic molecules, we shall see 
that over a wide range of temperature 

in § 4. 30 

Cv = iP, Cp = iR, 

(diatomic molecules). 

(4.27. 6) 

so that (2) becomes . 



cf log V 
dlogP~ 

(diatomic molecules), 

(4.27.7). 

which can be integrated to 



p — const. 

(diatomic molecules). 

(4.27.8) 


In other cases (2) cannot be integrated exactly. 


§ 4.28 Temperature Dependence of and 2^ 

We have in § 4.16 and § 4.23 expressed all the most important thermo¬ 
dynamic functions in terms of a function of temperature only, and we 
have now to consider the form of 
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In the first place contains an arbitrary constant term, which we shall 
denote by H®, depending only on the arbitrarily chosen zero of energy. 
Since is a constant, dW/dT is zero and so by (4. 16.4) the cor¬ 
responding term in Hm is just This explains our choice of the notation 
H®. According to (4.23.8) the corresponding term in L/m is — RT. 
According to (4. 16. 10) there is a corresponding arbitrary factor 
in 

Apart from the arbitrary constant in and arbitrary factor in these 
quantities depend on the temperature in a manner determined by the nature 
of the gaseous molecules and it is convenient to divide these into four 
classes, namely 


monatomic molecules, 
diatomic molecules, 
polyatomic linear molecules, 
polyatomic non-linear molecules, 

which we shall consider in turn. 


§ 4.29 Monatomic Molecules 

For gases having monatomic molecules A't has the simple form 



(4.29.1) 

where 0'^is a constant, with the dimensions of temperature, depending on 
the arbitrarily chosen standard pressure and also on the arbitrarily 

chosen zero of entropy. We shall return to the more detailed consideration 
of 0+ in § 4. 56. 

By substituting (1) into the formulae of § 4. 16 we derive 


(4. 29. 2) 

M = G„, = H°-^RT\og~ + RTlog^^ 

+ BP. (4.29.3) 

S„ = iR + ^R[og^,-Rlog^^-P^. 

(4.29.4) 

H„^H^ + ^RT+(B-T^y. 

(4. 29.5) 


(4.29.6) 


(4.29.7) 
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Similarly by substitution of ( 2 ) into the formulae of § 4. 23 we derive 

(4. 29. 8 ) 


F„ = H<'-i?r-|/?riog ^ + f?riogp^ ' 


= H»-| /?riog ^ + /?riog (4. 29.9) 

S™=:ti?+f/?log~-/?logp^-i?A_^g.. (4.29.10) 

U„ = Ho + iRT-^^. (4.29.11) 

= (4.29.12) 

We observe that Sm is independent of /f®. 


§ 4. 30 Diatomic Molecules 

For gases consisting of diatomic molecules has the form 

= gH^iKT ( 7 ) ( 7 ), ( 4 . 30 . i ) 

where, as compared with (4.29.1), the extra factor is due to the 

two rotational degrees of freedom of the molecule and the extra factor 
iv(T) is due to the vibrational degree of freedom of the molecule. We now 
consider these two factors in turn. 

In connection with the rotational degree of freedom we define a 
characteristic temperature @7 by 


^ __ 39.60 deg. 


(4. 30.2) 


where I is the principle moment of inertia of the molecule, h is Planck’s 
constant and k is Boltzmann’s constant. Then, provided T>30r, with 
an accuracy of 1 % or better 


kr [T) = + 1 + 1 pj \ {r> 0,). (4.30.3) 

where a is a symmetry number equal to 2 for symmetrical molecules such 
as N 2 and 1 for unsymmetrical molecules such as CO. 

Values of 0 ^ for some typical diatomic molecules are given * in Table 4. 2 . 
From this we see that the condition for the validity of formula (3) is 
fulfilled for all gases, except hydrogen, at all temperatures at w'hich the 
gases can exist at conveniently measurable pressures. Even for hydrogen 


• Sec Fowler and Guggenheim, Statistical Thermodynamics (1939) p. 90. 

Compare Slater, Introduction to Chemical Physics (1939) p. 136, observing that 
there 0 7 ^^ is equal to twice our 
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formula (3) is applicable with an accuracy of a few per cent at ordinary 
temperatures and better at higher temperatures. At lower temperatures, 
however, formula (3) may not be used for hydrogen. The thermodynamic 
properties of gaseous hydrogen and deuterium at low temperatures are 
complicated, not only owing to the failure of formula (3) but also owing 
to para-ortho separation. They will not be discussed here. 

Turning now to the vibrational degree of freedom, we use another 
characteristic temperature 0^, related to a characteristic vibrational frequ¬ 
ency V and wave number v/c by 

^ = 1.4385 deg. cm. (4. 30. 4) 

and ^p(r) is then given by 

(4.30.5) 

In Table 4. 2 values 0^ are given * for the various molecules. We see that 
at ordinary temperatures T 0^ and ^p(T) consequently does not differ 
much from unity except at high temperatures. 

TABLE 4.2 

Characteristic temperatures 0r [or rotation and 0^, for vibration of 
typical diatomic molecules. 


Formula 

deg. 

, deg. 

0 

»2 

85.0 

59.8 

2 

Di 

42.5 

43.0 

2 

Nz 

2.84 

33.5 

2 

O 2 

2.06 

22.4 

2 

CO 

2,74 

30.8 

1 

NO 

2.42 

27.0 

1 

HCl 

15.0 

41.5 

1 

HBr 

12.0 

36.8 

1 

HI 

9.2 

32.1 

1 

CI2 

0.346 

7.96 

2 

Brj 

0.116 

4.62 

2 

I2 

0.054 

3.07 

2 


By substituting (1), (3) and (5) into (4. 16. 10) we obtain 
/it = RT log V = W-RT\og 

-RTlog(^l+^^ + j^p^ + RT log (. (4.30. 6) 

• Values of v taken from Herzberg, Molecular Spectra of Diatomic Molecules. 
Cf. Fowler and Guggenheim, Statistical Thermodynamics (1939) p. 90; Slater. Introduction 
to Chemical Physics (1939) p. 142. 
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If we expand the second logarithm, we obtain a constant term —\RQr 
which may be absorbed into H®. The next term in this expansion is 
^ &llT^ and further terms are negligible. We thus obtain 

= H°-RTlog + i?riog (4. 30. 7) 

wherein the term R6]>/90 T is in practice negligible. Omitting this term 
and substituting (7) into (4. 16.2) we obtain 

fM = H°-RTlog +j?riog(l-e-^./^ 

0 « QrO 

+ RT log ^ +BP. (4.30.8) 

From this we derive immediately 


= ]/? + /? log -R log (1 -e-®.T) + 3^^ 

0 ^ Gf o c — 1 




Q — /? I - 4- ^ j, d}B p 

sinh^ (ej2T) j ^ dT^ 


D 1 P 

- R log pt ^ tif‘ 

(4. 30.9) 

.+(^B-T§y. 

(4.30. 10) 

I j pi 

(4.30. 11) 


§ 4. 31 Polyatomic Linear Molecules 

The formulae of the preceding section require only slight modification 
to apply to polyatomic linear molecules. We continue to write in the 
form (4.30. 1) and the rotational factor (T) is precisely the same as for 
diatomic molecules. Typical values of Or are given in Table 4.3, from 
which we see that in practice T ^0r. If the linear molecule contains a 
atoms, there will be 3a—5 independent vibrational modes. Each such 
mode has a characteristic frequency v with corresponding characteristic 
temperature 0^ and each contributes a factor of the form (4.30.5) to 
Ay(r). Values of 0^ are given * for typical molecules in Table 4. 3. 

We thus deduce' 


f^^ = H^-RT]og 


Tl 


-^ + /?r2’log(l-c-».T). (4.31.1) 


Q^iGrO 90 

wherein the summation extends over 3a—5 characteristic temperatures 
0p not necessarily all different. Omitting the negligible term in 0j wc 
obtain for the several thermodynamic functions 

+i?7’2'Jog(l-e-®.'^) 


M=:H°-RT log 


QrO 


+ RT log ^ + BP, (4.31.2) 


* 'Values of v taken from Herzberg, Infra-red and Kaman Spectra, (1945). 
C.f. Fowler and Guggenheim. Statistical Thermodynamics (1939) p. 112. 
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(4.31.3) 

(4.31.4) 

e„smh^(0„/2r)p'‘ dr''- (4.31.5) 

Each ^ denotes summation over 3a — 5 terms for molecules composed of 
a atoms. 


w„=H*+iRr+R|j^ + (B-r^)p, 
c=Ri i+2-— 


TABLE 4.3 

Characteristic temperature Qr for rotation and [or vibration 
of typical polyatomic linear molecules. 


Formula 

Br 

deg. 

©„ /lO* 
deg. 

0 

oco 

0.56 

9.60 

9.60 

20.0 

33.8 

2 

NNO 

0.60 

8.47 

8.47 

18.5 

32.0 

1 

HCCH 

1.68 

8.80 

8.80 

1 10.5 

‘ 28.4 

47.3 

48.5 

2 


§ 4. 32 Polyatomic Non-Linear Molecules 

A polyatomic non-linear molecule containing a atoms has 3 rotational 
degrees of freedom and 3a — 6 vibrational degrees of freedom. We still 
write At in the form (4.30.1). but the rotational factor ?^r(T) is now 
given by 

s 

lr{T) = ^,. (r>9.) (4.32.1) 

omitting terms smaller by an order ©r/T, since the contribution of such 
terms can be absorbed into //®, and neglecting terms smaller by an order: 
&\lT^, In (1) the symmetry number a is defined as the number of in» 
distinguishable orientations of the molecule. For example o is 1 for NOCl, 
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2 for OH,. 3 for NH,. 4 for CzH,. 6 for BF,. 12 for CH< and 12 for 
C^Hj. The characteristic temperature Or is now defined by 

_ 39.60 deg. 


6>.= 


(4.32.2) 


8 (/, I 2 Is)^k 10« (/, 7, /,)Vg.cin.2 ' 

where /j, Ii* I 3 are the three principle moments of inertia. 

The vibrational factor Q„(T) is of the same form as for linear molecules 
except that there are 3a—6 factors instead of 3a—5. 

We thus obtain for the several thermodynamic functions 

7t\ 

fi = H^--RT\oq 


+ i?r log ^ +BP. 
4 P + P log -P ^ log (1 

0T, 01 g 6,^ 

, „ ^ 0„/r n, _ P 


/7;;,=77° + 4Pr+P2- 


0 . I /n 


C = p54 + .T 


(&./ 2 T)^ 


P. 


p 

‘ * rryi ■* • 


(4. 32.3) 

(4. 32.4) 
(4. 32.5) 
(4.32.6) 


( ' • e„sinh^e,l2T)<^ dT^ 

Each Z denotes summation over 3a—6 terms for molecules composed 
of a atoms. 


Values of and ©i, for some typical non-linear molecules are given * in 
Table 4. 4. Even for OH 2 , the molecule having the smallest moments of 

TABLE 4. 4 

Characteristic temperatures Or for rotation and 0„ for vibration of 
typical nonlinear molecules 


Formula 

&r 

deg. 

©yioo 

deg. 

0 

NOCl 


9.1 

13.2 

26.2 

1 

OH, 

22.2 

22.9 

52.5 

54.0 

2 

NH 3 

12.3 

— 

3 


* Values of v taken from Herzberg. Infra-^red and Raman Spectra, (1945). 
C.f. Fowler and Guggenheim, Statistical Thermodynamics (1939) pp, 113—114. 
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TABLE 4.5 

Contributions of a single harmonic oscillator to the several 
thermodynamic quantities expressed as functions of 

hv By 
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inertia, the condition T^Qr for formula ( 1 ) is satisfied at all practical 
temperatures. The contributions of each vibrational mode to the several 
thermodynamic quantities may be read from Table 4. 5, which gives the 
contributions to — fJi/RT, to Hm/RT, to Sm/RT and to C/R all as 
functions of 6 ^/T, 

§ 4. 33 Electronic Contributions 

We have hitherto tacitly ignored any possible contribution to the thermo¬ 
dynamic functions due to the electronic degrees of freedom. The contri¬ 
bution to jn, Sftt and is in fact zero for the vast majority of chemical 
substances not having a free valency; the electronic contributions may then 
be ignored. In particular this condition is fulfilled by the following 
molecules. 

(a) The monatomic molecules He, Ne, A, Kr, Xe. Zn. Cd, Hg. 

(b) The diatomic molecules H 2 , D 2 , Li 2 . Na 2 » K 2 , N 2 * F 2 » CI 2 , Br 2 , I 2 * 
CO, HCl, HBr, HI. 

(c) The polyatomic inorganic molecules OH 2 , SH 2 . NH 3 . PH 3 . CH 4 , 
CO 2 . N 2 O, CS 2 . SO 2 . 

(d) All organic molecules, including those containing double or triple 
bonds, other than those classed as free radicals. 

The one notably exceptional molecule, which according to its chemical 
behaviour is regarded as having no free valencies, is O 2 . Whereas the 
normal states of all the molecules mentioned above are singlets, the normal 
state of O 2 is As a result of this. 2 contains an extra factor J, while jii 
contains an extra term — RT log 3 and Sm contains an extra term R log 3. 
As long as we are considering only gaseous oxygen these extra factors 
and terms, being constant, are physically irrelevant. It is only when we 
come to consider the equilibrium between gaseous oxygen and solid oxygen 
or chemical equilibria between oxygen and other gases that these extra 
contributions become physically significant. 

There arc also electronic contributions in the case of molecules having 
a single free valency. This has the form of an extra factor ^ in A, an extra 
term — RT log 2 in ^ and an extra term R log 2 in S^i in the case of all 
the following molecules 

(a) The univalent atoms Li, Na, K, Tl. 

(b) Organic free radicals such as CH3 and C(C 6 H 5 ) 3 . 

On the other hand in the case of the free halogen atoms the electronic 
contributions are not so simple *. The contribution to X is an extra factor 

(4 + 2c-®e/7)-i, (4.33.1) 

where Oe is an electronic characteristic temperature. The values of 0e 3^® 
as follows Cl 0e = 1.28 X 10> °K 

Br 0, = 5.2 X 10? °K 

I e,= 10.9 X10*®K 

* See Fowler and Guggenheim, Statistical Thermodynamics (1939) p. 201. 
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We see that for temperatures up to 1000 it is only in the case of Cl 

that the second term in (1) is not negligible. For Br and I the factor in A 
reduces effectively to i* The corresponding terms in jll and Sm are of 
course —RT log 4 and R log 4 respectively. 

We have still to mention the odd molecule NO. The extra factor in A is 

i(l (4.33,2) 

with 6 e= 178 ®K. Thus at very low temperatures this factor is effectively 
^ and at very high temperatures it is effectively As the temperature is 
raised there are especially sharp increases in Sm and in in the neigh¬ 
bourhood of 178 ®K. 

In conclusion we may mention that even in the case of the most stable 
saturated molecules, there is in principle an electronic factor in A of the 
form 

(1 (4.33.3) 

where cd is a small integer, but the characteristic temperature &e is so 
large that this factor differs insignificantly from unity. 

§ 4. 34 Pressure Dependence for Condensed Phases 

We turn now from gases to condensed phases and shall later consider 
the equilibrium between a condensed phase and a gas. As we shall see in 
§ 4.48, there are conditions of temperature and pressure called critical at 
which all distinction between gas and liquid disappears, but except at 
conditions close to the critical there is a rather sharp contrast between the 
properties of a gas and a liquid. The contrast between gas and solid is 
always a sharp one. 

Whereas the isothermal compressibility of a gas is at least roughly 
equal to the reciprocal of the pressure, the isothermal compressibility of a 
solid and that of a liquid, except near the critical temperature, is much 
smaller than that of a gas and is nearly independent of the pressure. For 
a condensed phase, whether solid or liquid, we may therefore usually 
assume 

j == constant, (T const.). (4. 34.1) 

We can integrate (1) at constant temperature to obtain 

V = (T const.), (4. 34. 2) 

where V+ is the limiting value of V at vanishing pressure and of course 
depends on the temperature. Since moreover at all ordinary pressures 
xP<^ 1, we may, without loss of accuracy, replace (2) by the more con¬ 
venient relation 

V= 7t(l-xP), (4.34.3) 

or for one mole 

V„. = Vl,{l-xP). (4.34.4) 


v[dP 



112 


SYSTEMS OF A SINGLE COMPONENT 


We can integrate again with respect to P at constant T and obtain, using 
{1.36.6), 

^ = ;ut + pn (1 - i H P) = + P [Vml (4.34. 5) 

where is the limiting value of at vanishing pressure and depends only 
on the temperature, while [V’m] denotes the value of Vm at a pressure 
equal to i P. 

For typical liquids x is about 10“"^ atm.“* and for many solids is 
even smaller. Hence even at pressures of many atmospheres, the terms in 
xP may usually be neglected. 

Multiplying (4) by P and subtracting from (5) we obtain 

+ (4.34.6) 

where the term containing x is again almost always negligible. 

According to the definition of the coefficient of thermal expansion a, 

^ = (4.34.7) 

where is the value of a for vanishing pressure. At ordinary temperatures 
not near the critical a is nearly independent of temperature and is about 
deg.""*, so that for many purposes the variation of volume with 
temperature is negligible. 

At temperatures well below the critical in a typical liquid or solid 
is between 10 and 100 cm^niole. so that at atmospheric pressure PVm is 
usually less than 0.1 atm. litre, whereas at ordinary temperatures PT is 
about 20 atm. litre. Thus for a condensed phase at atmospheric pressure 
PVm is usually less than and often much less than 1 % of RT. For this 
reason PV„ is for many purposes negligible and it is then unnecessary to 
distinguish between the values of ^ and or between the values of Htn 
and Um* 

If we differentiate (5) with respect to T, we obtain 

s., = - ^ -aP C V„] = -- aP v; (1 - i «P). (4. 34. 8) 

where a must strictly be given its value at a pressure equal to.iP, but 
usually the variation of a with pressure may be ignored. At ordinary 
pressures and even at quite high pressures the last term in (8) will be 
negligible and we may write 

S^ = -^-aPVi. (4.34.9) 

From (9) and (5) we obtain 

duf . 

Hm = /t+-r^+PV;(l-i*P-aD, (4.34.10) 

where the terms containing P and particularly those containing x and a 
will usually be negligible. 
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§ 4. 35 Temperature Dependence for Liquids 

Wc have seen that the dependence of the thermodynamic properties of 
condensed phases on the pressure is simple and usually unimportant. We 
have now to consider how these properties depend on the temperature. 

As regards liquids there is nothing fundamental or general that can be 
said except that ^ can often be represented over quite a wide range of 
temperature by an empirical relation of the form 

A~(S~C)r-Criog T + PV^. const.), (4.35.1) 

where we have neglected the compressibility. From (1) it follows that 
neglecting thermal expansion 

5m =5 4-Clog T. (B,Cconst.), (4.35.2) 

H^ = A + CT + PV^. (A, C const.). (4. 35. 3) 

According to this empirical approximation the molar heat capacity C is 
independent of the temperature. We have already mentioned in § 4. 05 
that for many liquids, in particular water, C is nearly independent of the 
temperature. 

The approximate constancy of C and the consequent validity of relations 
of the form (1), (2). (3) also hold for many solids at ordinary and higher 
temperatures, but not at low temperatures. This accident has in the past 
caused undue importance to be attached to the heat capacity, in contrast 
to the heat function H and the entropy 5. The only real importance of C 
is that it is the connecting link between H and S. as explained in § 4. 05. 
This link is especially simple when C is independent of T, but this occurs 
rence, however frequent, is of no fundamental importance. 

§ 4. 36 Crystals at Very Low Temperatures 

It is predicted by statistical theory and borne out by experiment that 
at very low temperatures the heat function of a crystalline solid varies 
linearly with the fourth power of the absolute temperature. That is to say. 
neglecting the small dependence on pressure, 

H„ = Hl+iaT\ (small r). (4.36.1) 

where a is a constant and is the limiting value ol sls T 0. Cor¬ 
respondingly we have for the entropy 

= (small T), (4.36.2) 

where Sm is the limiting value of Sm as 7* -» 0. The formulae (1) and (2) 
are not independent, but arc r^ated through the thermodynamic formula 
(4.04.2) 

TdS = dH. (const. P). (4.36.3) 

From (1) and (2) it immediately follows that 

M = (small T). (4.36. 4) 

8 
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Wc have not stated how small T must be for these formulae to hold, 
nor is it possible to make any precise statement since the requirement is 
different for different substances. For most substances investigated these 
formulae appear to be at least approximately valid at temperatures below 
20 °K and for many substances at temperatures below 40 °K. 

We shall see later that a comparison between the constant 5^ in (2) 
and the constant dfx’^jdT occurring in the formula for the molar entropy 
of a gas is of considerable interest. For this reason it is important to be 
able to extrapolate experimental data on the entropy from the lowest 
experimental temperature down to 0 ®K. For this purpose one determines 
a suitable value of the constant a from the relation (1) by plotting H 
against in the lowest temperature range in which experimental measure¬ 
ments have been made. This value of a is then used in (2) to give 
experimental values of S(T)—S(0). Provided the experimental data 
extend below 20 °K, the contribution to S from this extrapolation is 
usually so small that a very accurate estimate of a is not required. 

Actually the most important feature of the formulae of this section is 
not their precise form, still less the value of a, but the fact that S tends 
rapidly towards a constant value as T decreases. This behaviour is in 
striking contrast with the formulae for the entropy of gases at ordinary 
temperatures which contain terms in log T. 

§ 4.37 Crystals at Intermediate Temperatures. Debye's Model. 

In the previous section we have described the thermodynamic behaviour 
of crystals at very low temperatures. In § 4. 35 we mentioned briefly that 
at ordinary and higher temperatures the behaviour of many solids, as well 
as liquids, is represented at least approximately by the formulae of that 
section corresponding to a temperature-independent heat capacity. In the 
intermediate temperature range the heat capacity increases, but its rate of 
increase falls rather rapidly. There is no precise quantitative theory except 
for the simplest crystals consisting of monatomic molecules. Even for these 
the accurate theory is so extremely complicated as to be of little practical 
use and it is in fact usually replaced by a much simpler approximation due 
to Debye. 

We shall not here describe Debye's model, still less discuss * its inade¬ 
quacy, but shall give the formulae which follow from it. The formulae 
contain apart from the temperature T, two parameters namely the energy 
£/m of the crystal at T = 0 and a characteristic temperature Both 
these parameters 11 % and 0 d nre functions of the molar volume V^f but 
are independent of the temperature. In considering Debye's model it is 
therefore expedient to regard as independent variables T, V instead of the 
usually more practically convenient T, P. We accordingly begin by writing 
down Debye's formula for the molar free energy Fm of a crystal 

F„ = Lt!n-TSf}n + 3RT ( 4 . 37 . 1 > 

_ J 0 0/) 

♦ See Blackman, Rep. Progress. Phys. (1942) 8 11. 
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wherein we repeat that U%i and Qd are functions of whereas on 
the other hand is a constant independent of as well as of T, and 
depends only on the arbitrary zero of entropy. 

From (1) we could derive the pressure by the relation 


--(II) =- 


(4. 37.2) 


We have however seen in § 4. 34 that the thermodynamic properties of a 
condensed phase, in particular a crystal, are nearly independent of the pres¬ 
sure; more precisely RT. We may consequently regard the pressure 

as negligible and replace (2) by the condition 


(4.37.3) 


which gives an equilibrium relation between W and From (1) and 
(3) we find that this relation is 


ej, (4.37.4) 

From (1) we can derive formulae for the other thermodynamic functions, 
in particular 

Um Um-3Rj g 9 /r_i q 3 • (4.37.5) 


U°n, = 3R 


(4. 37.5) 


reo_ 

Jo si 


' el ' 

(dllTf 36^dd 

sinh^aiiT) el 


(4.37.6) 


(4. 37. 7) 


We may note that at very low temperatures; T <^0d and we may 
without sensible error replace the upper limits of integration in the above 
formulae by co. We thus obtain 

U„ = Ul, + 3R^ l^^^^ = U%-3R^j. (4.37.8) 

which, in view of the negligible difference between Um and H ^ is in 
agreement with (4. 36. 1) if 

While we shall not here discuss the extent of agreement or disagreement 
to be expected between these formulae and the behaviour of real crystals, 
we shall however devote some space to the consideration of how the 
comparison can most directly be made. Let us therefore consider which 
quantities are most directly measurable, bearing in mind that with all 
condensed phases it is convenient to make measurements at constant 
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pressure but extremely difficult to make measurements at constant volume. 

The usual calorimetric measurements determine directly how H depends 
on T, Provided these measurements have been carried to a low enough 
temperature, the extrapolation to T 0 can be performed as described in 
§ 4.36 so that we know Hm(T) — as a function of T, Then by using 
the relation (4.36.3) wc can without any further experimental data com¬ 
pute S„{T) — S^.Wc can now compare this experimental quantity with 
the right side of (4. 37. 6), which is tabulated as a function of Q^/T, We 
thus obtain for each temperature T a value of 0o which fits the experi¬ 
mental value of Sfti — S®. These values of &d will neither be constant in 
practice, nor according to Debye’s model. For we are considering data at 
constant pressure, consequently at varying volume and, as the volume 
varies, so Qo varies. In fact as the volume increases, theory predicts that 
0O should steadily decrease. If then it is found that as T increases, the 
value of Gd determined as described above slowly, but steadily decreases 
then we may say that at least there is no contradiction between the experi¬ 
mental data and the model. If on the other hand as T increases, the value 
of Gd thus determined increases or fluctuates, then we may say with 
certainty that the experimental data arc in disagreement with the model. 

We give typical illustrations of this method of comparison in Tables 4.6 
and 4. 7 for gold * and magnesium ** respectively. Wc observe that for 
gold Go rises from 163*^ to 173° and then falls again to 167°. For mag¬ 
nesium Gd decreases steadily from 360° to 318°. In a few cases, such as 
copper and lead, Gd varies even less than in the case of gold. In other 
cases, notably lithium, Gd varies by nearly 20 %. 

Wc would emphasize that the entropy is the only simple thermodynamic! 
function for which we have both a closed formula and an experimental 
value obtainable from a single set of calorimetric measurements performed 
at constant pressure. In spite of the directness and simplicity of the above 
method of comparison, it is not generally used. The usual procedure is, from 
the experimental measurements of // as a function of T, first to compute 
dH/dT = Cp: then by measured, or estimated values of a and x to use 
formula (4.09.3) to compute Cv from Cpi lastly to compare the Cv so 
calculated with formula (7). There are two objections to this procedure as 
compared with that recommended. In the first place the computation of 
Cp from H involves a differentiation and so increases any experimental 
errors, whereas the computation of S from H involves a differentiation 
followed by an integration, which helps to smooth out the errors introduced 
by the differentiation. In the second place the computation of Cy from Cp 
by means of (4. 09. 3) requires either several other pieces of experimental 
data or else some guess work, neither of which is required if one makes 
comparisons of entropy. When .the value of C^, thus computed or estimated, 

• Clusius and Harteck, Zeit, Physik, Chem. (1928) 134 243. 

Clusius and Vaughen, /. Am, Chem. Soc, (1930) 52 4686 
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TABLE 4.6 

Comparison of molar entropy of gold with Debye's formula 


T 

"K 

{Sn,-^„)/R 

expt. 

Bd 

T 

Bd 

deg. 

15 

0,06 

10.90 

163 

20 

0.14 

8.25 

165 

30 

0.385 

5.57 

167 

40 

0705 

4.225 

167 

50 

1.05 

3.39 

170 

60 

1.40 

2.87 

172 

70 

1.73 

2.45 

171 

80 

2.03 

2.15 

172 

90 

2.32 

1.91 

172 

100 

2.58 

1.72 

172 

120 

3.07 

1.44 

173 

140 

3.49 

1.23 

\72 

160 

3.87 

1.075 

172 

180 

4.22 

0.95 

171 

200 

4.53 

0.855 

171 

300 

5.77 

0.555 

167 


TABLE 4.7 

Comparison of molar entropy of magnesium with Debye's formula 


T 

“K 

cxpt. 


Bp 

deg. 

20 

0.01 

18.0 

360 

30 

0.05 

11.5 

345 

40 

0.13 

8.38 

335 

50 

0.26 

6.53 

326 

60 

0.41 

5.41 

324 

80 

0.77 

4.03 

322 

100 

1.15 

3.22 

322 

120 

1.52 

2.68 

322 

140 

1.87 

2.30 

322 

160 

2.20 

2.00 

320 

180 

2.50 

1.78 

320 

200 

2.76 

1.61 

322 

300 

7.77 

1.06 

318 
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is compared with formula (7) we can calculate at each temperature a value 
o[ 0D which fits. Just as in the comparison of entropies, these values of 
0p should, if the model is good, decrease slowly and steadily as the 
temperature, and so the volume, increases. There appears to be a wide¬ 
spread, but mistaken belief that 6o should be independent of temperature 
in spite of the thermal expansion. 

Quite apart from the change in due to thermal expansion, variations 
of &o with temperature are to be expected owing to the inadequacy of 
Debye's model. In view of all the complications in the lattice theory Debye’s 
theory is remarkable not in the extent of its failure, but rather in the 
extent of its success *. 

§ 4. 38 Corresponding Temperatures of Crystals 

We have seen that Debye’s model is only an approximate representation 
of a simple crystal of monatomic molecules and further that even if it were 
an accurate representation, the characteristic temperature 0d should still 
vary with temperature owing to thermal expansion. Nevertheless it is an 
experimental fact that Debye’s formulae with constant 0o do give a remark¬ 
ably good approximate representation over a wide temperature range of 
the actual behaviour of many simple crystals, especially metals crystallizing 
in the cubic system. For such substances the values of S—5®. of 
(H — H^)/T and consequently of (fji — i^^)/T or of y — y® are universal 
functions of T/0d, Thus several important thermodynamic properties of 
different crystals have the same value when T/0^ has the same value. 
Temperatures of different substances such that T/Op has the same value 
are called corresponding temperatures. The principle that certain thermo¬ 
dynamic properties have equal values for different substances at corres¬ 
ponding temperatures is called a principle of corresponding temperatures. 
It is to be observed that this principle for simple crystals makes no 
reference to the pressure, which is tacitly assumed to be low and to have 
no appreciable effect on the values of the properties under discussion. In 
§ 4,53 we shall discuss a more interesting principle of corresponding 
temperatures and corresponding pressures for liquids and gases. 


§ 4. 39 Comparison of Debye's Functions with Einstein's 

Debye’s model was preceded by a simpler model due to Einstein leading 
to the simpler formulae 

= t/5L - r S°„ + 3 RTlog (i (4. 39. 1) 

U„-Ul = 3ReEi{e^Etr-\), (4.39.2) 

S;„ - SS, = - 3 /? t log (1 1) j. (4. 39. 3) 

(eeiiTy 


^‘'■“^^sinh*(0£/2r)' 
where 0£ is Einstein’s characteristic temperature. 


(4. 39.4) 


* Sec Blackman, Rep. Progress, Phys. (1942) 8 11. 
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By comparing Debye’s formulae with Einstein’s we observe that the 
former contain integrals from zero to Op where the latter contains merely 
simple functions of &e* Thus 0£ in a sense represents an average 6 
covering the range from 0 to Op. Thus at any given temperature the value 
of 0£ which fits is always smaller than the value of Go which fits. 

If one tries to fit the experimental data by Einstein's formulae with a 
constant 0£ one fails completely at the lowest temperatures, but at higher 
temperatures there is little to choose between Einstein’s formulae and 
Debye’s, provided the value chosen for 0£ is suitably adjusted. In fact 
when T > ^ 0^) the values of Um — calculated from Debye’s formula 
do not differ appreciably from the Values calculated from Einstein’s formula 
provided one uses for 0£ the value given by 0£ = 0.73 0 / 5 . Similarly 
when T'> \ Qjy the values of — S%i calculated from Debye’s formula 
do not differ appreciably from the values calculated from Einstein’s formula 
provided one takes 0£= 0.71 0a,The comparison is shown m Table 4.8. 

TABLE 4. 8 

Comparison of Einstein s formulae with Debye's assuming 
0£ HZ 0.73 0D [or energies 
and 0£= 0.71 0^ for entropies 


— 

Od 

f 

u„-u% 

3RT 

3R 

Debye 

Einstein 

Debye 

Einstein 

0.1 

.964 

.963 

3.64 

3.64 

0.2 

.929 

.929 

2.945 

2.95 

0.4 

.860 

.861 

2.26 

2.26 

0.6 

.794 

.797 

1.85 

1.86 

0.8 

.733 

.736 

1.575 

1.58 

1.0 

.675 

.679 

1.36 

1.37 

1.2 

.620 

.625 

1.19 

1.19 

1.4 

.571 

.575 

1.045 

1.045 

1.6 

,525 

.527 

0.925 

0.925 

. 1.8 

.482 

.483 

0.825 

0.820 

2.0 

.442 

.442 

0.735 

0.730 

2 .2. 

.405 

.403 

0.657 

0.650 

2.4 

.371 

.368 

0.590 

0.580 

2.6 

.339 

.334 

0.529 

0.518 

2.8 

.310 

.304 

0.476 

0.463 

3.0 

.284 

.276 

0.429 

0.414 


The slight difference of about 2 % between the best values of 0£ cor- 
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responding to a given Qo in the cases of the energy and the entropy is a 
measure of the accuracy lost by the substitution. If one takes 0£ — 0.72 Qd* 
the difference between the values calculated by the two formulae for the 
free energy are even less than for the energy and the entropy. Since in 
any case the experimental data cannot be fitted exactly by a constant 
value of 0 / 5 , considerable simplification can often be attained without 
significant loss of accuracy by using Einstein’s formulae rather than 
Debye’s provided one is concerned only with temperatures greater than 

Qo, At lower temperatures Debye’s formulae should be used rather than 
Einstein's 

§ 4. 40 Equilibrium between Two Phases 

Having discussed the thermodynamic properties of a single phase, we 
now turn to consider two phases in equilibrium. If we denote the two 
phases by superscripts a and the condition for equilibrium between the 
two phases is according to (1.45. 5) 

(4.40. 1) 

or according to (4. 15. 7) 

(4.40.2) 

Since in any single phase of a pure substance the temperature T and 
pressure P may be varied independently and // or I may be regarded as a 
function of T, P, we may therefore regard (1) or (2) as expressing a 
relation between T and P for equilibrium between the two phases. It follows 
that when the two phases are in equilibrium, the temperature T and pressure 
P are not independently variable but either determines the other. We 
accordingly say that a single phase of one component has two degrees of 
freedom but a pair of phases of one component has only one degree of 
freedom. 

§ 4. 41 Relation between Temperature and Pressure for Two Phase 
Equilibrium 

We now proceed to determine how the equilibrium pressure between 
two phases a and p depends on the temperature T. Differentiating (4. 40. 1) 


we have 


dju^ =■ dfjL^, 

(4.41. 1) 

or 


^^ cfP. 

(4.41.2) 

Using (1.36.5) and (1.36. 6). we obtain 


-Sr„,dT-VVldP--^n,dT \-VldP. 

(4.41.3) 

or 


(V%-]n,)dP=(Si-^n,)dT. 

(4.41.4) 
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Formula (4) can also be obtained more directly from Maxwell’s 
relation (3.04.3) 

(4.41.5) 


We apply this relation to a system consisting of the two phases a and fi 
in equilibrium with each other. Since for this equilibrium to persist P is 
completely determined by T and is independent of V, we may replace the 
partial differential coefficient {dP/dT)v by dP/dT, Moreover at constant 
temperature, and incidentally also constant pressure, S and V can only 
change through some quantity of substance passing from the phase a to the 
phase p or conversely. Thus the ratio of the changes in S and in V is in¬ 
dependent of the quantity transferred from the one phase to the other. If 
then we denote by the symbol A the increase of any property when one 
mole passes from the phase a to the phase /S, we have 


and so (5) becomes 


dP_AS 

dT^ AV* 


which is the same as (4) in slightly different notation. 
Since we may rewrite (4. 40. 1) as 


m — i Om — ii/n 


TS%. 


it follows immediately that 

TA S = T{Si - STm) = = A //. 


(4.41.7) 


(4.41.8) 


(4.41.9) 


This relation has an obvious physical meaning, the same as that of 
(4. 04. 3). If one mole passes isothermally from the phase a to the phase /?, 
the heat q absorbed is equal to AH because the process occurs at constant 
pressure and it is also equal to T AS because, the system being in equili¬ 
brium throughout, the change is reversible. 

If we now substitute from (9) into (7). we obtain 

dP_ Atf _ M 41 im 

dT-TAv-Tiv^^-v;:,)’ 


(4.41. 10) 


which is known as Clapeyrons relation. This can also be obtained more 
directly by starting from 


T~T 

instead of (4.40. 1). Differentiating (11) we obtain 


(4.41. 11) 


d(/*“/7') I .p_d0*^/7’) 1 n .... 

^dP-—^dT-^^^dP. (4.41.12) 
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and so using (1.36. 9) and (1.36. 6) 




dT + 



^dT + 


vl 

^dP. 


(4.41. 13) 


whence (10) follows immediately. We have given these alternative 
derivations of (10) because of its great importance, as the prototype of 
other similar formulae in systems of more than one component. 


§ 4. 42 Clapeyron’s Relation Applied to Two Condensed Phases 

Let us consider the application of Clapeyron's relation to the equilibrium 
between a solid and a liquid. Using the superscripts S and L to denote 
these two phases, we have for the variation of the equilibrium pressure with 
the equilibrium temperature according to (4.41. 10) 

dP_ Hi-Hi _ /SfH _ A/5 

T(v!;,-vi) T(vi-vi) Vi-Vi’ 


where A/H is the molar heat o[ fusion and A/5 is the molar entropy of 
fusion. Since fusion is always an endothermic process, the numerator of 
(1) is always positive, but the denominator may have either sign. It is 
negative for water, but positive for most substances. Thus the melting 
point of ice is decreased by increase of pressure, but that of most solids is 
increased. 

’ The application of Clapeyron’s relation to the equilibrium between two 
solid phases is analogous. In (1) we need only make the superscript L 
denote the phase stable at the higher temperature and 5 the phase stable 
at the lower temperature, so that — Hmis positive. The sign of dP/dT 
will then be the same as that of Vm — Vm> 

For condensed phases, both V^;,and V% are small and their difference 
is much smaller. Usually a pressure of some hundred atmospheres is 
required to change the freezing-point by a single degree. As an illustrative 
example, let us consider water. We have 


_ dP ^ 22 joule/molc deg. _ 22 joule 

dT (19.6—18.0) cm.^/mole L6 cm.^deg. 

— atm. _ Q atm. 

~ 1.6 deg. ~ deg.’ 

As a second example, let us take sodium. We have 

dP _ 7.1 joule/mole deg. _ ^ joule 

dT (24.6—24.2) cm.Vniole 0.4 cm.^ deg. 

_ 7^ atm. . atm. 

~ 0.4 deg. ~ deg. ‘ 


(4.42.2) 


(4.42.3) 


Hence as long as the pressure does not exceed one or two atmospheres, 
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the freezing-point may for many purposes be regarded as unaffected by 
the pressure. 


§ 4. 43 Clapeyron's Relation Applied to Vapour Equilibrium 
Let us now consider the equilibrium between a liquid and a gaseous 
phase. Using the superscripts L for the liquid and G for the gas we have 
according to (4. 41. 10) 


dP^ 


(4.43.1) 


This exact relation can be transformed by making two approximations. In 
the first place we neglect the second virial coefficient of the gas and treat 
it as perfect. In the second place we neglect the molar volume of the liquid 
compared with that of the vapour. With these approximations we have 


V%-Vi~V%~RTiP. 


Substituting (2) into (1). we obtain 

1 dP_lC-Hk 
P dT~ Rf^ 


RT2' 


(4.43.2) 

(4.43.3) 


where AeH is the molar heat o[ evaporation. 

It will later prove convenient to have a symbol other than P to denote 
equilibrium vapour pressure of a condensed phase and for this purpose we 
shall use p. We accordingly write in place of (3) 


dlog p _ AeH 

df ^ 


(4.43.4) 


p _ _ Ae H 
c/{l/rj~“ R ' 


(4.43.5) 


It follows from (5) that if we plot log p against 1/7 the curve so obtained 
has at each point a slope equal to—-AeH//?. Actually varies so slowly 

with the temperature that this curve is nearly a straight line. 

Formula (5) incidentally provides a method, rarely if ever mentioned, 
for determining the molar mass in the vapour. For by measuring p at 
several known temperatures we can use (5) to calculate AeH. We can 
then make direct calorimetric measurements to determine what mass of 
liquid is converted to vapour when a quantity of heat equal to AeH is 
absorbed. This mass is then one mole of vapour. 

The treatment of equilibrium between a solid and its vapour is precisely 
analogous. The vapour pressure p of the solid is related to the temperature 
by 


c/logp _ AsH 

d{\lT)^ R • 


(4. 43.6) 


where A«H is the molar heat of sublimation. 
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§ 4. 44 Heat Capacities of Two Phases in Equilibrium 

Consider two phases of a single component in mutual equilibrium. Let 
the equilibrium pressure, which will depend on the temperature, be denoted 
by Peq* Suppose now that we isolate a portion of either of these phases 
and change its temperature, not at constant pressure, but adjusting the 
pressure to the value Peq corresponding to two phase equilibrium at each 
temperature. The quantity of heat absorbed in this phase will evidently 
be proportional to the number of moles in the phase and, for a small 
temperature increase dT proportional to dT. We may therefore write for 
cither of the two phases 

q = nCEqdT, (4.44. 1) 

where n is the number of moles in the phase and Ceq is the molar heat 
capacity at two phase equilibrium. Since moreover the change is reversible 
we may write instead of (1) 

TdS = nCEqdT. (4.44.2) 

or 

dSm = CEqdTlT. (4.44.3) 

But for the change in question 



Comparing (3) with (4) we see that 


(4.44.4) 


CEq=T 



= Cp-aVmT 


dT^ 


(4.44.5) 


using the definition (4.05.2) of Cp and Maxwell’s relation (3.04.4). 
Now substituting from (4.41. 10) into (5) we obtain 


CEq = Cp—a Vm 


A/f 

AV’ 


(4. 44.6) 


where A denotes the increase in H when one mole passes isothcrmally 
from the one phase to the other; as regards sign the same convention must 
of course be used for AH and AV. 


§ 4. 45 Heat Capacities at Saturation 

The most important application of the formulae of the previous section 
is to the equilibrium between a liquid and its vapour. The quantities Csq 
are then called the molar heat capacities at saturation and arc denoted by 
Csat . If wr neglect the second virial coefficient of the gas and also neglect 
the molar volume of the liquid compared with that of the gas, formula 
(4.44. 6) becomes 

C„. = C/.-a^^ AeH 

where is the molar heat of evaporation. 


(4. 45. 1) 
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Formula (1) is applicable either to the vapour or to the liquid, but the 
importance of the second term on the right is very different in the two 
cases. For the vapour we have, still neglecting the second virial coefficient 

ci=ir\ PVn, = RT. (4.45.2) 

so that, using the superscript G for the gas. 

Ct = C$-~^ = C$-A,S. (4.45.3) 

The second term on the right may be numerically greater than the first, in 
which case C£t is negative. For example for steam at its normal boiling- 
point 

Cp= 34 joule/mole deg.. 

» e A,H 40.6 ^Cjoule/mole 

A*5 = -y— =-373deg-~ joule/niole deg., 

so that 

ziz (34 — 109) joule/mole deg. = — 75 joule/mole deg. 

and we see that the heat capacity of steam at saturation is negative. 

For the liquid phase on the other hand the second term on the right of 
(1) is incomparably smaller than for the gas both because a is smaller and 
because Vm is smaller by a factor of something like 10^ or more. Conse¬ 
quently for the liquid phase we may neglect this term and replace (1) by 

C.‘, = rf, (‘>•■'5.4) 

where the superscript L denotes the liquid phase. 

The formulae of this section may also be applied to the equilibrium 
conditions between solid and vapour. Formula (3) is then applicable to the 
vapour and formula (4) for the solid. 


§ 4. 46 Temperature Dependence of Heats of Evaporation and of 
Fusion 

Consider any phase change such as evaporation or fusion and let the 
symbol A denote the increase in any property when one mole passes 
isothermally from the one phase to the other in the direction such that 
AT/ is positive, i.e. from liquid to gas or from solid to liquid. Then we have 

A///rzz AS. (4.46.1) 


Differentiating with respect to T, varying P so as to maintain equilibrium, 
we have 


± /A//\ 
dT\T j 



AS = A 


dS _ AC Eg 

dT~ T 


(4. 46. 2) 


jr 



AH 

T 


= ACeq^ 


(4.46.3) 
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For equilibrium between liquid and vapour, Ceq = Csat is given by 
(4. 45. 3) for the vapour and by (4. 45. 4) for the liquid. Substituting these 
into (3) we obtain 

^AeH=C?-Ci (4.46.4) 

the terms Aef^/T on either side cancelling. Formula (4) involves the 
several approximations mentioned in § 4.45. It is formally similar to 
the exact formula for a process taking place between pressure limits 

independent of the temperature. 

To obtain the temperature coefficient of a heat of fusion, we have to 
go back to (4. 44. 6), which we rewrite in the form 

= H.16.5) 

where A/ denotes the increase of a molar quantity on fusion. Substituting 
(5) into (3). we obtain 

+ (4.46.6) 

a formula due to Planck *. The last term on the right will usually be very 
small compared with the second and may then be neglected. We then 
obtain the approximation 

^AfH = AfCp + ^^. (4.46.7) 

Of the two terms on the right, either may be numerically greater. We 
thus have a formula not even approximately of the same form as the 
formula for a process taking place between pressure limits independent of 
the temperature. 

Evidently the formulae of this section may mutatis mutandis be applied 
to the equilibrium between two solid phases. 

§ 4. 47 Triple Point 

We have seen that the equilibrium condition for a single component 
between two phases a and 

(4.47. 1) 

is equivalent to a relation between P and T which can be represented by a 
curve on a P —T diagram. Similarly the equilibrium between the phases 
a and y can be represented by a curve on a P—T diagram. If these two 
curves cut, at the point of intersection we shall have 

iuMT.P) = M^(r.P) = fjnT.P). (4.47 2) 

and the three phases a. y will be in mutual equilibrium. This point of 
intersection is called a triple-’point and the values of T and P at the triple 

• Planck. Ann. d. Physik (1887) 30. 574. 
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point are called the triple^^point temperature and the triple-point pressure. 

We have seen that a single component in one phase has two degree's of 
freedom since temperature and pressure can be varied independently and 
that two phases in mutual equilibrium have only one degree of freedom 
since the temperature and pressure are mutually dependent, W^e now see 
that three phases can exist in mutual equilibrium only at a particular 
temperature and particular pressure. Thus three phases of a single 
component in mutual equilibrium have no degrees of freedom. 

In Fig. 4. 3 the conditions of mutual equilibrium for H 2 O are shown * 
on the P —T diagram. 

Triple-points can also exist for two solid phases and one liquid phase 



Fig. 4.3. Equilibrium between ice, water and steam. 


* From Landolt-Bdrnstcin Tables. 
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or for two solid phases and a vapour phase or three solid phases. More 
rarely we may have two liquid phases and a vapour phase or a solid phase. 
A triple-point can occur in a region where all three phases are metastable. 
Fig. 4. 4 shows the conditions of equilibrium for sulphur *. There are three 
stable triple points 

Ti : equilibrium between monoclinic, liquid and vapour 
J *2 : equilibrium between rhombic, monoclinic and liquid 
7*3 equilibrium between rhombic, monoclinic and vapour 



♦ From Landolt~B6mstein Tables, 
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and one metastable triple-point 

; equilibrium between rhombic, liquid and vapour all three phases 
phases being metastable and the monoclinic being the stable form. 

§ 4.48 Critical Point 

The P — Vm isotherms of all pure substances divide into two classes 
according as the temperature lies above or below a critical temperature Tc. 
Examples of each class for carbon dioxide are shown in Fig. 4. 5. 



Fig. 4. 5. Isotherms of carbon dioxide. 


When the molar volume is sufficiently large both classes approximate 
to the rectangular hyperbolae PV^ — RT oi a perfect gas. As the molar 


♦ Michels, Blaisse and Michels, Proc. Roy, Soc. A (1937) 160 367. 
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volume diminishes, the form of the two classes is quite different. At 
temperatures greater than the critical, there is a smooth regular variation 
along the whole isotherm, which can be expressed mathematically by 
saying that it is a single analytic curve or expressed physically by saying 
that throughout the isotherm there is a single gaseous phase. At 
temperatures below the critical on the other hand, the isotherm consists 
of three analytically distinct parts separated by discontinuities of the 
slope. The middle portion is a horizontal straight line. These parts 
represent respectively the pure vapour, the saturated vapour in equilibrium 
with the liquid and the. pure liquid. The isothermal curve for the critical 
temperature is the borderline between the two classes of isotherms. 
In this isotherm the horizontal portion is reduced to a single point of 
horizontal inflexion. 

The broken curve is on the left the locus of the points representing the 
liquid phase under the pressure of its vapour and on the right the locus 
of the points representing the saturated vapour. As the temperature 
increases the molar volume of the liquid at the pressure of its vapour 
increases, while the molar volume of the saturated vapour decreases. At 
'the critical temperature the isotherm has a point of horizontal inflexion 
at the top of the broken curve where the liquid and vapour phases cease 
to be distinguishable. The state represented by this point is called the 
critical state: the pressure and molar volume in the critical state are called 
the critical pressure Pc and the critical volume Vc respectively. 

To recapitulate, above the critical temperature the substance can exist 
in only one state, the gaseous. Below the critical temperature it can exist 
in two states, the liquid with a molar volume less than the critical volume 
and the vapour with a molar volume greater than the critical volume. The 
equilibrium pressure between the two phases, liquid and vapour can have 
values up to but not exceeding the critical pressure. 

^ § 4. 49 Continuity of State 

Fig. 4. 6 shows diagrammatically the relation between pressure P and 
molar volume Vm of a single component at a temperature below the critical 
temperature. The portion KL represents the liquid state, the portion VW 
the vapour state, and the horizontal portion LV the two phase system 
liquid-vapour. 

At the given temperature the substance can only be brought from the 
liquid state to the vapour state, or, conversely, by a change during part 
of which two separate phases will be present. By introducing temperature 
alterations, however, it is possible to bring the substance from the vapour 
state represented by W to the liquid state represented by/C by a continuous 
change throughout which there is never more than one phase present. It 
is only necessary to raise the temperature above the critical temperature, 
keeping the volume sufficiently greater than the critical volume, then 
compress the fluid to a volume below the critical volume, keeping the 
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temperature above the critical temperature, and finally cool the liquid to 
its original temperature, keeping the volume sufficiently below the critical 
volume. This possibility of continuity between the liquid and vapour states 
was first realized by James Thomson, and he suggested that the portions 



Fig. 4. 6. Continuity between liquid and gas phases. 


KL and VW of the isotherm are actually parts of one smooth curve, 
such as KLMONVW, In point of fact, states corresponding to the portion. 
VN are realizable as supersaturated vapour, and under certain circum¬ 
stances the same may be true of the portion LM representing superheated 
liquid. Each of these portions represents states stable with respect to 
infinitesimal variations, but unstable relative to the two phase 3 ystem 
liquid + saturated vapour. The portion of the curve MON, on the other 
hand, represents states absolutely unstable, since here 

^>0. (4.49.1) 

and, according to (4.02.4), such states are never realizable. 

Although the states represented by points on the curve LMONV are 
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unstable, either relatively or absolutely, still they are equilibrium states. 
It follows that the sequence of states represented by the curve LMONV 
corresponds to a reversible process. The change in the chemical potential 
jbL of the fluid in passing through this sequence of states is. according to 
0- 36.6). given by 

(4.49.2) 

where the integrals arc to be evaluated along the curve LMONV. But. 
since the two states represented by L and G can exist in equilibrium with 
each other, we have 

= (4.49.3) 

From (2) and (3) we deduce 


VmdP = 0. 


(4. 49.4) 


where the integral is to be evaluated along the curve LMONV. The 
geometrical significance of (4) is that the two shaded surfaces LMO and 
ONV are of equal area. 

It is instructive to consider continuity of state in terms of the free 
energy F. Imagine F to be plotted as vertical coordinate against T and V 
as horizontal Cartesian coordinates. The resulting locus is a curved surface. 
Consider now cross-sections of this surface by planes T = const. Examples 
of these are shown diagrammatically in Fig. 4. 7 and since 



(4. 49.5) 


the slope of each curve at each point is equal to — P. 

In the upper curve we see that as V increases, the negative slope 
steadily decreases numerically and so P decreases steadily. This is typical 
of any temperature above the critical. 

In the lower curve we see that there are two portions /C'L' and V'W' 
in which the negative slope decreases steadily as V increases and these 
are joined by a straight line L'V' touching K'L' at L' hnd touching V'W' 
at V\ These three portions correspond to liquid, to vapour and to a two- 
phase liquid-vapour system. This is typical of a temperature below the 
critical. The broken portion of curve L'M' represents superheated liquid 
and the broken portion V'iV' represents supersaturated vapour. We sec 
immediately that all states represented by these portions of curve are 
metastable, for any point on either of them lies above a point of the same 
volume V on the straight line L'V' This means that the free energy of the 
superheated liquid or supersaturated vapour is greater than a system of 
the same volume consisting of a mixture of liquid L' and vapour V'. 

The portions of curve L'Af' and JV'V' have curvature concave upwards 
so that 


dP_ d^F 
dV'~ dV^ 


< 0 . 


(4.49.6) 
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Fig. 4. 7. Stable and mctastable isotherms. 


would necessarily have a curvature concave downwards. This would 
correspond to a positive value of dP/dV and so to unstable states and we saw 
in § 1.43 that such states are never realizable. It may therefore be argued 
that no physical significance could be attached to this part of the F — T—V 
surface. Nevertheless, if the realizable parts K'UM' and N'V'W' of the 
surface could be represented by the same analytical function, it would be 
reasonable from a mathematical point of view to consider the complete 
surface. Having constructed such a surface and considering a section 
corresponding to a particular temperature below the critical, we could 
then plot P= —dF/dV against V and so construct a curve such as that 
in Fig. 4. 6. From this construction it follows of necessity that in Fig. 4. 6 
the area below the broken curve LMONV and the area below the straight 
line LV are both equal to the height of U above V' in Fig. 4. 7. Conse¬ 
quently these two areas are equal. From this it follows immediately that 
the two shaded areas are equal as already proved. Since the portion MON 
of the curve cannot be realized experimentally, instead of saying that the 
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two phase equilibrium is determined by the condition of equality of the 
two shaded areas, it is perhaps more correct to say that L and V being 
known the connecting portion of the curve must be sketched in such a 
manner as to make the two shaded areas equal; otherwise it would be 
nonsensical, for then —P would not be the slope of any conceivable curve 
on the F—V diagram. 


§ 4. 50 Two Phases at Different Pressures 

In our previous considerations of equilibrium between two phases of one 
component, we have assumed the equilibrium to be complete so that the 
two phases were at the same pressure. The distribution equilibrium of 
one component between two phases at different pressures is also of 
theoretical interest. Let us denote the two phases by the superscripts a 
and p. Then the equilibrium condition determining the change from the 
one phase to the other is according to (1.46. 1) 

(4.50. 1) 


If we vary the common temperature T of the two phases and the pressures 
P“ and P^ of the two phases, the condition for maintenance of equilibrium is 

=dfxP. (4.50.2) 


or 


dT ^ dP^ 




(4. 50.3) 


Substituting from (1.36.5) and (1.36.6) we obtain 

-S;„dTi-V^dP‘=-S^dT-\-V^„dP^ (4.50.4) 

or 

dP^- VIdP- = dT= A S dT. (4.50. 5) 

a-^/3 

where A is used to denote the increase of a quantity when one mole passes 

from the phase a to the phase p. 

Since we may rewrite (1) as 

m,-TSr„,= H^„-TSL (4.50.6) 

it follows immediately that 

r A 5 =r(s?,- 5 ^)=H^*-/f;= A (4.50.7) 

just as for two phases at the same pressure. In fact formula (4.41.9) 
is a special example of (7) and the physical significance is the same in 
both cases. 

If we now substitute from (7) into (5) we obtain 

Vi,dP/>-Vl,dP‘=: A HdT/T. 

a-*? 


( 4 . 50 . 8 ) 
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It is evident that two of the three quantities T, P®, are independent 
and so the system has two degrees of freedom. The most important 
application of these formulae is to the equilibrium between a liquid and 
its vapour. We then use the superscript L for the liquid and G for the 
vapour. We also use P to denote the pressure on the liquid and p the 
pressure of the vapour. In this notation (8) becomes 


Vldp-VidP^^^dT. (4.50.9) 

where Ag// is the molar heat of evaporation. According to the definition 
of fugacity p* and (4. 22. 5)» we may replace (9) by 

RTd log p*-V';,dP=z--^ dT. (4. 50.10) 


In particular at constant temperature we have for the dependence of the 
fugacity of the gas on the external pressure P on the liquid 

/ ^Iogp*\ _ Vm 
\ dP )T~Rt- 


(4.50.11) 


If we treat the vapour as a perfect gas» we may replace p* by p. 

If, on the other hand, we maintain constant the pressure P on the liquid, 
we obtain from (10) for the dependence of the gas fugacity on the 
temperature 

c/logp* _AeH 

or if we treat the vapour as a perfect gas 
d log p _ AeH 

or 

c/logp _ A^H 

d(llT) ~ R 

It is instructive to compare (14) with (4.43.5) The latter involves 
neglecting the molar volumes of the liquid compared with that of the 
vapour, but the former involves no such approximation. The difference 
between the exact formula (14) and the approximate formula (4.43.5) 
is negligible owing to the fact that in order to affect the saturated vapour 
pressure p appreciably by change of the hydrostatic pressure P at constant 
temperature, one requires according to (11) pressures considerably greater 
than the vapour pressure itself. 

The direct experimental application of these formulae would require 
the separation of the liquid from the vapour by a membrane permeable 
to the vapour, but not to the liquid. This is difficult to achieve, though not 
impossible. Consequently the formulae have not much direct practical 
importance. They have nevertheless a real importance, which will become 


(const. P), (4.50. 12) 

(const. P), (4.50. 13) 

(const. P). (4.50.14) 
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clear when we consider systems of two or more components. We shall find 
that these formulae remain true in the presence of another component gas 
insoluble in the liquid^ provided we interpret p as the partial pressure of 
the vapour when mixed with the inert gas. We cannot profitably say more 
at this stage, but we shall return to this point in § 5.21. 

§ 4. 51 Fugacity of a Condensed Phase 

In § 4. 22 we defined the fugacity of a gaseous pure substance in terms 
of its absolute activity 2. We now define the fugacity of a pure substance 
in any condensed phase as being equal to the fugacity in the gas phase 
with which it is in equilibrium. Evidently when two condensed phases are 
in equilibrium with each other the fugacities must be equal in the two 
phases. 

With this extended definition we may regard formula (4.50.10). 
namely 

d\ogp* = ^i-dT+^dP (4.51.1)- 

as expressing the dependence of the fugacity p* of a liquid on the 
temperature T and the external pressure P. A precisely analogous equation 
applies to a solid. 


§ 4. 52 Van der Waals" and Dietcrici's Equations of State 
Many attempts have been made in the past to represent the equation 
of state of gas and liquid throughout the whole P— V—T domain by an 
analytical formula. It is now known that it is not possible so to represent 
the experimental data accurately except by complicated and unwieldy 
formulae of little interest. On the other hand the distinction between liquid 
and gas and the existence of a critical point can be deduced qualitatively 
from various quite simple equations of state. Of these we shall mention 
the two simplest, namely the equation of van der Waals, already referred 
to in § 4. 20. 

(4.52.1) 

and the equation of Dieterici 

P{Vm-b) = . (4. 52. 2) 

At low pressures, both these equations reduce to 

v„ = ^ + b—^. ( 4 . 52 . 3 ) 

neglecting second order small terms. We have already discussed formula 
(3) in § 4.20. It is equivalent to writing for the second virial coefficient B 


B=b- 


RT 


< 4 . 52 . 4 ) 
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We saw in § 4.18 that fair agreement with the experimental data at high 
temperatures can be obtained by suitable choice of a and b. This is about 
the sum total of agreement between these equations of state and reality. 
Nor has either equation any theoretical basis outside this range of low 
pressures and high temperatures. 

It is now well known that neither van der Waals* nor Dieterici's equation 
can be made to fit the experimental data over any wide domain of T, P. 
It might however be hoped that by regarding a, b as slowly varying 
functions of T, P it would be possible to represent the experimental data 
over a small region by suitably chosen values of a and b. There is in fact 
a widespread belief that a and b can be so chosen as to represent the 
actual behaviour at the critical point. We shall now show that this belief 
has some measure of justification in the case of Dieterici’s equation, but 
none whatever in the case of van der Waals* equation. 

We have seen in § 4. 48 that at the critical point the isotherm on the 
P —V diagram is a point of horizontal inflexion. We therefore have 
the critical conditions 



d^P\ 

dVVr 


= 0 . 


If we substitute (1) into (5) and (6) we obtain 


RTc 

(Vc-by 

2RTc 

{vT-bf 




From these we obtain immediately 


b — ^Vct 3 — ^RTcVc- 


(4. 52. 5) 
(4. 52.6) 

(4. 52. 7) 
(4.52.8) 

(4. 52.9) 


Substituting (9) into (1) we obtain van der Waals’ equation in the 
alternative form 


= (4.52.10) 

In particular by setting Vm=Vc and T=Tc we obtain for Pc 

= ( 4 . 52 . 11 ) 

or 

^'=|. (4.52.12) 

Adopting a similar procedure with Dieterici’s equation, we substitute 
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(2) into (5) and (6). After some simple algebraic reduction we obtain 

- _il_ — __j£_ (4.52.13) 

RTc~Vc-b-2(Vc-bY‘ 

whence 

b = iVc. a = 2RTcVc. (4.52.14) 

Substituting (14) into (2). we obtain Dietcrici’s equation in the alternative 
form 

Vc) = RTe-^^c^cITV^. (4. 52.15) 

In particular by setting Vm = Vc and T = Tc obtain for Pc 


p^ = '^j£e-\ (4.52.16) 

y c 

or 

= (4.52.17) 

Thus for the value of the ratio PcVdRTc we have according to van der 
Waals* equation 0.375 and according to Dieterici^s equation 0.271. We 
shall see in § 4. 53 that for the gases with the simplest molecules the 
experimental value of this ratio is nearly 0.29. For the majority of non-polar 
substances the experimental values lie between 0.25 and 0.30. We see 
then that in this respect Dieterici's equation gives at least a rough 
representation of the observed relation between Pc Vc and whereas 
van der Waals* equation does not. 

Unfortunately one sometimes meets the statement that van der Waals’ 
constants a and b were computed from the critical data. Such a statement 
is at lease ambiguous, if not nonsensical; for as van der Waals’ equation 
gives a false value of Pc VdRTc one can evidently obtain various incon¬ 
sistent sets of values for a, b according as these are computed from Pc» 
Vc or from Pc, Tc or from Vc* Tc* 


§ 4. 53 Corresponding States 

The principle of corresponding states asserts that for a group of similar 
substances the equation of state can be written in the form 


P 




(4. 53.1) 


where (p is the same function for all the substances of the group. 

Since according to (4. 52. 10) and (4. 52. 12) van der Waals* equation 
of state can be written in the form 



(4.53.2) 


It follows that a group of substances all conforming to this equation would 
obey the principle of corresponding states. Since however no such sub- 
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^nccs exist, this is of no physical interest. The like may be said of 
Dietenci s equation which can be written in the form 

^ (4. 53. 3) 

or in fact of any other proposed equation of state containing just two 
adjustable parameters. 

Although, as we have already mentioned, it is not possible to express 
the equation of state in any simple analytical form, the principle of 
corresponding states is obeyed with a useful degree of accuracy by a 
considerable number of substances. It is in fact obeyed with a high degree 
of accuracy by the three inert elements A, Kr. Xe and to a somewhat 
lower degree of accuracy by these substances together with Ne. N 2 , © 2 , 
CO and CH^. It would be misleading to try to divide substances into two 
groups, those which do and those which do not obey the principle. One 
should rather say that various types of substance obey the principle to a 
greater or less extent according to their nature. One can at least roughly 
group substances into the following classes such that generally speaking 
substances in any class obey the principle rather less well than those in 
the preceding class and rather better than those in the following class. 

(1) The inert heavy elements A. Kr. Xe 

(2) The inert lighter elements Ne. He 

(3) Non-polar or almost non-polar diatomic molecules, such as N 2 » 
O 2 . CO 

(4) Lighter non-polar diatomic molecule H 2 

(5) Highly symmetrical, non-polar and slightly polarizable molecules, 
such as CH^ 

(6) Less symmetrical non-polar and slightly polarizable molecules such 
as CO 2 

(7) Highly symmetrical, non-polar but polarizable molecules such as 

CCl, 

(8) Less symmetrical, non-polar but polarizable molecules such as CS 2 

(9) Slightly polar small molecules such as COS. CHCI 3 

(10) Larger slightly polar molecules, such as esters, ketones 

(11) Strongly polar molecules such as nitro-compounds 

(12) Molecules which form hydrogen bonds, such as OH 2 

(13) Molecules which react chemically, such as NO 2 . 

We shall now review briefly * some of the experimental data which show 
directly or indirectly how well the substances Ne. A. Kr. Xe. N 2 . 02 » 
CO. CH 4 obey an equation of state of the common form ( 1 ). 

In Table 4 .9 the first row gives the molecular weights, the next three 

• Guggenheim. J, Chem, Phys. (1945) *13 253; compare Pitzer. /. Chem. Phys. (1939) 
7 583. 
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TABLE 4.9 

Corresponding states o[ gases and liquids 



Formula 

Nc 

mm 

Kr 

Xe 

N 2 

Oz 

CO 

CH 4 

1 

M 

20.18 

39.94 

83.7 

131.3 

28.02 

32.00 

28.00 

16.03 

2 

T,rK 

44.8 

150.7 

209.4 

289.8 

126.0 

154.3 

133.0 

190.3 

3 

/cm. ^ mole-' 

41.7 

75.3 

92.1 

113.7 

90.2 

74.5 

93.2 

98.8 

4 

P^/atm. 

26.9 

48.0 

54.1 

58.2 

33.5 

49.7 

34.5 

45.7 

5 

PcVJRT^ 

0.305 

0.292 


0.278 

0.292 

0.292 

0.294 

0.289 

6 

TerK 

121 

411.5 



327 


-345 

491 

7 

TlifTc 

2.70 

2.73 



2.59 


2.6 

2.58 

8 

7;/°K(p=P,/50) 

25.2 

86 9 

122.0 

167.9 

74.1 

90 1 

78.9 

110.5 

9 

TJTc 

0.563 

0.577 

0.582 

0.580 

0 588 

0.583 

0.593 

0.581 

10 


224 

785 

1086 

1520 

671 

820 

1 

727 

1023 

11 

A^HiRT, 

8.9 

9.04 

8.91 

9.06 

9.06 

9.11 

9.22 

9.26 

12 

V'„/crr.3 


28.1 

34.1 

42.7 


j 



13 



0.374 ! 

_ 1 

0.371 

0.376 


1 

-i 



rows the critical temperatures critical volumes Vc and critical pressures 
Pc. The fifth row gives values of Pc VdRTc which according to the 
principle should have a universal value. All the values lie close to 0.29. 
In Fig. 4, 8 all the experimental data on the second virial coefficients 



Fig. 4.8. Second virial coefficients. 
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of these substances are shown in the form of B/Vc plotted against Tc/T. 
It will be seen that the data for the four substances are roughly fitted by 
the same curve. The Boyle temperature at which the second viriaJ 
coefficient changes sign is given in the sixth row of Table 4. 9 and in the 
seventh row are given values of TbITc. All these values lie near 2.7. 

If denotes the density of the liquid and that of the vapour in 
mutual equilibrium at the temperature T, while Qc denotes the density at 
the critical point, then according to the principle of corresponding states 
one should expect q^/qc and q^/qc to be common functions of TjTc- How 
nearly this is the case is shown in Fig. 4.9. The curve in the diagram 



Fig. 4. 9. Reduced densities of coexisting liquid and gas phases. 


is drawn according to the empirical formulae 


g^ + e° 

2qc 





(4.53.4) 

(4.53.‘5) 


It is a pure accident that the data can be represented by formulae with 
such simple numerical coefficients. These formulae as displayed above are 
of high relative accuracy, but if used to compute qq the percentage 
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inaccuracy increases with decrease of temperature and becomes serious 
below T rr 0.65 7^. It is therefore not recommended to use these formulae 
for computing values of There are however occasions when one requires 
relatively accurate values, not of itself, but of (q^ — 0^)1 Qc* 
occasions formula (5), in view of its extreme simplicity and surprisingly 
high accuracy, has much to recommend it. An example of its use will occur 
in § 4. 74, 

At temperatures considerably below the critical temperature, say 
7 <0.65 7c, it is better to consider the equilibrium vapour pressure p 
instead of According to the principle of corresponding states one 
should expect p/Pc to be a common function of T/Tc- That this is 
approximately the case is seen from Fig. 4. 10 where log p/Pc is plotted 



Fig. 4 . 10 . Relation between vapour pressure and temperature. 


against Tc/T for the several substances. It is clear that the relation is 
nearly linear, so that we may write 

log,^^=.4-fly', (4.53.6) 

where Ai B are constants having nearly the same values for the several 
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substances. In the diagram the straight line which best fits the data for 
argon has been drawn. For this line 

A = 5.29, B = 5.31, (triple-point to critical point). (4. 53. 7) 

The fact that A is nearly but not exactly equal to B, means that the 
relation (6) holds nearly but not quite up to the critical temperature. 
A formula of the type (6) has a theoretical basis at low temperatures, 
where the vapour does not differ significantly from a perfect gas and 
the molar heat of evaporation is nearly independent of the temperature. 
Under these conditions Ae^/i? = BT^. At higher temperatures where 
the vapour pressure is greater, neither of these conditions holds; the 
vapour deviates appreciably from a perfect gas and decreases, 

becoming zero at T = 7*^. At such temperatures formula (6) is empirical, 
but remains surprisingly accurate owing to a compensation between the 
two deviations. 

In the temperature range between the triple-point and the normal 
boiling-point a formula of the type (6) becomes almost if not quite as 
accurate as the experimental data, but the best values for the constants 
A, B over this temperature range are not the same as the best values for 
the whole range from triple-point to critical point. For argon an excellent 
fit of the experimental data between the triple-point and the normal 
boiling-point is attained with the values 

A = 5.13, B = 5.21, (temperatures below N.B.P.). (4. 53. 8) 

In this temperature range the molar heat of evaporation AfW is sensibly 
constant and has the value given by 

^ = 5.21 Tc. (4.53.9) 

In the eighth row of Table 4.9 are given the temperatures T, at which 
the vapour pressure has a value one fiftieth of the critical pressure. In the 
ninth row arc given values of the ratio Ts/Tc* These are all close to 0.58. 

In the tenth row of this table are given values of AeW the molar heat 
of evaporation in the low temperature range where it is nearly independent 
of the temperature. In the eleventh column arc given values of AeH/RTs. 
All these values lie near to 9.0. Since AeHjT is the entropy of evaporation, 
this aspect of the principle of corresponding states may be formulated thus: 
the entropy of evaporation at corresponding temperatures, e.g. temperatures 
at which the vapour pressure is one fiftieth the critical pressure, has a 
common value. The older rule of Trouton that substances should have 
the same entropy of evaporation at their normal boiling-points is not in 
accord with the principle of corresponding states and is in somewhat 
less good agreement with the facts. 

In the twelfth row of the table are given values of V;„ the molar volume 
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of the liquid at temperatures just above the triple point and in the thirteenth 
row values of the ratio VmlVc^ These values arc all near to 0.375. 

§ 4. 54 Corresponding States of Solids 

The principle of corresponding states has a much more restricted 
applicability to solids. It however applies with high accuracy to the group 
of the inert elements Ne. A, Kr, Xe. The relevant data for comparison 
arc given in Table 4. 10. In the first three rows are given values of 
Vc and Pf. 


TABLE 4.10 

Corresponding states of solids 



Formula 

Nc 

A 

Kr 

Xc 

1 

r,/°K 

44.8 

150.7 

209.4 

289.8 

2 

V^/cm^ molc-*^ 

41.7 

75.3 

92.1 

1137 

3 

P^/atm. 

26.9 

48 0 

54.1 

58.2 

4 


24.6 

83 8 

1160 

161.3 

5 

T,/T, 

0.549 

0.557 

0 553 

0.557 

6 

LfHIR°K 

40.3 

141.3 

196.2 

276 

7 

AfH/RT, 

L64 

1.69 

1 69 

1.71 

8 

Pf/atm. 

0.425 

0.682 

0.721 

0.810 

9 

lOOPf/P^ 

1.58 

1.42 

1.33 

1.39 

10 

vVcm.3 


28.14 

34.13 

42.68 

11 

V^/cm.3 


24.61 

29 65 

37.09 

12 

Vt/V« 

1 

1.144 

1.151 

1.151 


In the fourth row are given values of the triple point temperature Tt 
and in the fifth row values of the ratio TtiTc- All these values are near 
to 0,555. 

In the sixth row are given values of the molar heat of fusion A/H 
divided by R and in the seventh row values of the entropy of fusion 
AfH/Tt divided by /?. These are all near to 1.69. 

In the eighth row arc given values of Pt the triple point pressure and in 
the ninth row values of the ratio 100 Pt/Pc* These are all near to 1.4. 

Finally in the tenth and eleventh rows arc given the molar volumes 
and of the liquid and. solid respectively both at the triple point. 
In the twelvth row are given the ratios all near to 1,15. 

§ 4. 55 Energy and Entropy Constants 

In § 4. 16 and § 4. 29—4. 33 we discussed in some detail the thermo- 
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dynamic functions of gases. As well as directly measurable quantities such 
as 7, A B and certain characteristic temperatures Or, ©e all well 
defined properties of the molecules, these formulae contained two further 
constants and 0^ which we have as yet Jiardly discussed at all. To 
be precise the molar heat function Hm contains the additive constant , 
which we shall now write as //^(O) to show that it refers to the gas phase, 
while the molar entropy contains the additive constant— §• i? log 0 ^, 
The chemical potential ^ consequently involves both these constants. 

In § 4. 36 we described the behaviour of the thermodynamic functions 
of a crystal at very low temperatures. We saw that the molar heat content 
Hm contains an additive constant which we shall now write as 

H%{0) to contrast it with //^(O). Similarly the molar entropy contained 

an additive constant S%. It will be convenient to define a number o by the 
relation 

5^ = /?logo. (4.55. 1) 

The chemical potential of a crystal consequently involves both the 
constants (0) and or o. 

As long as we are concerned only with one single phase, the relevant 
constants are without any physical significance. It is when we come to 
compare two phases, that we must be careful to assign values to the 
constants corresponding to the same conventions. 

As regards the heat function constants Hm (0) and Hm (0) there is 
little to be said except that when referred to the same energy zero, as 
they must be if we wish to compare them at all, //m(0) —Hm (0) is 
the value of the molar heat of sublimation of the crystal extrapolated to 
the absolute zero of temperature. If the heat of sublimation AsH has been 
measured at the temperature 7, we have 

AsH(T)=H^{T)-HUT). (4.55.2) 

Direct calorimetric measurements on the crystal lead to an experimental 

value of 

Hi(T)-HUTo). (4.55.3) 

where Tq is some very low temperature. A small extrapolation, according 
to formula (4.36. 1) leads to a value of 

H^(ro)-H^(0). (4.55.4) 

Theoretical information concerning the nature of the gaseous molecules, 
or alternatively calorimetric measurements together with an extrapolation 
to 7 = 0 in accordance with the theory of the various types of gaseous 
molecules, gives a value of 


(4.55.5) 

10 


H°{T)-HU0). 
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By adding the quantities (2), (3), (4) and subtracting the quantity (5) 
we can obtain the value of 

H^(0)-H^(0). (4.55.6) 

We turn now to the more interesting entropy constants —^ R log 0^ 
and R log o. We described in detail in § 4.04 how to determine 
experimentally the entropy difference between any two states of a single 
substance. In particular we can determine experimentally the value of 

SUT)-SUTo), (4.55.7) 

where Tq is some very low temperature. Knowing the values of all the 
terms in Sm(T) except the constant —f/? log 0^ and extrapolating 
5m (T’o) to Tq-^0 in accordance with formula (4.36.2), we thus obtain 
an experimental value of 

/? log 0^5 0 . (4.55.8) 

This quantity will be discussed in the following sections. 


§ 4. 56 Entropy Constants of Monatomic Substances 

We begin by considering monatomic substances, since such complications' 
as occasionally occur for other types of molecules are entirely absent for 
these. We shall discuss in turn the possible contributions of the various 
degrees of freedom to the quantity (4.55.8) namely 

/?log0^»o. (4.56.1) 

Firstly as regards any intra-nuclear degrees of freedom, in particular 
that due to nuclear spin, their contributions to the solid and to tho gas 
are the same and consequently they make no contribution to (1). 

Secondly as regards the electronic degrees of freedom, any contribution 
in the gaseous state has been allowed for as described in § 4.33 and is 
not contained in the 0^ term. In the solid at low temperatures we may 
safely assert that there is no electronic contribution. 

There remain only the translational degrees of freedom. In the solid 
these account for the terms which are represented approximately by the 
temperature dependent terms in Debye’s formulae. At very low temperatures 
they are represented more accurately by the term in (4. 36. 2) and 

they tend to zero as T -> 0. Consequently they contribute nothing to (1). 
There remains only the contribution of the translational degrees of freedom 
in the gas and this gives by comparison of (2.17.7) with (4.29.4) 


0^5 0 = 


(2nm)i ki 


(4. 56.2) 


where h is Planck’s constant, k is Boltzmann’s constant, m is the mass 
of one molecule (atom) and is the arbitrary standard pressure occurring 
in the formulae of § 4. 29. Obviously 0^ must depend on P^ in such a 
manner that the value of any thermodynamic function at a given pressure 
P is independent of the arbitrary choice of P^ 
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For a substance which in the gaseous state has monatomic molecules 
formula (2) is generally valid and is independent of any conventional 
zero of entropy. We now replace the invariant relation (2) by the 
conventional pair of relations 






(2.T m)‘ k‘' 
0 = 1 . 

Formula (d) is equivalent to the convention 


(4.56.3) 
(4. 56.4) 


5^(0) = 0. (4.56.5) 

These formulae correspond to the following conventional definition of 
zero entropy. The entropy of a monatomic substance is conventionally 
defined to be zero in a state such that 


(а) the contributions to the entropy from the translational and electronic 
degrees of freedom are zero; 

(б) the contributions due to any intranuclear degrees of freedom including 
spin are ignored, this being allowable only because the contributions 
are, under terrestial conditions, independent of temperature and the 
state of the substance. 


This conventional choice of zero entropy has proved convenient and 
is widely used. Unfortunately some authors use the expression absolute 
entropy to denote the value of the entropy according to the convention 
(5) or some closely related convention. Such terminology is misleading 
and should be avoided. The only rational system of entropies to which 
one might reasonably apply the epithet absolute would be one referred 
to certain standard states of the fundamental particles, protons, neutrons 
and electrons of which matter consists. It is hardly necessary to state that 
the use of such a system is not at present feasible owing to lack of data 
on the entropy changes associated with nuclear transmutations. Even if 
feasible, it is doubtful whether it would serve any useful purpose in the 
field of terrestial physics and chemistry. 

To recapitulate, the convention (5) is, at least for terrestial conditions, 
the most convenient, but it is in no sense absolute. We shall accordingly 
refer to, the entropy values conforming to the convention (5) as the 
conventional entropy values. 


§ 4.57 Effect of Isotopes 

In the previous section- we tacitly ignored any possible effect due to 
the substance being a mixture of isotopes. When this is the case there 
are two possible effects on the entropy. The first effect is the obvious 
one that the term |/? log m in the entropy must be replaced by the suitably 
weighted sum 


I 2*/ Xf log mi, 


(4.57.1) 
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where Xi is the mole fraction of the particular isotope i having an atomic 
mass mi Similarly the constant H^(0) occurring in H ^ and in but not 
in Sm* niust be replaced by the weighted sum 

2,XiH?(0). (4.57.2) 

The second effect is that any phase, whether solid, liquid or gaseous 
consisting of a mixture of isotopes in mole fractions Xi has an entropy 
per mole exceeding the entropy per mole of similar phases of the pure 
isotopes at the same temperature and pressure and this excess is 

^R2iXi\o(^Xi. (4.57.3) 

which is always a positive quantity since Xi <,\. 

We shall meet formula (3) for entropies ol mixing again in Chapter 5 
and Chapter 6 . In the present connection we need only note that as long 
as the solid and the gas have the same isotopic composition, the two terms 
of the form (3) cancel and so contribute nothing to 

§ 4. 58 Numerical Values in Entropy Constant 

We shall now insert numerical values into (4.56.3), taking as our 
standard pressure zn 1 atmosphere. We have then 

h = 6.624 X 10" erg sec., 
k = I. 38 O 5 X 10“^^ ergdeg.~*, 
pt=: 1.013 X106 erg cm .-3, 
m= 'MX 1.660 X lO-^^g., 

where M is the conventional molecular weight, or atomic weight since we 
are here considering monatomic molecules. Using these values we obtain 

39.03 deg.J = (4.33, dcg.)^ (P^ = latm.). (4.58.1) 

Inserting this in formulae (4.29.2), (4.29.3) and (4.29.4), we obtain 

^ = 5 + J log + } log Af-loo — - g jy 

Formula (4) has probably the most convenient form for purposes of 
calculation. It can also be written as 

|!=-1.16; + Ho,M+ilog^.^-log£--f^. (4.58.5) 


♦ Wc recall that /P is the same quantity as is denoted by H^(0) in § 4. 55. 
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or more conveniently as 

I = .0,35 + i lot, M + Uo, -lo« ^ f (4.58.6) 

The corresponding formulae for fi/RT aro. 

It=^- - 5 log M- J loa 3 ^ + loa ^ + If, (5.58,7) 

^=^+7,85-}logM-|.logj3^ + log3^+|f, (5.58.8) 

Formulae (6) and (8) are of a form such that the numerical calculations 
can be completed with adequate accuracy by slide-rule. 


§ 4. 59 Entropy Constants of Diatomic and Polyatomic Substances 

As explained in § 4. 55 calorimetric measurements yield experimental 
. values of 

Rlog0Ho. (4.59.1) 


Just as for substances with monatomic molecules we continue to assume 
that 


6n 


pt 

(2 ' 


(4. 59. 2) 


precisely as in (4.56.3). This corresponds to a conventional definition 
of zero entropy which includes our previous convention for monatomic 
molecules as a special case. This conventional choice of states of zero 
entropy is the following: 


(a) the contributions to the entropy from the translational and electronic 
degrees of freedom are zero; 

(a') the contributions to the entropy from the rotational and internal 
vibrational degrees of freedom are zero; 

(b) the contributions due to any intranuclear degrees of freedom 
including spin are ignored, this being allowable only because the 
contributions are, under terrestial conditions, independent of tem¬ 
perature and the state of the substance; 

(c) isotopic composition is ignored, this being allowable in so far as it 
is the same in all phases being compared. 

For monatomic molecules the conditions (a') were automatically 
satisfied and were therefore not mentioned. In the case of hydrogen the 
assumption (b) is subject to certain restrictions w.hich we shall consider 
in § 4. 64. 

Precisely as in the case of monatomic molecules, the convention 
described is convenient and generally used. We shall refer to entropy 
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values thus fixed as conventional entropy values and shall avoid the 
misleiiding expression absolute entropy. 

Applying the convention (2) to the experimental values of (1), we 
obtain conventional values of o which we shall discuss in the next section. 

§ 4. 60 Zcro-'Cntropics of Crystals 

It is found that the conventional values of o obtained as described in 
the preceding section are in almost all cases unity but that there are 
exceptions. We shall consider first the physical meaning of 

oz=l (4.60.1) 

and then the physical meaning of the exceptions. 

We recall that o was defined by (4.55. 1) 

S°m = /?logo (4.60.2) 

and that S%i is obtained from experimental values of 5 at low temperatures 
by extrapolation according to (4.36.2). Provided the experimental data 
reach down to below 20 ^K, the term 

5„,(r)-SS, = iar^ (4.60.3) 

is so small that no appreciable error arises either from an error in the 
precise form of the relation assumed between S and T or from an inaccurate 
value of a. There is however a far more serious hidden assumption implied 
in the extrapolation, namely that the relation (3) does not completely 
break down at some temperature below that to which the experimental 
data extend. Owing to the possibility of this occurrence and the 

impossibility of a complete experimental disproof, it is well to remember 
that which we shall call the zero-entropy of the crystal, is the entropy 
smoothly extrapolated to T = 0 and is not necessarily the entropy at 
T = 0. Whereas obviously there is at any given date no experimental 
answer as to what happens in the temperature range still inaccessible to 
experiment, statistical theory can tell us when, if ever, it is reasonable to 
expect complications of the kind described. It in fact tells us that in most 
cases it is reasonably safe to assume that such possible complications are 
absent. It also tells us where to expect exceptions. One important 
exception, namely hydrogen, will be discussed in § 4. 64. 

The condition o =: 1 found for most crystals means that the 
conventional zero-entropy of the crystal is zero. According to the 
convention chosen in § 4.59 this means that the contributions to the 
entropy from the translational, electronic, rotational and internal vibrational 
degrees of freedom are all zero. In other words disregarding intranuclear 
degrees of freedom and isotopic composition, we may say that no other 
degrees of freedom contribute anything to the entropy. Statistical theory 
tells us that this corresponds to the crystal being in a perfectly ordered 
state, provided we disregard intranuclear degrees of freedom and isotopic 
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composition. Thus a combination of statistical theory with experimental 
data tells us that as the temperature decreases, most crystals tend towards 
a state of perfect order apart from intranuclear phenomena and isotopic 
composition. More strictly we should say that this is how the crystal 
appears to behave judging by the experimental data in the region of 
20 °K down to 10 °K. 

§ 4. 61 Simple Typical Exceptions 

We shall now consider the exceptions to the general rule o “ 1. 
The two simplest are CO and NNO. In both cases the experimental 
-evidence is that o > 1 and within the experimental accuracy o = 2. 
The statistical interpretation of a value 2 for o, is that instead of perfect 
order in the crystal, there are two possible orientations for each molecule 
and the molecules are randomly distributed among these two orientations. 
This is what one should expect to happen in the case of a linear molecule 
whose field of force is nearly but not quite symmetrical so that the 
molecule can be reversed end for end without an appreciable energy 
change. Statistical theory tells us that the equilibrium distribution of 
directions will remain random down to temperatures at which kT is 
comparable with the energy difference in the two orientations. At 
temperatures where kT is much smaller than the energy difference in the 
orientation, then only one orientation will be stable, but at such low 
temperatures it may well be that the molecules have not sufficient energy 
to turn round. In simple words when the crystal is so cold that the 
molecules have a preference for one orientation they have too little energy 
(are too '‘cold**) to change their orientations. Such a crystal at the lowest 
temperatures will remain in a state with o = 2 and this state is metastable 
with respect to the ideal unrealizable state of ordered orientation with 
o = 1. It is believed that this is a true description of the behaviour of 
crystalline CO and NNO at the lowest temperatures. It is interesting to 
note that the SCO molecule is not sufficiently symnetrical to behave in this 
way and the experimental data are consistent with 0 = 1. 

The case of NO is somewhat more complicated. It is suggested that at 

•the lowest temperatures the molecular unit is and that owing to the 

similarity between N and O atoms the two orientations q® and 

have nearly equal energies. There would then be a random distribution 
over these two orientations. This would lead to a value of o = 2 for 
the molecular unit N 2 02 J the corresponding value of o expressed in terms 
of the molecule NO is 2^ and this value is in agreement with experiment 
within the estimated accuracy. 

The only other well established case of o > 1 believed due to simple 
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orientational randomness is that of ice. To account for the experimental 

data the following assumptions are made: 

(1) In ice each oxygen atom has two hydrogens attached to it at 
distances about 0.95 A forming a molecule, the HOH angle being 
about 105° as in the gas molecule. 

(2) Each HOH molecule is oriented so that its two H atoms are directed 
approximately towards two of the four O atoms which surround 
it tetrahedrally. 

(3) The orientations of adjacent HOH molecules are such that only 
one H atom lies approximately along each O—O axis. 

(4) Under ordinary conditions the interaction of non-adjacent molecules 
is not such as to stabilize appreciably any one of the many 
configurations satisfying the preceding conditions relative to the 
others. 

On these assumptions Paulingcalculated that theoretically o = |. 

Experimentally this value is accurately verified for both H 2 O and D 2 O. 


§ 4. 62 Numerical Values in Formulae for Linear Molecules 

For linear molecules, including diatomic molecules, the formula for /i'*’ 
is the same as (4.58.2) for monatomic molecules. When we substitute 
this into the formulae of § 4. 31 we obtain 


'“a ' = ^ ^ - i - log ^ 

P PB 

+ ^ log (1 + log ^ (4. 62. 1) 

atm. Ai 


-ilog(l-e-Vr) + |^^_,„g-^ 


Pirn 

RdT 


== ^ 1 . 06 rdeg. + ^ log M+log ^ --Tjogd-e-^.'^ 


V ejT 


1 


— log 


P PdB 
atm. RdT’ 


For diatomic molecules each 2 reduces to a single term. 


(4.62.2) 


§ 4.63 Numerical Values in Formulae for Non'Linear Molecules 
For polyatomic non-linear molecules the formula (4. 58. 2) for yu'*’ still 
holds. When we substitute this into the formulae of § 4. 32. we obtain 


* 


Pauling, J. Am. Chem. Soc. (1935) 57 2680. 
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, j_ _ H* T <( f */r I 

^°^^~ RT~RT ^ 4.33, deg. *09 

+ -T log (1 + log -^ + 

« atm. HT 


(4. 63.1) 




©.. 61.. e —1 


P Pc/g 

atm. P cfr 


i '»= OwfdTg-: + * “ + '“5 # - f '“9 


, V a/r _ 

0 — 1 atm. R dT* 


(4. 63.2) 


As an example of the use of these formulae let us calculate the molar 
entropy of steam at a temperature 373.16 and a pressure of one 
atmosphere. The molecular weight of water is M = 18.02 so that 

4 + I log 433 ^ + f log M = 4 +1 log ^ 3 ^ +1 log 18.02 

= 4 + 11.14 + 4.34 = 19.48 

The rotational characteristic temperature of OHj is 0r — 22.2 deg. and 
the symmetry number is o = 2 , so that 

log - 109^2 ( 22.2 ) ' 

The vibrational characteristic temperatures 0p are 2290®, 5250® and 
5400®. For the contribution of the first we have 

- log (1 -e-2»o'J”) + = 0.002 + 0.014 = 0.02 

The contributions from the other two frequencies are negligible. 

Since we are interested in the entropy at a pressure of one atmosphere, 
we have 

p 

— log-= 0 . 

^ atm. 

The correction term involving the second virial coefficient is negligible. 
Adding the several contributions we obtain 

^ = 19.48 + 4.11 + 0.02 = 23.61, 


(r = 373.16° K. P=latm). 


(4. 63.3) 
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Let US now compare this with the experimental value of (S^— <^m)IR 
determined calorimetrically. From the calculation made in § 4.04 we have 

5m (373.16 °K, 1 atm.) —5^(0) = (38.09 + 21.99 + 23.52 + 108.95) 


= 192.55 joulc/mole deg. 


joule/mole deg. 


and dividing by 8.3140 joulc/mole deg. 

SZ (373.16 °K)-5m (0) _ 192.55 


R 


8.3140 


= 23.16. 


Subtracting (4) from (3) we obtain 


si {0)/R = S^n,IR = log o = 0.45 


(4. 63.4) 
(4. 63. 5) 


in goo(d agreement with Pauling’s theoretical value discussed at the end 
of § 4.61 

log o = log I = 0.41. (4. 63. 6) 

§ 4. 64 The Exceptional Case of Hydrogen 

Hydrogen is exceptional in several respects. This is due partly to its 
molecule having such a small moment of inertia with a consequently high 
value of the rotational characteristic temperature ©r = 85.0°. It is also 
partly due to the molecule’s having an exceptionally small field of force 
so that even at very low temperatures it still rotates in the crystal. We 
shall not here go into the theory * of the behaviour of hydrogen as this 
would take us too far afield. We shall merely state the facts sufficiently 
to show how the various thermodynamic formulae must be used so as to 
obtain correct results. 

For the sake of consistency we define our conventional zero of entropy 
precisely as for all other molecules, so that formula (4.59.2) is valid for 
the gas. As regards the physical meaning of this convention the statements 
(a), (a') and (c) of § 4.59 hold without any alteration, but statement (6) 
should be modified as follows; 


(b) the contributions due to any intranuclear degrees of freedom other 
than resultant nuclear spin are ignored and the contribution due 
to the spin of the two nuclei in a hydrogen molecule is taken to be 
the same as if the nuclei were present in independent atoms. Any 
actual deviation from this will then appear in o. 

We shall first consider the gas. The usual formulae for gases with 
diatomic molecules are applicable only at temperatures large compared 
with ©r, and consequently for H 2 they arc only valid above about 300 °K. 

As the temperature decreases from 300 °K to about 45 °K, the tem¬ 
perature dependent term in the molar heat function Hm decreases from the 
usual value I RT for a diatomic gas to the value f RT usually associated 
with a monatomic gas. At the same time the conventional molar entropy 


^ Fowler and Guggenheim, Statistical Thetmodynarmes (1939) § 531. 
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decreases from the usual form for a diatomic gas to a value which except 
for a constant term recalls that of a mohatomic gas. To be precise 

u T P PR 

+ (r<45°K) (4.64.1) 

= f+ t log + | log 3-log (r<45°K). (4.64.2) 

fr = ff + ^ ) • (r < 45 °K). (4. 64. 3) 

The constant term 4 log 3 in (2) is due to the fact that hydrogen behaves 
as a mixture of i parahydrogen with a molar rotational entropy zero at loW 
temperatures and | orthohydrogen with a molar rotational' entropy R log 3 
at low temperatures. 

Turning now to the crystal. let us first ignore any experimental data 
below 12 °K and extrapolate smoothly the data between 20 °K and 12 °K 
in the usual way. We thus obtain well determined values of 

S^m (T) - si (0) = Si iT) - R log o. (4. 64. 4) 

We may use either the usual formula for 5^(7*) with T* > 300 °K or 
alternatively formula (2) for 5^(7) with T <45°K*. by either procedure 
we obtain a value for o agreeing within the experimental error with 

Jog o = I log 3. (4. 64. 5) 

We notice that the conventional zero-entropy of the crystal obtained 
by smooth extrapolation from 12 is the same as the conventional 
entropy in the gas below 45 ®K. 

This would complete the picture of ordinary hydrogen were it not for 
the existence of experimental data on the crystal between 12 °K and 2 °K. 
In this range the entropy decreases with anomalous rapidity In fact the 
heat capacity not only is anomalously greater than corresponds to the 
form aT^, but it actually increases as the temperature decreases below 6 °K. 
On theoretical grounds it is quite clear that the ortho-molecules are 
somehow beginning to “line up“ with a consequent decrease of entropy. 
There can be little doubt that if these experimental data extended to still 
lower temperatures the heat capacity would eventually become normal 
again after there had been a total loss of molar entropy i R log 3. If we 
then determined Si (0) from here instead of by extrapolation from 12 ®K. 
we should find 

0=1, (4.64.6) 

Up to this point we have assumed that the crystal, like the gas, consists 
of the ordinary metastable mixture of i parahydrogen and J orthohydrogen. 
For this mixture the contributions of nuclear spin to the entropy arc 
normal and so their conventional omission leads to no complications. If 
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however the crystalline hydrogen were converted to stable pure para- 
hydrogen there would be a decrease in the contributions to the molar 
entropy, from the nuclear spins and from the mixing of the para and ortho¬ 
molecules, from R log 4 to /? log 1, which would manifest itself as 

o=i. (4.64.7) 

The conventional zero-entropy of stable parahydrogen is 

S% = —R log 4. (para-hydrogen) (4. 64. 8) 

and is thus negative. 

For deuterium D 2 the general picture is similar with several differences 
of detail. The gas behaves like other diatomic gases at temperatures 
exceeding 200 °K. Between this temperature and about 25 °K, the tem¬ 
perature dependent term in the molar heat function Hm decreases to the 
value 4 RT usually associated with a monatomic gas and there is of course 
a corresponding drop in the molar entropy. To be precise 

+ + (7’<25°K). (4.64.9) 

+ I log ^ log 3-log iT < 25 °K). (4. 64. 10) 

+ | + (r<25°K). (4.64.11) 

The constant term log 3 in (10) is due to the fact that D 2 behaves as a 
mixture of f orthodeuterium, with a molar rotational entropy zero at low 
temperatures and J paradeuterium with a molar rotational entropy R log 3 
at Ipw temperatures. 

For the crystal similarly, if one extrapolates in the usual way from a 
temperature between 20 and 10 one obtains 

SU0)IR = SlrlR = log o = J log 3. (4. 64.12) 

There are as yet no experimental data at low enough temperatures to 
show the disappearance of this entropy. 

For the ordinary metastable mixture of orthodeuterium and ^ para- 
deuterium, the contributions of nuclear spin to the entropy are normal 
and so their conventional omission leads to no complications. When 
however the crystalline deuterium is converted to stable pure ortho- 
deuterium there is a decrease in the contributions to the molar entropy of 
the nuclear spins and the mfxing of the ortho and para molecules from 
R log 9 to R log 6. If we assume that at the lowest temperatures the 
molecules line up, as we know to be the case with H 2 , this will manifest 
itself as 


(4.64,13) 
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The conventional zero-entropy of stable orthodeuterium is 

= log I. (4.64.H) 

which is thus negative. 

§ 4. 65 Effect of Isotopes 

In § 4.57 we considered two possible effects due to the presence of 
isotopes in a monatomic substance. In the case of a diatomic or polyatomic 
substance there arc three possible effects, which we shall now consider. 

The first effect, as in the.case of monatomic substances, is that log M 
must be replaced by the suitably weighted sum 

^•.x/logM/, (4.65.1) 

where Xi is the mole fraction of the particular isotope i having a 
conventional molecular weight M/. Similarly log Qr must be replaced by 

2’/x/logen. (4.65.2) 

where Qri is the value of &r for the particular isotope i. The terms in 
must similarly be replaced by suitably weighted averages. It should not 
be necessary to give details, especially since in almost all cases it is 
sufficiently accurate to replace these averaging rules by the simpler rules 
of replacing 

M by SiXiMi (4.65.3) 

Qr by liXi Qri* (4. 65 4) 

0, by SiXiQ.t^ (4.65.5) 

It is only in the cases of Hj, D 2 and possibly other very light molecules 
containing H, D, that these simpler averaging rules may not always be 
sufficiently accurate. 

The term occurring irt H^ and in fi, but not in must likewise 
be replaced by the weighted average 

H.65.6) 

The second effect is that any phase whether solid, liquid or gaseous, 
consisting of a mixture of isotopic molecules in mole fractions jc,*, has an 
entropy per mole exceeding the entropy per mole of similar phases of 
the pure isotopes at the same temperature and pressure and this excess is 

—/? 2i Xi log Xi, (4. 65. 7) 

which is always positive since < 1. As long as the solid and gas have 
same isotopic composition, the two terms of the form (7) cancel and so 
contribute nothing to 0^^ o. 

The third effect to be considered is that associated with difference in 
symmetry. Let us consider the particular example of CI 2 . There are three 
kinds of molecules ^^Cl ^^Cl, ^^Cl ^^Cl and ^^Cl ^^Cl. For the molecules 
35C1 35Q and ^^Cl ^^Cl the symmetry number o is 2, while for the molecule 
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it is 1. In the crystal, on the other hand, o for ^C1 will 
have the value 2 because each molecule can be reversed to give a physically 
distinct state of thie crystal of effectively equal energy, whereas for 
^^Cl and ^^Cl ^^Cl there are not two distinguishable orientations of 
effectively equal energy and so o is 1. Thus the product oo has the 
same value 2 for all three types of molecules. Ignoring the isotopic 
composition means then assigning to ^^Cl a fictitious value of o = 2 
instead of o == 1 and to o a fictitious value o 1 instead of o = 2. 
When we compare the entropy of the gas and the crystal, and it is only 
in such comparisons that the values assigned to Sm have any significance, 
the two errors cancel. 

It is instructive to compare the relative behaviours of CO and Nj with 
those of ^^Cl ^^Cl and ^^Cl ^^Cl. We saw in § 4. 61 that for CO the 
value of o is 2 while of course a 1. We should however obtain correct 
results if we assumed as for Nj that o ~ 1 with o =r 2, using this effective 
symmetry number because CO is an effectively symmetrical molecule. 

The same principle holds in more complicated cases. For example 
comparing the isotopic molecules CH^. CH3D, CH 2 D 2 we see that for 
the first 0 := 12, 0=1, for the second o = 3, 0 = 4 and for the third 
0 = 2, o = 6 so that in all three cases the product 00 is 12. 

§ 4,66 Third Principle of Thermodynamics and Nemst^s Heat 
Theorem 

We recall our formulation of the third principle in § 1.63, which we 
now repeat. 

By the standard methods of statistical thermodynamics it is possible 
to derive for certain entropy changes general formulae which cannot be 
derived from the zeroth, first or second principles of classical thermo¬ 
dynamics. 

In the present chapter we have had three distinct examples of this type. 

In the first place we have quoted a result of completely general validity 
for the entropy constant of gases at sufficiently high temperatures, namely 
the formula (4. 56. 3) or (4. 59. 2) for 

In the second place we have quoted a result of completely general 
validity for the increase of entropy when isotopes, or for that matter any 
other very similar molecules, are mixed at constant temperature and 
pressure. 

In the third place we have quoted a result concerning the conventional 
zero-entropy of a crystal, namely that o is usually but not always unity. 

This last result, in the form quoted, is not altogether satisfactory because 
it admits exceptions without indicating how or when these occur. It is 
therefore desirable to try to replace this statement by a more-definite 
statement not admitting exceptions. The following statement fulfils these 
requirements. 
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If AS denotes the increase in entropy in any isothermal change which 
we represent symbolically by 

(4.66.1) 

and we extrapolate A S to T = 0 smoothly in the usual way, then if the 

states a and ^ are both internally stable, or if any kind of internal meta¬ 

stability present is not affected by the change a -»/?, 

Lt AS = 0. (4.66.2) 

0 

If on the other hand a is internally metastable, while ^ is stable, so that 
the change a /S removes the metastability, then 

Lt AS<0 (4.66.3) 

r->o 

The case where a is stable and /? metastable does not arise, since the 
change a-> ji would then be impossible. The above statements constitute 
an amended form * of a theorem first stated by Nernst and usually known 
as Nernst^s Heat Theorem, 

We shall now verify that the behaviour already described of crystals 
in the limit T 0 is in accord with the above general statement. 

We observe that the several exceptional crystals for which o is not 
unity are in fact in internally metastable states with some form of 
randomness of arrangement of the molecules. If by any means it were 
possible to change such a crystal to the stable completely ordered modific¬ 
ations o would be reduced from a value greater than unity to the value 
unity and so (3) is satisfied. 

Examples of changes satisfying (2) are allotropic changes such as 

white tin grey tin 
monoclinic sulphur -> rhombic sulphur 

In each of these examples, although at low temperatures and ordinary 
pressures the first form is metastable with respect to the second, both 
forms are completely stable with respect to internal changes. In each case 
for both phases o = 1 and so the equality (2) is obeyed. 

Another interesting example is that of helium, the only substance which 
remains liquid down to T = 0, The liquid is changed to solid under 
pressure. The relation between the pressure and freezing temperature is 
shown in Fig. 4.11, from which it is clear that 

Lt % = 0. (4.66.4) 

r->o cti 

But according to the Clapcyron relation (4.41. 10) this is equivalent to 

If ^ = 0. (4.66.5) 

L\y 

• Sec Simon, Etg, d, Exakt, Naturwiss. 9 222 (1930). 
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But AV is certainly finite and so (5) implies 

Lt AS = 0. (4.66.6) 

T^O 

The most numerous and important examples of the relation (2) are 



^fO 15 20 2’S 3-0 3’5 ^'0 ^5 

Tl^K 

Fig. 4.11. Melting-curve of helium. 

those of chemical reactions between solid phases, for example 

Ag + I Agl 

These will be discussed in § 7.14. 


§ 4. 67 Thermal Expansion at Low Temperatures 
It is an experimental fact that the coefficient of thermal expansion of 
all solids and of liquid helium tend towards zero as the temperature is 
decreased. But according to Maxwell's relation (3.04.4), this implies that 


Lt 

r-^o 



(4.67.1) 


If we integrate this from to we obtain 


Lt\S(T.P“)-S(T.P’)\ = Q. (4.67.2) 

r->o 


which is in accordance with the general relation (4. 66. 2). 
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This is the only example of the application of (4.66.2) to a simple 
physical change which we can discuss at this stage. In Chapter XIII we 
shall consider an interesting application to variation of the strength of 
an applied magnetic field. 

§ 4.68 Unattainability of Absolute Zero 

The general laws formulated in the preceding sections concerning the 
behaviour of matter extrapolated to T = 0 are equivalent to the following 
principle *: 

It is impossible by any procedure, no matter how idealized, to reduce 
the temperature of any system to the absolute zero in a finite number of 
operations. 

We shall now prove this equivalence. Let us consider any process 
(e.g. change of volume, change of external field, allotropic change) 
denoted formally by 



(4.68. 1) 

We shall use the superscripts a and to denote properties of the system 
in the states a and ^ respectively. Then the molar entropies of the system in 
these two states depend on the temperature according to the formulae 

s^=s^+ 

(4.68.2) 

5'^=55f+ 

(4. 68.3) 


where 5^. S^m arc the limiting values of 5^, Sm for T 0. It is known 
from quantum theory that both the integrals converge. Suppose now that 
we start with the system in the state a at the temperature T' and that we 
can make the process a take place adiabatically. Let the final 

temperature after the system has reached the state ^ be T"'. We shall 
now consider the possibility or impossibility of T" being zero. From the 
second principle of thermodynamics we know that for an adiabatic process 
defined by its initial and final states the entropy increases if there is any 
irreversible change and remains constant if the change is completely 
reversible. It is therefore clear that the chances of attaining as low a final 
T as possible are most favourable when the change is completely reversible. 
We need therefore consider only such changes. For a reversible adiabatic 
change (1) we have then by (2) and (3) 

^ ^ dT = ^^ +Y ( 4 - 68 - 4 ) 


* See Simon, Science Museum Handbook. 3 (1937) p. 61. All earlier discussions are 
unnecessarily restricted. 

Compare Fowler and Guggenheim, Statistical Thermodynamics (1939) § 538. 


11 
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If 7*" is to be zero, we must then have 



Now if — S^m > 0 it will always be possible to choose an initial T' 
satisfying (5) and by making the process a/S take place from this 
initial T' it will be possible to reach T"' = 0. From the premise of the 
unattainability of T = 0 we can therefore conclude that 

(^. 68 . 6 ) 

Similarly we can show that if we can make the reverse process take place 
reversibly and adiabatically then we could reach 7" = 0 from an initial 
temperature 7' satisfying 

Further if — Shn > 0, we can always choose an initial 7' satisfying 
(7). From the unattainability of 7 ~ 0 we can therefore conclude that 

S5;r <S2f. (4.68.8) 

From (6) and (8) we deduce 

55;r = 5Sf. (4.68.9) 


which is precisely formula (4. 66. 2) of Nernst’s Heat Theorem. 

We can also show conversely that given (9), neither the process 
a nor the reverse process ft a can be used to reach T := 0. For, 
assuming (9) to be true, we now have for the adiabatic process a 
the initial temperature 7' and the final temperature 7" related by 




c/7. 


(4.68. 10) 


To reach 7" = 0 we should require 



dT=:0. 


(4.68. 11) 


But, since C“>0 always, for any non-zero 7', it is impossible to satisfy 
(11). Hence the process a ^ can not be used to reach 7 = 0. The proof 
for the reverse process -4 a is exactly similar. 

In the above argument we have assumed that the states a and are 
connected by reversible paths. If all the phases concerned are phases 
in complete internal equilibrium the changes concerned must presumably 
be regarded as reversible. If any phase occurs naturally in metastablc 
internal equilibrium, a process affecting it may or may not disturb the 
frozen metastability. If it does not disturb it. then the change may still 
be regarded as reversible, but otherwise it will be a natural irreversible 
change. We shall now verify that by using internally metastable phases 
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we arc still unable to reach T = 0. In fact as foreshadowed above the 
irreversibility involved makes the task more difficult. 

Suppose for example that a is internally metastable, while p is internally 
stable. Then according to (4. 66, 3) of Nernst’s Heat Theorem 

(4.68.12) 

But the change a is a natural irreversible process and the opposite 
change is impossible; hence the adiabatic change a-^ P takes place with 
increase of entropy, so that 

+ (4.68.13) 

Thus to attain T" = 0, we must have 

Y<iT< - SS,“ < 0 (4.68.14) 

using (12). But since C“ > 0 always, it is impossible to satisfy (H) and 
so we again find it impossible to reach T = 0. 

We shall revert to the subject of the unattainability of T = 0 at the 
end of Chapter XIII on magnetic systems. 

§ 4. 69 Interfacial Layers 

We complete this chapter by a consideration of interfacial layers. In a 
one component system we cannot usually have more than one liquid 
phase and so we need consider only the interfaces between a liquid and 
its vapour. The interfacial tension of such an interface is usually called 
the surface tension of the liquid. 

As we have seen in §4.40 a one component system with two bulk 
phases has one degree of freedom. We may accordingly treat the 
temperature as the independent variable; the pressure is then determined 
by the temperature. Thus the properties of the interfacial layer, in 
particular the surface tension will be completely determined by the 
temperature. Our main task is therefore to consider how the surface tension 
depends on the temperature. 

§ 4. 70 Temperature Dependence of Surface Tension 

We begin with formula (1.55,3) 

= S^dT - rdP + Tc///, (4. 70. 1) 

where we have dropped the subscript u in which we henceforth assume 
to refer to unit area. 

From the equilibrium between the liquid phase, denoted by the super¬ 
script L, and the gas phase, denoted by the superscript G, we have as 
in § 4.41 

. rf/. = -5Ur+7UP=-S^.rfr+K°cfP. (4.70.2) 
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When we eliminate and dP from (I) and (2) we obtain 

-^=(S’^rs^) - (r-rvi) 0 ^^. (4. zo. 3) 

This formula relates the temperature coefficient of the surface tension 
to certain entropy changes. Before we examine this formula in any detail, 
we shall show how it can be transformed to another relation involving 
energy changes instead of entropy changes. 

For the two bulk phases we have as usual 

(4.70.4) 

^ = Gl = U^-TS% + PV^,,. (4.70.5) 

For the surface layer we have by applying to unit area the formulae of 
§ 1,54 

rju=zG"=: £/"- TS^ + Pr-y. (4. 70. 6) 

We now use (4), (5) and (6) to eliminate 5^1. 5m and 5*^ from (3). 
We obtain 

-T^ = (U^-ru^) + P(x-rvi)-y 
-ir-rvl„) 0:zy^-P{r-rv^). 

y m ^ m 

The terms containing P cancel and (7) reduces to 

v-T^={W- rui) - (t-rvi) ^5^ 

§ 4. 71 Invariance of Relations 

We recall that according to the definition in § 1.51 of a surface phase 
the properties associated with it depend on the position of the boundaries 
AA' and BB' in Fig. 1.2. We shall henceforth refer to these as the La 
and the Gq boundaries respectively. Since the precise placing of these 
boundaries is partly arbitrary, the values assigned to such quantities as 
7. r, s\ u" are also arbitrary. We can nevertheless verify that our 
formulae are invariant with respect to shifts of either or both of the 
boundaries. It is hardly necessary to mention that the intensive variables 
T, P and jLi are unaffect;ed by shifts of either boundary. It is also clear 
from the definition of y in § 1.52 that its value is invariant. 

Let us now consider a shift of the plane boundary La through a distance 
dr away from the gas phase. Then F becomes increased by the number 
of moles in a cylinder of liquid of height dr, of cross-section unity and 
consequently of volume 6 t. Thus F becomes increased by 6 r/V^, It follows 
immediately that t— FV^ remains invariant. Similarly S* becomes in¬ 
creased by the entropy in a cylinder of liquid of volume dr, that is to say 


(4. 70. 7) 

(4. 70.8) 
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by an amount S^dx/V^. It follows immediately that S ’—FSm remains 
invariant. Precisely similar considerations show that U’’— FU^ remains 
invariant. 

We have now to consider a similar shift of the Go boundary through 
a distance dr away from the liquid phase. Then F is increased by dr/Vm . 
and so (r^FV^) is increased by (V%—Vm)dT/Vm* Similarly ) 

is increased by (S^ 5^) When we insert these values into 

(4.70.3) we see that the resulting variation vanishes. The same holds 
for (4.70.8). 

§ 4. 72 Simplifying Approximation 

The formulae of § 4. 70 are strictly accurate and involve no assumptions 
or approximations concerning the structure of the interfacial layer. We 
shall sec that they can be greatly simplified by making use of our knowledge 
concerning this layer. 

In § 4.34 we mentioned that, at temperatures well below the critical, PV^ 
is small compared with RT and may usually be ignored. In the intcrfacial 
layer the density is comparable to that in the liquid phase so that r/F is 
comparable to and negligible compared with Consequently the 
terms containing the factor (t— FVm)l{V% — Vm) niay be neglected. 
Formulae (4. 70. 3) and (4. 70. 8) then reduce to 

-^=S’-rsL (4.72.1) 

7 -T^=W-rU^n, (4.72.2) 

respectively. 

It is worth noticing that the right side of (1) is the entropy of unit 
area of surface less the entropy of the same material content of liquid 
and the right side of (2) is the energy of unit area of surface less the 
energy of the same material content of liquid. More pictorially we may 
say that when unit area of surface is created isothermally and reversibly, 
the work done on the system is y, the heat absorbed by the system is the 
right side of (1) multiplied by T, and the increase of energy, the sum of 
these two quantities, is equal to the right side of (2). 

If however we arc making the above simplifying approximations, then by 
making them at an earlier stage we can considerably simplify the 
derivations. We accordingly replace (4,70.1) by the approximation 

z=: S'dT + rrf//, (4. 72. 3) 

and (4. 70. 2) by the approximation 

dn=-S^mdT=-S^dT+RTd\o^P. (4.72.4) 

Eliminating dfi from (3) and (,4) 'vi obtain immediately 

-dY-(S’-rsi)dT 


in agreement with (1). 


(4. 72.5) 
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Furthermore we replace (4. 70. 4) by the approximation 

^ = U^„,-TSi, (4.72,6) 

and (4. 70. 6) by the approximation 

riu=iU"-^TS^-y. (4.72,7) 

Eliminating 5*^ an{J Sm (5), (6) and (7) we recover (2). 

We conclude this discussion with a warning against indiscriminately 
using the simplified formulae of this section in the neighbourhood of the 
critical point. The necessary condition for their use is that 

rir^Vin<V?n-Vl (4.72.8) 

In the neighbourhood of the critical temperature becomes nearly as 
great as and this condition may no longer be taken for granted. 


§ 4. 73 Vapour Pressure of Small Drops 

Fig. 4. 12 represents a small spherical drop and a portion of liquid in 



Fig. 4.12. Vapour pressure of droplet. 


bulk both at the same temperature. We denote the interiors of these liquid 
phases by a, p respectively and the vapour immediately outside them by 
a, p' respectively. Let us assume that the external pressures and 
are equal, that is 

P*' = P®' (4.73. 1) 

Then, according to (1.56, 10) the pressure P“ at the interior a of the 
drop is greater than that P^ of the liquid in bulk, according to 

P“-P^=-y. (4.73.2) 

r 


But according to (4. 50. 11) the fugacity p*" is related to the pressure P by 


dP ~Rr 


(4.73.3) 


If then we neglect the compressibility of the liquid, the fugacity of 
the liquid in the drop is related to the fugacity pV of the liquid in bulk by 

/?riog^;=(P*-p’)ri 


(4.73.4) 
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Comparing (2) and (4) we find 

= (4.73.5) 

If we neglect deviations of the vapour from a perfect gas» we may* 
replace fugacities p* by vapour pressures p and so obtain 

RTlog^, = -yVl (4.73.6) 

p^ r 

We see then that at the same external pressure the small drop always 
has a greater fugacity and vapour pressure than the bulk liquid. Vapour 
will distil from the drop to the liquid and as the drop becomes smaller 
its vapour pressure increases still more. Thus small drops are essentially 
metastable relative to the liquid in bulk. 

§ 4. 74 Empirical Temperature Dependence of Surface Tension 

Since the surface tension of a liquid decreases with increasing 
temperature and vanishes at the critical point, the simplest possible form 
of empirical relation between y and T is 

7 = 70 1^1 — 

where y^ and r arc constants. For the substances having the simplest and 
most symmetrical molecules such as Ne, A, N 2 , O 2 excellent agreement 
with the experimental data is obtained with r = 2/9 as is shown in Table 
4. 11. The data at the foot of this table will be discussed in § 4. 75. 

The reason for the particular choice r 2/9 will be explained shortly. 
Ferguson* in a review of the experimental data for ten esters and four 
other organic compounds found r= 0.210 ±: 0.015, which does not differ 
significantly from the value 2/9 adopted above. Van der Waals at a much 
earlier date suggested the value r = 0.234, but accurate experimental data 
do not support this value. 

Another type of formula relates the surface tension y to the coexisting 
molar volumes of the liquid and of the vapour. The simplest 
satisfactory formula of this type is the following 

yp-loCd-r/Tc) (4.74.2) 

where y is defined by 

fn tn 

or 

yVc = ^- -(4.74.4) 

Qc 

* Fergu^n, Trans, Faraday Soc, (1923) 19 407; Proc, Phys, Soc, (1940) 52 759. 


ir 


(4. 74.1) 
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TABLE 4.11 
Y==ro{l^T/Tcr\ 


Nc 

A 

Ni 

Oi 

yo==15.1 dync/cm. 

7^=150.7 

yo = 36.31 dyne/cm. 

r^= 126.0 °K 

yo = 28.4 dync/cm. 

r^= 154.3 °K 
yo=38.4 dyne/cm. 

T 

y/dync cm.”* 

T 

y/dyncem. * 

T 

y/dync cm.”* 

T 

yf dyne cm. * 


calc. 

obs. 









obs 

24.8 


5,61 

85.0 

13.16 

13.19 

70.0 

10.54 

10.53 

70.0 

18.34 

18.35 

25.7 

5.33 

5.33 

87.0 

J2.67 

12.68 

75.0 

9.40 

9.39 

75.0 


17.0 

26.6 


4.99 

90.0 

11.95 

11.91 

80.0 

8.29 

8.27 

80.0 

15.72 

15.73 

27.4 


4.69 




85.0 

7.20 

7.20 

85.0 

14.44 

14.5 

28.3 


4.44 




90.0 

6.14 

6.16 

90.0 

13 17 

13.23 

=41.7 cm. ^mole 
roV«J7' = 

4.05 erg deg.""' 

mole“^ 

=75.3 cm.^molc 
j'oV»r7' = 

4.3 erg deg.”* 

molc”^ 

V’^=90.2 cm.^/molc 

4.5 erg deg.”* 

mole”^ 

V^=74.5 cm.Vmole 

roVlTj'^ 

4.4 erg dcg.“* 

molc”^ 


This formula, due to Katayama is a striking improvement over the older 
and less accurate formula of Eotvos, which contained instead of 
This was shown by Katayama for various organic compounds and we 
shall now verify that this is also the case for the substances having the 
simplest molecules. 

In § 4. 53 we verified that the substances having the simplest molecules 
follow with a high degree of accuracy formula (4.53.5), namely 


Using the definition (4) of y, this can be written 



(4.74. 5) 


(4.74.6) 


If we now eliminate y between (2) and (6), we obtain 


Y oC 



(4.74,7) 


of the form (1) with r = 2/9. It follows that the verification of (7) in 
Tabic 4.11 and the verification of (5) in Fig. 4.9 together constitute a 
verification of (2). 

If instead of eliminating y between (2) and (6), we eliminate T/Tc 
between the same formulae we obtain 




Y oc y^\. (4* 74* 8) 

Katayama, Science Reports Tdhoka Imperial University (1916) 4 373* 
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The better known relation of McLeod * with an index 4 instead of 3| is 
less accurate, at least for the substances having the simplest molecules. 
Actually for the half dozen organic compounds considered by McLeod 
it is clear that y in fact varies as some power of y less than 4. 

§ 4* 75 Corresponding States Applied to Surface Tensions 

The principle of corresponding states, so far as applicable at all to 
surfaces, can on physical grounds be expected to hold only for substances 
having the simplest and most symmetrical molecules. 

According to the principle it is clear from dimensional considerations 
that yo Vl 7T' should be a common function of T/Tc for substances 
obeying the principle. In particular, if these substances obey (4.74.1), 
then ^0 should have a common value. The data ** at the bottom 

of Table 4, 11 show that this is in fact the case within about rh 2 % for 
A, N 2 . Oa# while the value for Ne deviates by rather less than 10 %. 

* McLeod. Trans. Faraday Soc. (1923) 19 38. 

•* For details see Guggenheim, /. Chem. Phys. (1945) 13 259. 



CHAPTER V 

SYSTEMS OF TWO NON-REACTING COMPONENTS 


§ 5.01 Introduction 

As soon as we turn from systems of one component to systems of more 
than one component we introduce the possibility of new degrees of freedom 
associated with differences in composition. For example we can have two 
liquid phases of different composition in equilibrium with each other. 

There are no differences of principle between the treatment of systems 
of two components on the one hand and systems of more than two com¬ 
ponents on the other. Nevertheless a separate chapter is being devoted to 
the former not because any emphasis is placed on the number two, but 
rather because formulae for a specified number, e.g. two, of components 
are in many respects more definite and therefore simpler than formulae 
for an unspecified number of components. 

It is assumed throughout this chapter that the two species do not react 
chemically with each other. Consideration of chemical reactions is post¬ 
poned to Chapter VII. 


§ 5.02 Partial Molar Volumes 

If we make up a mixture of n| moles of a substance 1 having a molar 
mass M| and nj moles of a substance 2 having a molar mass M 2 then 
owing to the conservation of mass it is evident that the mass M of the 
mixture is given by 

M = n^M^ + n2M2. (5.02.1) 

It would be desirable to have similar relations for other extensive properties 
such as volume V and entropy S, but as these arc not necessarily conserved 
on mixing the situation is not so simple. One might define V, as having 
the same value as in the pure substance and then use the relation 


V = n,V, + njV2 (5.02.2) 


as a definition of Vj. But such a convention would be unsymmetrical with 
respect to the species 1 and 2, eind is therefore objectionable. We accor¬ 
dingly have to proceed by a less obvious path. 

We define quantities V,. V 2 by the relations 



(5.02.3) 

(5.02.4) 


so .that for the most general change in the homogeneous mixture of the 
species 1 and 2 


dV=aVdT-»tVdP+ V,dny + Vjrfrij. 


(5.02.5) 
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and for the variations in content at constant temperature and constant 
pressure 

dV = Vidnj + V2dn2. (const. T. P). (5.02. 6) 

At constant temperature and pressure V is homogeneous of the first 
degree in n|, n 2 and so V,, V2 are homogeneous of zero degree in n|,n 2 . 
This means physically that if we increase n, and n 2 in the same ratio, then 
V is also increased in the same ratio while Vj, V2 remain constant. If then 
we consider a variation at constant relative composition, that is to say 
constant ni/n 2 , we may write 

rfni=:n|df. dn 2 = n 2 d£, dV=Vdi. (5.02.7) 

Substituting (7) into (6). wc obtain 

Vd^ = n,V^d( + n2 V2rff. (5. 02. 8) 

Now dividing throughout by df. or alternatively integrating from f = 0 
to f = 1, we obtain 

Vzr:;2,l/, + n2V2. (5.02.9) 

which is of the desired form (2). We have thus achieved our object of 
attaining this relation by means of a symmetrical definition of V , and V 2 . 
We call V, the partial molar volume of the species 1 and the partial 
molar volume of the species 2. 

§ 5. 03 Other Partial Molar Quantities 

Corresponding to any extensive property X, the partial molar quantities 
X 2 are defined precisely as in the case of volume, that is to say 


II 

a 

(5. 03.1) 


(5.03.2) 


By reasoning precisely analogous to that in the case of volume, we can 
then deduce 

X = n,X^ + n2X2. (5.03.3) 

It is not necessary to write down relations of this form for each extensive 
property. We shall merely give a table of some important examples. 


X 

X, 

X 2 

V 

V, 

V2 

s 

s, 

S, 

u 

u. 

u. 

F 

Fi 

Fi 

H 

fix 

fl2 

G 

G, 

G, 

C 

c, 

c. 

C 

C»\ 

a. 
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It is perhaps worth while drawing attention here to the fact that the 
quantity X need not be a thermodynamic property of the system. It is only 
required that X shall be an extensive property. We shall merely mention 
one example of such a non-thermodynamic property. If r denotes the 
refractive index of a mixture of two substances, we define the total refrac-- 
tivity R of the system by^ 

(5.03.4) 

H + 2 

so that R is clearly an extensive property. Wc then define partial molar 


refractivities in the usual way by 



(5. 03.5) 


(5.03.6) 

and it then follows as usual that 


/? =: Hj /?! -{- n2jR2* 

(5.03.7) 


The reason for choosing this particular example is the following. There 
are theoretical grounds for expecting R to be an approximately additive 
quantity, in which case R\, R 2 would be independent of the composition 
of the mixture and have the same values as for the two pure substances. 
This is more or less supported by experiment. There are however theoretical 
grounds for expecting in certain cases deviations from simple additivity 
and this is also confirmed by experiment. The quantitative theoretical dis¬ 
cussion of such deviations from simple additivity could be improved by the 
use of the partial molar refractivities defined as above. 

§ 5. 04 Relations Between Several Partial Molar Quantities 

Since the partial molar quantities are defined from extensive properties 
by simple differentiation, it follows that they are interrelated in a manner 
similar to the extensive properties from which they are derived. In particular 
we have 


1 

11 


(5.04.1) 

H, = £/, + Pl^,. 


(5.04.2) 

/x, = G. = t/,-r5, + PK,. 


(5.04.3) 



(5.04.4) 



(5.04.5) 

H. = G,-r(§)^=-r> 

/d[G,/n\ 

1 ar )/ 

(5.04.6) 
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F, = G,-P(^)^. (5.04,7) 

(5.04.8) 


All differentiations in the above are performed at constant composition, 
A precisely similar set of relations of course holds for the partial molar 
quantities of the species 2. 


§ 5. 05 Variations of Partial Molar Quantities with Composition 
If we differentiate the relation (5. 02. 9) we obtain 

dV = n^dVy + Vidrii + n2dV2 + V2dn2f (5. 05. 1) 

and comparing this with (5. 02. 5) we derive 

—aV dT + xVdP + nidV, + n2dV2 = 0. (5. 05. 2) 

In particular at constant temperature and pressure 

nidV^ + n 2 dV 2 = 0, (const. T, P). (5. 05. 3) 

Similarly for any other pair of partial molar quantities Jfp X 2 we can 
derive 

n,dXi + n 2 dX 2 = 0, (const. 7, P). (5.05.4) 

§ 5. 06 Use of Mole Fractions 

The relative composition of any phase is conveniently described by the 
mo/e fractions as defined in § 1.37. In a phase containing two components, 
the mole fractions xi, X 2 arc defined by 


n, n 2 

— . • ^2 — . 

ni + n2 rii+n2 

(5.06.1) 

and satisfy the identity 


Xi+X2=l- 

(5.06.2) 

We shall use as independent variable at, and shall drop the subscript 2. 

We accordingly write 


X2 = X, Xi = l—X. 

(5.06.3) 

Formula (5.05.4) is then equivalent to 



(5.06.4) 

or more briefly 


4.;C^ = 0 
' ^ dx ^ dx ’ 

(5.06.5) 


it being understood that the other independent variables throughout are 
T, P unless any statement is made to the contrary. 
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§ 5. 07 Mean Molar Quantities 

Corresponding to any extensive property X, the mean molar quantity 
Xm in a phase of two components is defined by 

(n^ + n2)Xm = X. (5.07.1) 

The various thermodynamic mean molar quantities are interrelated in 
the same manner as the extensive quantities from which they are derived. 
In particular 


Pm — Unt — T Sm> 

(5. 07.2) 

H„ = Um + PV„. 

(5.07.3) 

Gm — Um — TSm "I" PVmi 

(5. 07.4) 

Q dGm 

Om— I 

(5. 07. 5) 

u — T* dOffi 

(5.07.6) 

p — __ p 

r m — , 

(5.07.7) 

f jr ^ tn 

Um — ^m — i ' t: ^p , 

(5.07.8) 

^ nprOS/n ^ H rn 

(5.07.9) 


In all the above differentiations the independent variables are T, P, x\ 
thus in all of them x is kept constant. 


§ 5. 08 Relations Between Partial Molar and Mean Molar Quantities 

If we apply the relation (5. 03. 3) to a phase containing in all one mole, 
we obtain 


Xm = {l-x)X^ + xX2. (5.08.1) 

Differentiating (1) with respect to x, taking account of (5.06.4) we find 

1 

!l 

(5. 08.2) 

From (I) and (2) we deduce 


V — Y dXm 

(5.08.3) 

X2 = Xm+{l-x)^-^. 

(5.08.4) 


Formulae (3) and (4) have a simple geometrical interpretation shown in 
Fig. 5.1. The abscissa is x. increasing from zero at O representing the pure 
component 1 to unity at O' representing the pure component 2. Suppose the 
curve APB to be a plot of the mean molar quantity X^ as ordinate and P 
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to be any point on it. Let the tangent QPR to this curve at P cut the O 
and O' ordinates at Q and /? respectively. Then from (3) and (4) we see 



Fig. 5.1. Relation between partial molar quantities and mean molar quantity. 

that the partial molar quantities Xi and X 2 for the composition at P are 
represented by OQ and O'R respectively. 

It is clear from this construction or otherwise that for cither pure com¬ 
ponent the partial molar quantity is equal to the mean molar quantity, 
becoming in fact the molar quantity used in the preceding chapter. 


§ 5. 09 Partial Molar Quantities at High Dilution 
By writing (5.06.5) in the form 


dx/ dx 1—a' 

we make the interesting observation that as x 


(5. 09. 1) 

0 either 0 or 

ox 


CO. Both alternatives occur. We shall find later that as jc 0» 
ox ox 

dll] dH\ dC| 11 ♦ j * j d F2 dG 2 « 1 

ox ox ox ox ox ox 

towards infinity. 

In the limit x 1, we of course meet the converse behaviour cor¬ 
responding to interchange of the species 1 and 2. 


§ 5.10 Gibbs^Duhem Relation 

All our considerations concerning partial molar quantities Xi , X 2 are 
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valid when X is any extensive property. In particular if we take X to be 
the Gibbs function G, we have according to (5. 06. 5) 

Now from the fundamental relation (1. 31.6) applied to a phase with two 
components 

dG = — SdT 4- VdP + drti + /i2 dn2* (5. 10. 2) 

we see that 

G,=:/ip (5.10.3) 

G2 = ti2^ (5.10.4) 

Substituting (3) and (4) into (1) we obtain 

which is the Gibbs-Duhem relation already derived in § 1.38. 

It is worth noting that since formula (1) follows from the fact that G 
is an extensive property and from the definitions of G| and G 2 , it is clear 
that in deriving the Gibbs-Duhem relation (5) thermodynamic con¬ 
siderations come in only through the use of (3) and (4). 

If we take Xm in (5. 08. 3) and (5.08.4) to be G^,, we have 

= —(5.10.6)' 

y«2 = Gm + (l-^)^. (5.10.7) 


§ 5.11 Binary Gaseous Mixtures 

In considering a mixture of two gases it is convenient to begin with the 
independent variables T, V and transform to the variables T, P later. We 
accordingly begin by describing the free energy F. 

We recall that for a single gas containing n moles the free energy F is 
according to (4. 23. 5) 

F='n/u,^^nRT + nRT log H- y —. (5.11.1) 

neglecting virial coefficients beyond the second. Statistical mechanics shows 
that the term containing B is due to interactions of pairs of molecules, 
whereas the higher virial coefficients, which we are neglecting, are con¬ 
nected with simultaneous interactions involving more than two molecules. 
The remaining terms in (1) are those of a perfect gas in which the mole¬ 
cules are treated as independent. 
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The extension of (1) to a mixture containing m moles of species 1 and 
ri] moles of species 2 is 

F = n, I At?-/? r +;? r log 
+ ”2 ^f4—RT + /jriog ^ y I 

+ ^|nJBH4-2n,n,B„-fn§B„|. (5.11.2) 

In (2) the term in takes account of interactions between pairs of rnole^ 
cules of type 1, B 22 between pairs of molecules of type 2 and S ,2 between 
pairs of molecules one of each type. These three coefficients, as well as 

fAt fA depend only on the temperature. We recall that denotes some 
standard pressure, whose choice of course affects the values of 
From (2) we derive immediately 


P 


^dl^j 


r.iii.n, 


= ("1 4- n,) 


RT 


+ ^jnJB,, •+• 2n,njB^ + 

(”i^ii + n2B,2). 


(5.11.3) 

(5.11.4) 

(5.11.5) 


The absolute activities are given by 

log 2, = log 4 + log + ^ („, B„ -H n, B„). (5.11. 6) 

log ^2 = log ^2 + log + ■^('> 1^12 + 02 B 22 ). (5.11. 7) 

where 

x\ = 4 = (5.11.8) 


§ 5.12 Change of Variable from V to P 

Formula (5.11.3) expresses P as a power series in which is 
quadratic because we are neglecting smaller terms of higher order. We 
can invert this into a formula for V as a power series in P and obtain to 
the same degree of accuracy 

V _RT nJB„+ 2n,n2B,2 + n»B22 
n,-hn2~ P (n, + n2)* ' 


12 
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Substituting (I) into (5. 11.4) we obtain to the same order of accuracy 
+ JfiT log + RT log ^ 

+ + (5.12.2) 

Similarly 

M2 = M2 + RTlog + RT I09 ^ 

+ PI B„- (Bn-2Bu + B„) j. (5.12. 3) 

For the absolute activities we have 

log 2, = log 4 + log - ^ 

”1 + "2 P’^ 

+ ^ I ®" - (^7+i-.)’ W. -2 (5.12.41 

log ^2 = log 4 + log —X— + log ^ 

Hi + n2 

For the Gibbs function we have 
G = n, ju, + nz /i 2 

z=n,Mt + "2 + ("I + " 2 ) ^^log ^ 

+ n, Priog —-xr- + "2 f?riog —xx 
rti -f- n2 Hi “h n2 

+ P jni Bji + nj B 22 — {^11 — 2 5i2 + 522)|* (5.12. 6) 

For the entropy we have 
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and for the heat function 

H=G+7-S = „, 7-^') + (^J_ 7-^^!) 


+ Pn, Bn-r 


dT 


(n, 

+ n2)l‘- 

The partial molar entropies are 

e _ /^ ^ 

'~\dnjT.P~ dT 

dpt 
~ dT 


_ / _Jl2 _ 

fdT ' 

\ Hj + 772 

and similarly for Sj. 



_sio9? 

(Bi) 2 Bj 2 + B 22 ) I» 


(5. 12.9) 


§ 5. 13 Partial Pressures and Fugacities 
The partial pressures p^ and pj are defined by 

Hi 772 






(5.13.1) 


The fugacities p* and pi are defined by 
♦ ♦ 

-^=:const., -^^const., (T const.), (5.13.2) 

/j A 2 

^-*>1 as P-*0. (allT). (5.13.3) 

Pi Pr 

From (1), (2), (3), (5. 12.-1). (5. 12.5) it follows that 
log p* = log pi + IBii — 2Bi2 + B 22 )|. (5.13.4) 

log pi = log P 2 + ^ I B 22 - ( ' (B„ - 2 B, 2 + B 22 ) j • (5.13.5) 


§ 5.14 Idealized Binary Gaseous Mixtures 

Experimental data on the coefficient 8^2 arc almost entirely lacking. In 
their absence it is usual to assume 

^12 ~ i (^11 + ^ 22 )* (5. 14. 1) 

There is no theoretical, nor experimental basis for (1), but in the absence 
of any information it is as good a guess as any other for Bjj. The physical 
assumption which (1) represents is closely allied to the physical assumption 
which leads to a liquid mixture being ideal in the sense to be defined in 
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§ 5. 29. Wc shall accordingly refer to a binary gaseous mixture assumed 
to obey (]} as an idealized mixture. 

For an idealized mixture we deduce from (1) and (5. 11.3) 


RT RT 

Pzz (n, -f rti) -pr + (n, + n2) ^ {n, + n2 B 22 1- (5. H. 2) 


Hence the partial pressures defined by (5. 13. 1) and (5. 13. 2) are 


RTS, 

Px = n, 

, ^i + ^^2^22) 

1- V y 

(5.14.3) 

RTl. 

P2 = n 2 yr- jl - 

1 B\ \ n 2 B22 ) 

(5. H.4) 

^ V {• 


whereas according to (5. 13.4), (5. 13.5) the fugacities become 

PR 

logpr = logp,+ (5.H.5) 

PR 

\ogp'2 = \ogp2 + ^. (5.H.6) 

According to (5) and (6) the ratio of the fugadty p* to the partial 
pressure pi in the idealized mixture is the same as in the pure single gas 
at the same total pressure P. This is the empirical relation often assumed 
for purposes of calculation. It is equivalent to the assumption (1), which 
we repeat has neither theoretical nor experimental basis. 


§ 5. 15 Biliary Perfect Gas with T, V as Variables 
At low pressures it is often allowable to ignore all the terms containing 
B|i, B| 2 » fl 22 * Under these conditions we say that we are regarding the 
gas as a perfect gas. 

For the free energy of a perfect gas we have according to (5. 11.2) 

( , niRT) 

F=.,y,-RT-tRT\og-^i 
+ n.|«’-R7- + Rrio8-^|. <5'5» 

Thus the free energy of a perfect gas containing two components is just 
the sum of the free energies at the same temperature of the two separate 
gases each occupying the same volume V as the mixture. 

For the entropy we deduce from (1) 


S = 




\§ + Rlog 


HiEll 
PV' 


—n, 


^H-Rl., 


"lEIl 

pV ) 


(5.15.2) 
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SO that the entropy is also the sum of the entropies of the two separate 
gases at the same temperature each occupying the same volume V as the 
mixture. 

The energy is given by 

U=F+ TS=n, j/xl- - /?rj + n, (5. 15. 3) 

from which we observe that the energies are both additive and independent 
of the volume at a given temperature. 

The pressure is given by 


P-- 


(5.15.4) 

and the partial pressures 

are 



_ RT 

Pi — 'y • 

(5. 15.5) 


RT 

P 2 — "2 "pT . 

(5.15.6) 


We thus see that in a binary perfect gas the partial pressure of either com¬ 
ponent is the same as if it occupied the same volume at the same tem¬ 
perature in the absence of the other gas. This is Dalton s Law o/ partial 
pressures. 

Finally in a perfect gas the fugacity is the same as the partial pressure 
and consequently the condition for equilibrium across a membrane per¬ 
meable to the species 1. but not the species 2 , becomes 

p«=:pf (5. 15 7) 

where the superscripts a, p refer to the two sides of the membrane. 

§ 5. 16 Binary Perfect Gas with T, P as Variables 
If we wish to use the more usual independent variables T, P we must 
turn to the formulae of § 5. 12. Omitting all terms containing B,,, Bi 2 » B 22 
we obtain as the formulae for a perfect gas 

G = Hj I ywl + RT log + RT log 

+ n, + RT log p + RT log (5. 16. 1) 

+ RT log + RT log + RT log . (5- «6. 2) 

= + RT log + RTlog = + RTlog (5. 16. 3) 

-I, =4^,. 



(5. 16.“!) 
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h = (5.16.5) 

-„.j^+Rlo,^+Rlo,„-^j, (5.16.6) 

Whereas we saw in the preceding section that at given T, V the thermo¬ 
dynamic functions of a perfect gas are additive, we see that this is by no 
means the case for the thermodynamic functions at given T, P, The entropy 
contains the extra terms 


-R 


n, log 


Hi 

Hj -f n2 


+ log 


-JlL-l 

n, + rij) 


(5.16.7) 


usually called the entropy of mixing. The same extra terms occur in / and 
y. Correspondingly G and F contain the extra terms 


RT 


nj leg 


ni 

n,-l- ni 


+ ^2 log 




(5. 16.8) 


We also note the .mteresting result that for a perfect gas each ju can be 
expressed as a function of temperature and partial pressure independent 
of the total pressure and of the partial pressure of the other component. 
The volume, the heat funct-oi* and the energy are given by 

V=|| = (n,-l-n2)-/ (5.16.9)- 


H= G + 75 = n, -f nj . (5.16.10) 

U=H-PV=n, (^p]-T^-RT^ + n 2 (^f*l-T^-RTy (5.16. II) 

We note that at given T, P the volumes are additive, while at given T 
the heat functions and energies are additive and independent of the 
pressure. 

For the partial molar quantities, other than Gj, G] which are the same 
as Pi, Pi respectively, we have 


5. 


_ _ dp\ 

dni dr 57^ 



Hi 

ni + n. 



El 

P+* 




dn^~ P • 


(5. 16. 12) 


(5.16. 13) 
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H, = G, + r5,=AtI-rj^ (5.16.H) 

U, = H^-PV,=fA-T^-RT. (5.16.15) 

and analogous relations for S 2 , V 2 , H 2 , U 2 * 

From (H) and (15) it follows that the partial molar heat capacities are 
equal to the molar heat capacities of the pure components. 

§ 5. 17 Introduction to Binary Liquids 

We now turn to liquid mixtures of two components and the equilibrium 
between such phases and other phases, gaseous, liquid or solid. We begin 
by certain general considerations applying to all such liquid mixtures. We 
shall next consider a special class of such mixtures, called ideal, which 
exhibit an especially simple behaviour. We shall then show how the 
behaviour of non-ideal mixtures can conveniently be compared and cor¬ 
related with that of ideal mixtures. The procedure will be illustrated in 
greater detail for a class of mixtures called regular, 

A homogeneous mixture of two components is often called a solution, 
one of the components being called the solvent, the other the solute. From 
a thermodynamic point of view there is complete symmetry between the 
two components of a mixture and there is no distinction between solvent 
and solute, and it is largely a matter of convention which is called which. 
In practice it is usual to designate by the term solvent the species present 
in the greater proportion, but this is not a rigid rule. Wc shall for the 
most part avoid using the terms except in connection with certain pheno¬ 
mena, such as osmotic equilibrium, which themselves create a dissymetry 
between the two components. 


§ 5. 18 Use of Activities and Fugadties 

All the equilibrium properties of the two components 1 and 2 arc 
determined by their respective chemical potentials /xi and ^ 2 * our con¬ 
sideration of liquid mixtures, we shall be particularly concerned with a 
comparison of the equilibrium properties of the mixture with those of the 
pure components. Consequently we shall be concerned not so much with 
/Zj, ^2 themselves as with the differences 

fit-/A, (5.18.1) 

f*2 — tA‘ (5.18.2) 

where the superscript 0 denotes the value for the pure liquid at the same 
temperature and pressure. 

We recall the definition * of absolute activities A,, ^2 lo § ^*15, namely 

=/? 7 log 2,. (5.18.3) 

= log Aj. (5.18.4) 




Fowler and Guggenheim, Statistical Thermodynamics (1939) p. 66. 
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Up to the present we have mentioned absolute activities from time to 
time and sometimes given formulae for them with the object of gradually 
familiarizing the reader with them. We have however hitherto made little 
use of absolute activities. Henceforth we shall make considerably increasing 
use of them, for they are in fact most convenient in the treatment of 
mixtures. 

Continuing to use the superscript 0 to refer to the pure liquid, we have 

=^RTlogjo» (5-18.5) 

/i 2 —/i* =/?nog Tb' (5.18. 6) 

from which we see that instead of considering the quantities (1) and (2) 
we can equally usefully, and incidentally more compactly consider the 
quantities 

and (5.18.7) 

These ratios are sometimes called the relative activities * sometimes merely 
activities and are then denoted by the symbols ai and a 2 . Since however 
relative activities are also sometimes defined according to different con¬ 
ventions and such different uses of the same name lead to dangerous 
confusion, we shall avoid their use. We accordingly continue to use 
explicitly the absolute activities i 2 , Xu Xz* 

Incidentally we may mention that the name absolute activities * is due to 
the need of avoiding any possible confusion with the relative activities (7), 
This use of the word absolute has nothing to do with any implication of 
absoluteness in the conventional choice of zero states of either energy or 
entropy. 

It is worth while drawing attention to the connection of absolute activities 
with the Planck function Y. According to (4. 15. 10) applied to a phase of 
two components, we have 

dY=Y 2 ^T-Y dP-R\oQ A, dn, - R log A, dn,. (5.18.8) 

Hence according to the definition of partial molar quantities in § 5.03, 
just as 

Gi=(ix, G 2 = f^ 2 * (5.18.9) 

so also 

y,z^^R\ogXx. Y2=-R\od X^. (5.18.10) 

From this digression we return to consider the quantities (7) and 
particularly to consider their experimental determination. For the equili- 

* Introduced by G N Lewis who denoted them first by $ and later by a. See 
Lewis. Proc. Am. Ac Sci (1907) 43 259; Zeit. Physik. Chem. (1907) 61 129. 
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brium of the species 1 between any two phases a and ^ we have according 
to (4. 15. 7) the simple condition 


= (5. 18. 11) 

and in particular for the equilibrium between a liquid phase L and a gas 
phase G 


Af. (5. 18. 12) 

From (12) and (5.13.2) it follows that the ratio of the absolute 
activities of the species 1 in any two phases a. (i not necessarily in mutual 
equilibrium, is equal to the ratio of the fugacities of the species in the gas 
phases in equilibrium with ^ respectively. 

We now define the fugacity p* of a species i in any phase, liquid or 
otherwise, as equal to the fugacity in the gas phase in equilibrium with it. 
We then have for the species 1 in any two phases a and /? 


AT 

Af 


(5. 18. 13) 


If the pressure in the gas phase is not too high, we can usually treat 
the gas as if perfect. The fugacities p* then become equal to the partial 
vapour pressures p. According to this approximation (13) reduces to 


(5.18.14) 


;tf “pf 

An important application of (13) is to the comparison between the 
absolute activity Aj of 1 in a liquid mixture and its absolute activity A? 
in the pure liquid at the same temperature. Then we have 

A,_ Pt 


A? 


pV 


or if we treat the gas as perfect 

^_Pi 

A?“pr 

We shall sometimes require (16) in the differential form 
d log Ai = c? log p,. (const. T). 


(5. 18. 15) 


(5. 18. 16) 


(5.18.17) 


There are. of course, corresponding relations for the component 2. 


§ 5. 19 Conventional Notation 

For the sake of brevity and simplicity we shall henceforth, except when 
stated to the contrary, treat all vapours as perfect gases. We shall accor¬ 
dingly throughout assume in accordance with (5. 18. 16) 

V-l?=p,/p?. (5.19.1) 

If ever the approximation of treating the vapours as perfect gases is not 
adequate, it is merely necessary to replace the partial vapour pressures n 
by the fugacities p*. 
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TABLE 5.1 

Verification of Duhem-M at gules relation for mixtures of 
water and ethyl alcohol at 25® C 


X 

Pi 

Pa 

cx 

_ ^ dlogp, 
fx 

mm. Hg, 

mm. Hg. 

0 

23.75 

0.0 

1.00 

0.1 

21.7 

bo 

0.76 

0.2 

20.4 

26.8 

0.41 

0.3 

19.4 

31.2 

0.37 

0.4 

18.35 

34.2 

0.355 

0.5 

17.3 

36.9 

0.41 

0.6 

15.8 

40.1 

0..53 

0.7 

13.3 

43.9 

0.655 

CO 

o 

10.0 

48.3 

0.77 

0.9 

5.5 j 

53.3 

0.915 

1.0 

—__ 

0.0 

59.0 

1.00 


§ 5. 21 Effect of External Pressure 

Applying the cross-differentiation identity (3.01.7) to (5.18.8), wc 
obtain 


\ ^P 

T \dni/r,p,n, r 

and using (5. 18. 17) 


^lo9Pi _ 

dP dP 


(const. T, x)* 


(5.21.1) 

(5.21.2) 


Neglecting compressibility, which is justifiable for any liquid phase at 
ordinary pressures, and integrating (2) we obtain 

p,(0) A, (oji-pr- 


(5.21.3) 


Just as for a pure liquid PV, RT even at pressures of several atmos¬ 
pheres. Consequently for pressures not exceeding about one atmosphere, 
we may with sufficient accuracy regard and pi as independent of the 
pressure P. 

We shall accordingly usually neglect the dependence of the absolute 
activity A, and the vapour pressure pi in the liquid mixture on the total 
pressure P, except when we are particularly interested in high values of P 
as when we come to consider osmotic equilibrium in § 5. 27. 
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All that has been said concerning the species 1 of course applies 
equally to the species 2. 

Although the effect of varying the total pressure on a liquid phase is 
usually negligible* it is important to clarify what exactly we mean by 
such an effect. In theory the total pressure on a condensed phase in 
equilibrium with saturated vapour might be varied by separating the liquid 
from the vapour by a piston permeable to the vapour but not to the liquid. 
Such an arrangement has however little practical importance, but in 
practice an analogous result is obtainable by addition to the gas phase of 
an inert gas insoluble in the liquid. For we have seen in § 5.16 that in a 
mixture of two perfect gases the absolute activity of each is at a given 
temperature determined completely by its partial pressure and is unaffected 
by the partial pressure of the other gas. In § 6. 12 we shall see that this 
remains true in a perfect gas mixture of any number of components. Conse¬ 
quently if we add an inert gas insoluble in the liquid, this may be regarded 
not as a component of the system under discussion, but merely as part of 
the apparatus used to fix the pressure on the liquid phase. What has just 
been said applies equally to a pure liquid as to a liquid mixture of two. 
or for that matter more than two. components. 

§ 5.22 Equilibrium Between Liquid and Vapour 

Let us now consider from a very general point of view the equilibrium 
conditions between a liquid mixture of two components and the vapour 
phase. 

Each phase by itself has evidently three degrees of freedom, which we 
can take as given by the three independent variables T, P, x. Alternatively 
if we use the four variables T, P, juj, fij these are not independent, but 
are connected by the Gibbs-Duhem relation 

SdT'—VdP’^ riidiJLi + n2df^2^^^ ( 5 * 22 . 1 ) 

If we now consider two phases, say liquid and vapour, in mutual equili¬ 
brium then the variables T, P, ^2 connected by two Gibbs-Duhem 
relations, one for each phase. Thus, using L to denote liquid and G to 
denote gas, 

SLdT-V^dP + n[d^y +n^d^2 = Q. ( 5 . 22 . 2 ) 

S^dT-V^dP + n^dfi, + n^dfi2 = 0. (5. 22. 3) 

The term V^dP in (2) is, as explained in the previous section, usually 
negligible, but in the present connection nothing is gained by its omission. 

It is convenient to rewrite (2) and (3) in terms of a single mole of each 
phase. Thus 

S^dT-VidP + d-x^)dfi, +x‘-dfi2 = 0. (5.22. 4) 

SldT-V^dP+(\-x°)d/4i +x°dfi 2 = 0. (5. 22. 5) 
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It is hardly necessary to point out that we need not attach superscripts to 
the variables 7. P» since at equilibrium each of these has the same 

value in both phases. 

From (4) and (5) we could, if we wished, eliminate any one of the 
quantities dT, dP, dju^, d/j 2 thus obtaining a single relation between the 
other three. Whether we do this or not. it is clear, as we have two 
independent relations between four variables, that only two of these 
variables are independent. We conclude that a system of two phases and 
two components in equilibrium has two degrees of freedom. If for example 
we specify the values of T and then all other quantities in particular P 
and are thereby fixed. 


§ 5.23 Mixtures with Stationary Vapour Pressures and Boiling- 
Points 

We have seen that for equilibrium between liquid and vapour the two 
equations (5.22.4) and (5.22.5) must be satisfied simultaneously. This 
leads, as we shall see, to particularly simple and interesting results when 
the relative compositions of the two phases happen to be the same, that 
is to say when 

x^ = x^. (5.23. 1) 

If we subtract (5.22.4) from (5.22.5) we obtain 

dP + (x^-xO) (dfi^-dfi2) = 0 (5. 23. 2) 

Let us now consider variations of pressure and composition at constant 
temperature. Then (2) becomes 

= (x^-xO) . (const. T). (5. 23. 3) 

Hence under the particular conditions described by (1). we have 

(Vm—Vm)^=0, (const. T), (5.23.4) 

where x denotes either x^ or x^, and since Vq ^ . 

dP/dx = 0, (const. T). (5. 23. 5) 

This tells us that whenever the relative compositions of the liquid and 
vapour in mutual equilibrium at a given temperature are identical, the 
equilibrium pressure is a maximum or minimum at the given temperature. 
Similarly if we consider variations of temperature and composition at 
constant pressure. (2) becomes 


(const. P), (5.23.6) 
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and under the conditions described by ( 1 ) 

o , dT 

(SZ-Si )-57 = 0. (const. P) (5. 23. 7) 

where x denotes cither x^ or x^. Since Sm ^ 5m, it follows that 

dT/dx — 0, (const. P). (5.23.8) 

This tells us that whenever the relative compositions of the liquid and 
vapour in mutual equilibrium at a given pressure are identical, the equili¬ 
brium temperature is a minimum or maximum at the given pressure. 

These striking conclusions seem quite natural when expressed by 
diagrams. For example Fig. 5.3 shows the boiling-point T plotted against 



Fig. 5.3. Boiling point of mixtures of benzene and ethyl alcohol at one atmosphere. 

compositions of the two phases. For instance the points L and G represent 
the liquid and gas phases in equilibrium at one temperature; G' is 
another such pair and L", G'' another. The point M represents liquid and 
gas of the same composition and in this example the equilibrium temperature 
or boiling-point is a minimum. 


§ 5.24 Temperature Coefficients 

Applying the cross-differentiation relation (3.01.7) to (5.18.8), we 
obtain 


-R 






(5.2..I) 
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or more briefly 


d log _ Hi 
dT ““ 


(const. P»x). (5. 24. 2) 


There is obviously a similar relation for the component 2. 

If we apply (2) to the liquid mixture and to the pure liquid component 
and subtract, we obtain 


dlog(A,/> l?)_ H.-H? 

dT ' ~ RT^ ’ 

and using (5. 19. 1) 

dlog(p,/p®) _ 

dt " RT^ ‘ 


(const. P. at) . 


(const. P, x). 


(5.24.3) 


(5. 24.4) 


§ 5. 25 Equilibrium Between Liquid Mixture and Pure Solid Phase 

Let us now consider the equilibrium between the liquid mixture and 
the pure solid 1. We are assuming that the pressure is either constant or 
irrelevant. We use the superscript S to denote the solid phase, the super¬ 
script 0 for the pure liquid and no superscript for the liquid mixture. Then 
for equilibrium between the liquid mixture and the pure solid at the 
temperature T 


X,(T) = if(T). (5.25.1) 


If denotes the corresponding equilibrium templerature for the pure 
liquid, that is to say the freezing-point of the pure liquid, we have cor¬ 
respondingly 

l°[T°) = lf[T°). (5.25.2) 

which can be rewritten in the form 

l°(T) = 4^^ xUT°). (5.25.3) 

kUT°) 

Taking logarithms of (1) and (3) and subtracting we obtain 


log 


A?(r) 


log 


kUT) 

kUT°) 


(5.25.4) 


Now applying the integrated form of (5. 24. 2) to the pure solid and pure 
liquid in turn, we have 


log 


log 


kf{T) _ 

kf(T^)' 

kUT) 

4(7") 


=-/, 


T> Rt^ ’ 


r« RT^ 


dT. 


(5.25.5) 
(5. 25.6) 
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Substituting (5) and (6) into (4) we obtain 


log 


\ {T} J TO 


H 


■Hf 


RT^ 


dT. 


(5. 25.7) 


We note that the quantity Hi — H\ is the molar heat of fusion of the 
species 1. 

Further procedure depends on the accuracy aimed at. We can always 
expand the molar heat of fusion (H? — H\) as a power scries in T — T®. 
insert into (7) and then perform the integration explicitly. If wc have to 
use many terms the procedure may be tedious, but is always straightfor¬ 
ward. Usually it will be adequate to write 

H°i{T)-Hf(T) = HUT°)-HUT°) + {a-C^{,T- T°) (5.25.8) 


and treat C®—as constant. In all cases we can write the result in the 
form 


log 


2?(r) 

>».(r)" R 




(5.25.9) 


where [A/H?] denotes the value of the molar heat of fusion /^fH\ for 
the pure substance averaged over the reciprocal temperature interval 1/T® 
to 1/r. Since A/H? is always positive and is always greater than 

unity, it follows that T < Thus the freezing-point of the solution is 
always less than that of the pure solvent. 


§ 5. 26 Equilibrium with Vapour of Pure Component 

We shall now consider the equilibrium between the liquid mixture and 
the gas phase in the case that the component 2 has a negligible vapour 
pressure. We describe such a component as nonvolatile. Wc accordingly 
regard the gas phase as consisting entirely of the component 1 and we 
use the superscript G to denote this phase. 

Wc then proceed to consider the equilibrium between the two phases at 
a given pressure precisely as in the case of equilibrium with a pure solid 
phase studied in the previous section. The steps of the argument arc 
precisely analogous and we obtain eventually the relation 


log 


iUt) _ 
>1, (T) - 


[A.H?] 

R 




(5.26.1) 


where [A.H?] denotes the value of the molar heat of evaporation A.H? 
for the pure liquid averaged over the reciprocal temperature interval l/T 

to l/r®. Since At Hi is always positive and A?/2i> 1. it follows that 
T>r®. Thus the boiling-point of the solution at a given pressure is 
greater than that of the pure solvent. 
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§ 5. 27 Osmotic Equilibrium 

Suppose we have two liquid mixtures a and both containing the two 
species 1 and 2. separated by a membrane permeable to 1 but not to 2. In 
this connection we shall follow the customary practice of calling the 
permeant species 1 the solvent and the nonpermeant species 2 the solute. 
We assume that the two phases are at the same temperature, but not 
necessarily at the same pressure. The condition that the two phases should 
be in equilibrium with respect to the solvent species 1 is 


(5.27. 1) 

or if we use (5. 19. 1) 

P? = pf. (5.27.2) 

For these relations to be satisfied it will generally be necessary for the 
two phases to be at different pressures. There is then equilibrium with 
respect to the solvent species 1, but not with respect to the solute species 2 
nor is there hydrostatic equilibrium between the two phases, the difference 
of pressure being balanced by a force exerted by the membrane. A partial 
equilibrium of this kind is called osmotic equilibrium of the solvent 
species 1. 

By using the relation (5. 21.2) 

dlogp, _ dlog2, _ V, , _^ ^ ^ 

— RT* (const, i, x), (5.27.3) 

we can determine the pressure difference P“ —required to preserve 
osmotic equilibrium. 

We shall use the notation p, (P, .x) to denote the value of the partial 
vapour pressure p, in a phase of composition x at a pressure P. We do not 
refer to the temperature as this is assumed constant throughout. The con¬ 
dition (2) for osmotic equilibrium becomes in this notation 


p, (P“.x«)=p, 


(5.27.4) 


Dividing both sides of (4) by pi{P^,x“) and taking logarithms, we obtain 

(5. 27.5) 




If we integrate (3) from to P“ and substitute the result on the left side 
of (5) we find 

= (5.27.6, 

In order to evaluate the integral in (6) it is for most purposes sufficient 
to ignore compressibility and treat as independent of P. In case greater 
refinement should be desired, wc can obtain all the accuracy that can ever 
be required by assuming that varies linearly with P. We then obtain 

[Ki 


RT 


(P“- 




Pi 


(P^. X") 


(5. 27.7) 


13 
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where the symbol [ V“] denotes the value of at a pressure equal to the 
mean of P* and 

Formula (7) is the general relation determining the pressure difference 

across the membrane at osmotic equilibrium. The case of greatest interest 

IS when the phase /S consists of the pure solvent. The pressure difference 

p«_py5 

is then called the osmotic pressure and is denoted by 77. We 
can in this case replace the superscript ^ by 0 and drop the superscript a. 
We thus have 


£jZil 

RT 


= log 


pUp) 

P.(P)' 


or if, as is usually the case, we may ignore compressibility 


(5. 27.8) 


77 K, 
RT 



(5.27.9) 


If moreover the pressure P on the pure solvent is roughly atmospheric, 
then regardless of how great 77 may be we may as explained in § 5.21 
regard p, and pj as essentially independent of P. Formula (9) can then 
be simplified to 

^^ = log^\ (5.27.10) 

HI pi 


from which we see that provided the pressure P on the pure solvent ir 
low. the osmotic pressure 77 does not depend significantly on P. 

If instead of dividing both sides of (4) by Pl(P^^x"), we divide both 
sides by p| (P“, x^) and otherwise proceed in the same way, we obtain 
instead of (7) 


and instead of (8) 



(P“-P^) = log 


Pi (P’.x^) 
Pi {P\x") 


(5.27. 11) 


n[V^] 

RT 


= log 


P?77 

Px{P + n) • 


( 5.27. 12) 


It can be shown that the alternative formulae (8) and (12) are fully 
equivalent. On the whole formula (8) is the more useful. 


§ 5. 28 Pressure on Semi^permeable Membrane 

The osmotic pressure is by definition a pressure that must be applied to 
the solution to bring it into a certain equilibrium condition. It is not a 
pressure exerted by the solution or part of the solution at its normal low 
pressure. It is. in fact, analogous to the freezing-point of a solution, which 
has no relation to the actual temperature of the solution, but is the tem¬ 
perature to which it must be brought to reach a certain equilibrium state. 
The osmotic pressure is nevertheless sometimes defined as the pressure 
exerted on a membrane, permeable only to the solvent, separating the 
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solution from pure solvent. This definition, unless carefully qualified, is 
incorrect. Another definition sometimes given is the pressure exerted by 
the solute molecules on a membrane permeable only to the solvent. This 
definition is still more incorrect than the last. The truth as regards the 
pressure on the membrane is as follows. When the solution is at the same 
pressure, e.g. atmospheric, as the solvent, there will be a resultant flow of 
solvent through the membrane from the solvent to the solution, but the 
resultant pressure on the membrane itself is negligibly small, and may be 
in either direction. If, however, the solution is subjected to a certain high 
external pressure, the flow of solvent through the membrane is equal in 
either direction; there is then osmotic equilibrium and the excess pressure 
on the solution over the pressure of the solvent is by definition the 
osmotic pressure. Under conditions of osmotic equilibrium, but only under 
these conditions, is the external pressure difference required to prevent the 
membrane from moving equal to the osmotic pressure. 

§ 5. 29 Ideal Mixtures 

In order to obtain more detailed information concerning the equilibrium 
properties of binary liquid mixtures, it is necessary to know or assume 
something about the dependence of the chemical potentials //,, /i 2 or the 
absolute activities A,, Aj on the composition of the mixture. Thermodynamic 
considerations alone cannot predict the form of this dependence, but only 
impose the restriction of the Gibbs-Duhem relation. According to (5. 20.1), 
one form in which this relation can be written ii 

d log A| _d log A 2 

d log (1—x) d log jc ' 

from which we see that one possible solution is 

A2 = JC A2, 

where, as usual, the superscript ® refers to the pure liquid. 

We call mixtures obeying the relations (2) and (3) ideal mixtures. We 
shall devote considerable attention to such mixtures and this for several 
reasons. 

In the first place the behaviour of ideal solutions is the simplest con¬ 
ceivable either from a mathematical or from a physical aspect. 

In the second place statistical theory predicts that mixtures of two very 
similar species, in particular two isotopes, will be ideal. 

In the third place it is found experimentally that ideal mixtures do exist. 
As a typical example we may mention chlorobenzene and bromobenzene; 
another example is ethylene bromide and propylene bromide. 

In the fourth place although most real mixtures are not ideal, in many 
cases the resemblances between a real mixture and an ideal mixture are 
more striking than the differences. 


(5. 29. 1) 

(5.29.2) 
(5. 29.3) 
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In the fifth place the ideal mixture is the most convenient standard with 
which to compare any real mixture. 

Ideal solutions were first clearly defined and studied by G. N. Lewis * 
and by Washburn ** 


§ 5. 30 Thermodynamic Functions of Ideal Mixtures 
From the formulae (5.29.2) and (5.29.3) we can immediately derive 
formulae for all the thermodynamic functions of an ideal mixture. In 
particular we have, using the superscript ^ to refer to the pure liquids. 


fii = RTlogii =/i? + /?nog(l —x) 

= RTlog + RTlog (I -X). (5.30.1) 

/i 2 =/?nog .^2 =+ /JT* log X 

= /?riogA5+/?riogx:. (5.30.2) 

Gm = (l—Jf) fii+xftj 

= (1 —x)/il + XIU 2 + RT |(1—jf)log(l—x| + xlogx|. (5. 30. 3) 

YmlR = — (1 — j^) log A? — Jflog 4 

•—(I—jf)log(l— j:) —Jflog Jf. (5.30.4) 

Sm = —(1—Jf) ^ —/?|(l—Ar)log(l—x)+jflog jf|.(5. 30. 5) 


Hn.={i-x) 

5, = —|y = —^ — i?log(l—x). 


o _ 

dT~ 


V 


^—Rlogx. 


dP 


v,=y=vt. 


(5. 30.6) 
(5. 30. 7) 
(5. 30. 8) 
(5. 30. 9) 
(5. 30.10) 
(5. 30. 11) 
(5. 30.12) 
(5. 30.13) 


* Lewis, /. Am. Chem. Soc. (1908) 30 668. 

•• Washburn, Z. Physik. Chem. (1910) 74 537. 
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§ 5. 31 Mixing Properties of Ideal Mixtures 

From (5.30.12) and (5. 30.13) we sec that the partial molar volumes 
in an ideal mixture are independent of the composition. Hence on mixing 
at constant temperature and pressure there is no change of volume. 

From (5.30.10) and (5.30.11) we see that the partial molar heat 
functions of an ideal mixture are independent of the composition. Hence 
on mixing at constant temperature and pressure there is no absorption or 
emission of heat. 

From (5.30.5) we see by comparison with (5. 16.7) that at constant 
temperature and pressure the entropy of mixing is of precisely the same 
form as in a binary mixture of perfect gases. This is also true for the 
mixing terms in Y, G, /. F. 

It must be emphasized that this similarity between ideal liquid mixtures 
and perfect gaseous mixtures as regards dependence of the thermodynamic 
properties on the composition holds only when the other independent 
variables are T and P. There arc no correspondingly simple relations in 
terms of the variables T and V, which incidentally arc an inconvenient set 
of independent variables for any phase other than a gas. 

There is, of course, no similarity between liquid and gaseous mixtures as 
regards dependence of properties on the pressure. For example, in a perfect 
gaseous mixture 




(5.31.1) 


while in a liquid ideal mixture 


^ _ jr 

dP ~ dP ” ' 


= VUl-yP)=^ 


vl 


(5. 31.2) 


§ 5. 32 Partial Vapour Pressures 

From formulae (5. 29. 2) and (5. 29. 3) together with (5. 19. 1) we have 
immediately 

p,/p?=l-x. (5.32.1) 

P2lpl = x. (5.32.2) 

Thus if the partial vapour pressures, or more strictly the fugacities, of 
the two components of an ideal mixture are plotted against the mole 
fraction of either, one obtains two straight lines. The experimental data * 
for the mixture ethylene bromide and propylene bromide at the temperature 
85 °C are shown in Fig. 5. 4. We see that this mixture is ideal. 

The direct proportionality between partial vapour pressure and mole 
fraction described by formulae (1) and (2) is called Raoult^s Law. 

* Von Zawidzki, Z. Physik. Chem. (1900) 35 129. 
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For the depeadence of vapour pressures on the temperature, we have 
from (1) and (4.50.13) 


/dlogp,\ _ rflo9p? _ Aeff? 
\ ar /, dT ~ RT^ • 


(5. 32.3) 



Fig. 5.4. Partial and total vapour pressures of mixtures of ethylene bromide and 
propylene bromide at 85® C 


where Ae/J? is the molar heat of evaporation of the pure liquid. We can 
write (3) in the equivalent form 


f a log p, ^ __AeHl 

|a(i/r)f,- R • 


(5.32.4) 


There are of course analogous formulae for the component 2. 


§ 5.33 Equilibrium Between Ideal Liquid Mixture and Pure Solid 
Phase 

To obtain the formula relating the composition of an ideal binary mixture 
to the temperature at which it is in equilibrium with the pure solid phase 1. 
we have merely to substitute (5.29.2) into (5.25.9). We thus obtain 

,5.33.,, 

where we recall that T® is the freezing-point of the pure substance 1 and 
[A/ H? ] denotes the molar heat of fusion A/H? of the species 1 averaged 
over the reciprocal temperature interval l/T® to l/T, 

Since the heat of fusion is always positive and 0 < x < 1, it follows that 
T < as already mentioned in § 5. 25. 




SYSTEMS OF TWO NON-REACTING COMPONENTS 199 

§ 5.34 Equilibrium Between Ideal Solution and Vapour of Pure 
Solvent 

We consider next an ideal solution of a non-volatile solute and obtain a 
formula relating the boiling-point T, at a specified pressure, to the com¬ 
position. We use formula (5.26.1) and substitute from (5.29,2). We 
thus obtain immediately 

— log(l—Ar)=—(5.34.1) 

wherein we recall that T denotes the boiling-point of the mixture, the 
boiling-point of the pure liquid 1 at the same pressure and [AeH?] 
denotes the value of the molar heat of evaporation Ac H\ of the pure liquid 
I averaged over the reciprocal temperature range \/T to l/T®. 

Since the heat of evaporation is always positive and x can only be 
positive, it follows from (1) that T > T‘°. Thus the boiling-point of the 
solution is higher than that of the pure liquid. 

§ 5. 35 Osmotic Pressure of Ideal Solution 

To obtain the formula for the osmotic pressure 77 of an ideal solution, 
regarding the component 1 as solvent we have merely to substitute 
(5.32.1) into (5.27.8), We thus obtain 

^-^=-log(l-A:). (5.35.1) 

wherein we recall that [ VJ denotes the value of V, averaged between the 
pressures of the two phases in osmotic equilibrium. When we neglect 
compressibility (1) simplifies to 

:^^=:_log(l-x). (5.35.2) 

There is of course an analogous relation for osmotic equilibrium with 
respect to the species 2. 

§ 5. 36 Non-ideal Mixtures 

We have already mentioned that most mixtures are not ideal, but it is 
customary to correlate the thermodynamic properties of each real mixture 
with those of an ideal mixture. This is achieved formally by the intro¬ 
duction of certain coefficients to express quantitatively the discrepancies 
between the properties of the real solution and an ideal solution. The most 
important such coefficients are the activity coefficients first used by G. N. 
Lewis * and the osmotic coefficients first used by Bjerrum **. These will be 
defined in turn. 

• The earliest use of the expression activity coefficient which the author has been 
able to find is by Noyes and Bray, J. Am, Chem, Soc, (1911) 33 1646, These authors 
however attribute it to G. N. Lewis. 

Bjerrum. Fysisk Tidskrift (1916) 15 66; Zeit, Bekfrochem. (1918) 24 325. 
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§ 5.37 Activity Coefficients 

The activity coefficients f, and /z of the two components are defined by 
2,/A?=:p,/p? = (l-:c)^,. (5.37.1) 

= (5.37.2) 

It is evident that each activity coefficient is unity in the respective pure 
substance. 

We recall that in case the vapours may not be treated as perfect gases 
we must replace the vapour pressures p in these and all formulae by the 
fugacities p*. 

Comparing (1), (2) with (5.29.2), (5.29.3) we see at once that in an 
ideal mixture both the activity coefficients and [2 arc unity. Thus we 
may use log /i and log J 2 measures of deviations from ideality. 

§ 5. 38 Osmotic Coefficients 

If we regard the species 1 as the solvent then its osmotic coefficient 
is defined by 

= log(l—x). (5.38.1) 

^1 Pi 

Comparing (1) with (5. 29. 2) we see that in an ideal mixture p, is unity 
and we may accordingly use 1 —pj as a measure of deviation from 
ideality. 

The osmotic coefficient and the activity coefficient of the species 1 
are seen by comparison of (1) with (5.37. 1) to be related by 

p, Iog(l--x)=:Iog(l—Jf) + log/’,. (5.38.2) 

or 

{gi —l)log(l—x) = logf,. (3. 38. 3) 

If alternatively we choose to regard the species 2 as solvent there is an 
analogous definition of p 2 'with corresponding relation to shall 

however always regard the species denoted by 1 as the solvent and shall 
accordingly never use pj* ' 

§ 5. 39 Relation between Two Activitiy Coefficients 
If we take the Gibbs-Duhem relation in the form (5. 20. 1) 

( 5 - 39 . 1 ) 

and substitute (5.37.1) and (5.37.2) we obtain 

+ = (const.r.P). (5.39.2) 

all other terms cancelling. 
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Formula (2) may be rewritten in the integrated form 

log/‘ 2 =/' ~— ~d\oqfx> (const.r.P). (5.39.3) 

J X ^ 

This formula enables us to compute the activity coefficient of the species 2 
at a mole fraction x provided we know the activity coefficient of the other 
species I at all compositions intermediate between a mole fraction a- and 
the pure liquid 2. 


§ 5. 40 Behaviour at High Dilutions 
By rewriting (5.39.2) in the form 


^og fj d log ^2 __5 ^ 

dx I dx 1 — X 

we see immediately that in the limit of vanishing x either 


or 


Q l og fi ^ Q 
dx 


as 


a:—► 0. 


d log [2 
djc 


00 as AT —► 0. 


( 5 . 40 . 1 ) 


(5.40.2) 

(5.40.3) 


Statistical theory tells us that the second alternative (3) cannot occur 
unless there are long range forces between the molecules of species 2. Thus 
this alternative could occur in solutions of electrolytes and in Chapter IX 
we shall see that it does occur. But for mixtures of non-electrolytes, such 
as we are here concerned with, only the former alternative (2) occurs. If 
further we assume that log can be expressed as an integral power scries 
in X, the lowest power of x which can occur will be x^. 


§ 5.41 Illustrative Symmetrical Formulae 

As an instructive exercise we shall now consider some simple possible 
formulae for activity coefficients without at this stage considering which of 
them.are physically important. We begin by rewriting (5.39.2) in the 
form 

_L ^ fi — _L. ( 5 . 41 . 1 ) 

a: dx I— A’ dx ’ 

From (1) we see immediately that we can write the general solution in 
the form 


=/ 


log/’i = / x(p{x)dx. 


log/i: 


-/o- 


x)(p{x)dx. 


(5.41.2) 

(5.41.3) 


where ^{x) is an arbitrary function of x. The simplest and most interesting 



202 


SYSTEMS OF TWO NON-REACTING COMPONENTS 


solutions arc those having symmetry with respect to x and (1—;c), that 
is to say those such that 

(p(x) =(pll-^x). (5.41.4) 

If we restrict ourselves to integral power scries in x, then the most general 
form of (p(x) satisfying (4) is 

9’(x) = 2:sAsix(l-x)}^-\ (5.41.5) 

where each iAs is independent of jc. but in general depends on T, 

For the reasons given in § 5. 40 we are here only interested in formulae 
for log fi in which the lowest power of x is greater than 1; that is to say. 
if integral, not less than 2. Consequently the lowest value of 5 of physical 
interest is s = L We shall now consider the terms corresponding to 
5 1. 2, 3 in turn. 

We first set all =0 except Ai. If we then substitute (4) into (2) 
and integrate, we obtain 

logf, = Arix\ (5.41.6) 

Similarly (3) gives 

log f 2 = A^i (l-xy. (5.41.7) 

This particular behaviour describes a class of systems called regular 

solutions, which will be discussed in §§ 5.49 — 5.53. 

Similarly by setting all Ag 0 except A 2 , we obtain as another possible 
symmetrica] solution 

logf,=A,\ix^--lx^\. (5.41.8) 

= —t(I —(5.41.9) 

and again by setting all .A, = 0 except A^ 

logft=A^\ix^-^x^ + ix^\. (5.41.10) 

log/i = A3li(l-A:)^-|(l-x)» + i(l-x)«}. (5.41.11) 

We can of course also obtain symmetrical solutions by linear com¬ 
binations of (6), (8), (10) or (7), (9). (11). We could further obtain 
still other symmetrical solutions by using higher values of s, but we shall 
not pursue this subject any further since up tp the present there has bpen 
no extensive use of such formulae other than (6) and (7). 

§ 5. 42 Illustrative Unsymmetrical Formulae 

As a further illustrative example we shall consider some possible formulae 
of a quite different type having a pronounced dissymmetry with respect 
to the two species. In an ideal solution the mean molar Gibbs function is 
given by (5.30.3). The corresponding formula for the Gibbs function G 
of the whole mixture is 

G=n,/i? + nj/i5+/?r|n,log^^^ + n2logjj^j. (5.42.1) 
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Let us now by contrast consider a non>ideal mixture in which G is given by 

G=n,/i?-i-n^/«;-f/?rSn,log —j' - + log-ffi-i. (5.42.2) 
( ”n,+rn2 ”n,+rn2) 

where r is a constant parameter. We obtain for ^2 differentiating 
(2) with respect to Hj, n 2 respectively 




"2 


/“2 = /“2 4- RT j log 


rnj 


n, -l-rnz 


I (f—l)n2 | 

rii +rn2V 

_ (r—l)ni ^ 


The formula for Gm corresponding to formula (2) for G is 

Gm=(l-x)/M 4-/?r|(l-x)logyq^^^y^d-xlog J - 

Substituting (5) into (5. 10. 6) and (5. 10. 7), we obtain 


(5. 42.3) 
(5.42.4) 


(5. 42.5) 


i“i = + R'^ 



I —X (r—l)jf I 

r+(r-l)x+ l+(r-l)x:i' 


M3 = M2+ RT 


log 


r jc 

l-h(r-l)jc 


(r-l)(l-x) j 

l-f(r-l)xr 


(5. 42.6) 
(5. 42.7) 


which are equivalent to (3) and (4) respectively. Wc see at once that 
the identity 

Gm = +XJU2 (5.42.8) 

is satisfied. 

Corresponding to (6) and (7) we have for the absolute activities ^2 




A? 




A, = 2? 


rx 


r+(r-T)^"*p 


(r-l)x I 
1 +(r—l)jc) 

(r-l)(l-Ar) ^ 

1 +(r—l)x V 


(5. 42.9) 
(5. 42. 10) 


Comparing (5.37.1) and (5.37.2) with (5) and (6) respectively we 
obtain for the activity coefficients 


log f, = log 


1 


H-(r-l):c 


+ 1 - 


1 


H-(r—l)x’ 


(5. 42. 11) 


logf, = log 1 + I - I +(,*_1);, - « 

It can be verified that (11) and (12) satisfy identically relation (5.39.2). 

In solutions so dilute with respect to the component 2 that (r—1) x< 1 
we can expand, in powers of = (r—1) x obtaining 

= + [i; = (r-l)x:<l]. (5.42.13) 

logf 2 =logr—(f—l)-f (r—l)y—(r—i)i/^4-(r—.... 

[ff = (r-l)A:<l]. (5.42.14) 
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We emphasize that the convergence of these series requires that 
y = (r—1) jc< 1; the condition x<Cl is not sufficient. 

We shall consider a possible application of these formulae in § 5. 54. 


§ 5. 43 Temperature Dependence of Activity Coefficients 
By substituting (5. 37. 1) into (5. 24. 3) or (5. 24. 4) we obtain 


dbg/', _ H,-H? 

“dT “ RT^ 


(const. P. x). 


(5.43.1) 


The quantity /y,—H? occurring in (1) is the heat required to be absorbed 
so as to keep the temperature unchanged when one mole of the pure liquid 
1 is added to a large excess of the mixture. We shall call this the partial 
molar heat of mixing of the species 1. An analogous definition applies to 
the species 2. 


§ 3 44 Pressure Dependence of Activity Coefficients 

Applying (5. 21.2) to the mixture and the pure liquid in turn, we obtain 


dlog(p,/p°) _V,—7? 
dP ~ RT ' 

Substituting (5.37. 1) into (1) we find 

dlog/;_ Vr-V°, 
dP ~ RT ' 


(const. T. x). (5. 44. 1) 

(const. T, x). (5. 44. 2) 


This effect of pressure on activity coefficients is usually, if not always, 
negligible. 


§ 5. 45 Equilibrium of Liquid Mixture with Pure Solid Phase 
For the condition of equilibrium between a liquid mixture and the pure 
solid phase, we obtain by substituting (5.37,1) and (5.38.1) into 
(5.25.9) 

—log j(l—Ar)/",} = —p, logd—jf)= (5.45. i) 

wherein fi and denote the values at the freezing temperature T. Thus. 

provided the molar heat of fusion A/ of the pure substance is known, 
comparison of the freezing-point T of the solution with the freezing-point 
T® of the pure solvent provides directly values of the activity coefficient /*, 
or the osmotic coefficient g, at the temperature T. If values of /*, or g\ 
arc required at any other temperature a correction has to be applied by 
using (5.43.1). 

§ 5.46 Boiling-Point of Solution of Non-volatile Solute 

To obtain the relation between the boiling-point 7 of a solution of a 
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non-volatile solute 2 in a solvent I and the composition of this solution, 
we substitute (5. 37. 1) and (5. 38. 1) into (5. 26. 1). We find 

-log ! (1 -x) I - -g log (1 -x) = “ f ) ’ (5- ^6. 1) 

wherein and pj denote the values at the boiling-point T. Thus, if 
the molar heat of evaporation AeH\ of the pure solvent is known, com¬ 
parison of the boiling-point T of the solution with the boiling-point 
of the pure solvent gives directly values of the activity coefficient or 
the osmotic coefficient pi at the temperature 7*. If values of /j or pi arc 
required at any other temperature a correction has to be applied using 
(5.43.1). 


§ 5. 47 Osmotic Pressure 

We obtain a general formula for the osmotic pressure, regarding the 
species 1 as solvent, by substituting (5. 37. 1) and (5. 38. 1) into (5. 27. ?)• 
Thus 


/7[Zil 

' Rf' 


— log i (l—x) } zn —Pi log (l—x). 


(5. 47.1) 


Comparing (1) with (5.35.1) we observe that the actual osmotic 
pressure differs from its ideal value by the factor pi. This explains the 
name osmotic coefficient. Reference to formula (5.45. 1) suggests however 
that the name freezing-point coefficient would be equally appropriate. 

The values of /i and pi to be used in (1) are those at the pressure P 
on the pure solvent at osmotic equilibrium. Alternatively instead of using 
(5. 27. 8) we may use (5. 27. 12) and then obtain 

—log = —g, Iog(l—x), (5.47. 2) 

wherein Vj is the molar volume of the pure solvent, while fy, pj now have 
the values appropriate to the pressure P + 77 on the solution at osmotic 
equilibrium. Usually the differences between the quantities in the two 
formulae (1) and (2) will be small, if not negligible. 


§ 5. 48 Internal Stability with Respect to Composition 

In § 4. 01 and § 4.02 we discussed the thermal and hydrostatic con¬ 
ditions of internal stability respectively. In a system of a single component 
these are the only kinds of internal stability to be considered. In a phase 
of two components we have also to consider the condition that the phase 
should not split into two phases with different compositions. 

We can conveniently study this problem by reference to a plot of the mean 
molar Gibbs function Gm against mole fraction x at given T, P. Examples 
of such a plot arc shown in Fig. 5, 5, which in appearance reminds one of 
Fig. 4. 7. If now we imagine a phase of composition x to split into two, one 



206 


SYSTEMS OF TWO NON-REACTING COMPONENTS 


of slightly greater and the other of slightly smaller x, the new value of Gm 
's then given by a point on the straight line joining the two points repre- 



Fig. 5. 5. Stable and metastable isotherms. 

senting the two new phases. If this point lies above the one representing 
the original phase, the system will revert to its original state which is 
stable. In the contrary case the original phase is unstable. It is then clear 
from the diagram that while the upper curve represents phases all stable, 
the phases represented by the dotted portion of the lower curve between A 
and B are metastable with respect to a mixture of phases represented by 
A and B. 

At constant temperature and pressure according to (1.33.4) 

c/G =//jc/hi +(const. T, P). (5.48.1) 

Hence for one mole, setting 

n, = l-x. (5.48.2) 

n2 = x. (5.48.3) 

we have 

dGm = ) dx. (5. 48.4) 

so that the slope of the curve at any point is equal to 

note that formula (4) is a special case of the general relation (5.08.2). 
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As the two phases A and B arc in mutual equilibrium they have equal 
values of yUj, ^2 consequently of fXj — in agreement with the fact 
that the straight line AB touches the curve at A and B, 

It can happen that at some temperatures the behaviour corresponds to 
a curve such as the upper one in the diagram, while at other temperatures, 
usually lower ones, the behaviour corresponds to a curve such as the lower 
one in the diagram. There will then be some temperature, called the 
critical temperature of mixing, at which the change in type of behaviour 
takes place. At temperatures one side of this critical temperature the two 
liquids are miscible in all proportions; at temperatures the other side of the 
critical temperature the miscibility is limited, only phases to the left of A 
or to the right of B being stable. 

We shall now determine the conditions at the critical temperature. The 
lower curve in Fig. 5. 5 is concave upwards in the stable regions and in the 
dotted metastable regions. In these parts of the curve 

(5.48.5) 

If we imagine the two dotted curves joined into a single curve then in the 
middle there must be a part of the curve convex upwards corresponding 
to completely unstable phases. Hence between A and B there are two 
points of inflexion C and D where 

= 0 (at C and D). (5.48.6) 

At the temperature of critical mixing these two points merge into a single 
point at which, as well as (6), 

-^^ = 0 . (5.48.7) 


Owing to (4) the condition (-6) may be written 


and the condition (7) 


dpi _ dp2 

dx ^ dx ' 


dVi _ dV; 


(5.48.8) 


(5.48.9) 


We also have from the Gibbs-Duhem relation (5. 10. 5) 


and differentiating again with respect to x 


. dVi dfi, 

dx* dx 




(5.48.10) 


(5. 48.11) 
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It follows from (8) and (10) that at the point of critical mixing 

^ = ^ = 0. (5.48.12) 

dx dx 


and so from (9) and (11) 

aVi _ dV2 _, 
djc^ ” dx^ ~ 

In terms of absolute activities (12) and (13) become 

a log A, _ a log ^2 

dx ~ ax “ ’ 

aMogA, _ a*log Aj _ 

ax* ~ ax* 


(5. 48. 13) 


(5.48. 14) 
(5. 48. 15) 


If we substitute (5.37.1) and (5.37.2) into (14) and (15) we obtain 
the conditions at the point of critical mixing in the form 

Ijg-g-A.- L_=+ 1=0. (5. 48. 16) 

OJC 1 — X ox X 


log f\ ^ ^ log fi _L —0 

djc^ (l-“jc)^ djc^ x^ 


(5. 48. 17) 


The use of these formulae will be illustrated in § 5. 53. 


§ 5. 49 Regular Solutions 

We turn now to a class of mixtures called regular mixtures or regular 
solutions defined by the properties 

log/', = j^x*, (5.49.1) 

log/i = ^(l-x)*. (5.49.2) 

wherein w is not merely independent of the' composition but also of the 
temperature. We notice that (1) and (2) are examples of (5.41,6) and 
(5.41.7) wherein we set 

A,=||. (5.49.3) 

The name regular solution was first used by Hildebrand *. We shall 
devote considerable attention to these mixtures for several reasons. 

In the first place the behaviour of regular mixtures is one of the 
simplest conceivable, after ideal mixtures, either from a mathematical or 
from a physical aspect. 

In the second place statistical theory predicts that any mixture of two 
* Hildebrand. /. Am, Chem. Soc. (1929) 51 69. 
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kinds of non-polar molecules of similar simple shape should obey certain 
laws, called the laws of strictly regular solutions to which the formulae 
for regular solutions are a useful approximation. 

In the third place the experimental work of Hildebrand • ** has shown 
that a considerable number of binary mixtures show a behaviour which can 
be represented either accurately or approximately by the laws of regular 
solutions. 


§ 5. 50 Heats of Mixing in Regular Solutions 
Differentiating (5.49.1) with respect to T we obtain 

Q log ft __^ „2 

dr “ RT^ ' 

and comparing with (5. 43. 1) we see that 


(5.50.1) 


(5.50.2) 


Thus the partial molar heat of mixing of the species 1 into the solution is 
wx^ and similarly that of the species 2 is w (1 —x)^. 

In particular by making x tend towards unity in (2) we see that w is 
the heat required to maintain constant temperature when one mole of the 
species 1 is transferred from the pure liquid 1 into a large amount of the 
pure liquid 2. The same quantity w is also equal to the heat required to 
maintain constant temperature when one mole of the species 2 is transferred 
from the pure liquid 2 into a large amount of the pure liquid 1. 

It is an essential property of regular mixtures as defined by Hildebrand 
that this quantity w is independent of the temperature. 


§ 5. 51 Partial Vapour Pressures of Regular Solutions 
From (5.49.1) and (5.37.1) it follows immediately that the partial 
vapour pressure, or strictly the fugacity, of the component 1 is given by 

p,=pU\-x)txp\x^wlRT\. (5.51.1) 

Similarly 

P2 = ptxexp\{l-x)^wlRT\. (5.51.2) 

For solutions very dilute with respect to the species 2, when x<^l, 
formula (2) approximates to 

P2 = p2c''"?^X (a:<I). (5.51.3) 

This direct proportionality between p 2 and x for small values of x is 
called Henryks Law and it holds not only for regular solutions but also 
when the activity coefficients have a more complicated form. 


• See Fowler and Guggenheim, Statistical Thermodynamics (1939) §§818—819. 

*• Hildebrand. Solubility of Non^elcctrolytea (1936). 


14 
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There is, of course a corresponding formula for solutions very dilute 
with respect to 1 

(l-x<^l). (5.51.4) 

We shall revert to Henry s Law in Chapter VIL 


§ 5.52 Osmotic Pressure in Regular Solutions 

Substituting (5. 51. 1) into (5. 27. 8) we obtain for the osmotic pressure 
i7 in a regular solution, regarding the component 1 as the solvent. 


^[v^] 

RT 


= —log (1 —x) — 



(5. 52.1) 


From (1) and (5.47. 1) we see that the osmotic coefficient in a regular 
solution, regarding the species 1 as solvent, is given by 


_ w 

^‘“■*“/?riog(l-x)- 


(5. 52.2) 


When X <^1 formula (2) may be approximated by 


=- 


w 

Rf^’ 




(5. 52. 3) 


There arc of course similar formulae in which the component 2 is 
regarded as the solvent. 


§ 5. 53 Critical Mixing in Regular Solutions 

In Fig. 5.6 pjp? and P 2 /P 2 have been plotted against x for w/RT = 1 
and w/RT = —2. We see that when w is positive, the curves lie above 
the straight lines representing Raoult’s law for ideal solutions; this 
situation is sometimes called a positive deviation from Raoult's law. On 




w/RT» -i? 


wfRT*2 



Fig. 5.6. Partial vapour pressures of 
regular solutions; 

(complete mixing). 


Fig. 5.7. Partial vapour pressures of 
regular solutions; 
(temperature of critical mixing). 
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Fig. 5.8. Partial vapour pressures of regular solutions; (incomplete mixing). 


the other hand when w is negative, both curves lie below the straight line 
of the ideal solution and this situation is sometimes described as a negative 
deviation from Raoult’s law. 

Fig. 5. 7 gives similar plots for w/RT ^ 2. We shall show that this is 
the temperature of critical mixing. According to (5.48. 16) and (5.48. 17) 
he conditions of critical mixing are determined by 


d lo g (\ _ 1 

dx 1 — x’ 

•og f\ _ * 

~dx^ ~(1-Ar)2' 


(5. 53.1) 
(5. 53.2) 


these conditions together corresponding to a horizontal inflexion in the 
curves p/p® plotted against x. 

For a regular solution is given by (5. 49. 1) 

logf,=^x^. (5.53.3) 

Substituting this into (1) and (2) we obtain 


JfL 9 —-J— 
JL2 - . -1— 

RT^ (1-x)’ 


(5. 53. 4) 


(5. 53. 5) 
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The solution of these simultaneous equations is 


(5. 53.6) 


tv 

Rt 


= 2 . 


(5. 53. 7) 


The same result could be reached by using the conditions applying to 
log f 2 instead of those applying to log /*,. 

When w/RT > 2, that is to say at temperatures below that of critical 
mixing, there is incomplete mixing. A typical example, namely w/RT 3, 
is shown in Fig. 5.8. If x\ x" denote the compositions of the two liquid 
phases in mutual equilibrium at a given temperature T, below that of 
critical mixing, then x\ jc" are determined by the simultaneous equations 


p^{x') = /?, (x"). (5. 53. 8) 

p^U') =P2(^'). (5.53 9) 


The be' may be written in the equivalent form 

PiJ^O PljjO 

0 0 ' 

Pi Pi 

Pli^) _ P2j^'j 

6 O’ 

P2 P2 

For a regular mixture there is complete symmetry between pi/p? as a 

function of x and P 2 /P 2 ^ function of (1 —-.x). It follows from this 

symmetry that 

+ 1, (5.53. 12) 


(5. 53. 10) 
(5. 53. 11) 


and consequently 


P 2 __ P 2 (1 _ Pi (^") _ Pi (^') 


P2 


P2 


0 

Pi 


0 

Pi 


(5. 53. 13) 


Hence x^, jc" are determined by the intersections of the two curves. These 
are the points L, M in Fig. 5.8. The curves between L and M represent 
solutions either metastable near L, M or completely unstable towards the 
middle of the diagram. 


§ 5. 54 Mixtures of Large and Small Molecules 
We noticed in § 5.31 that if two species form an ideal mixture, then 
they mix isothcrmally without increase or decrease of the heat function. 
Zero heat of mixing is thus a necessary condition for two species to form 
an ideal mixture, but it is not a sufficient condition. Statistical mechanics 
indicates as a further necessary condition that the two kinds of molecules 
should not differ greatly in size. It is accordingly of interest to consider the 
properties of mixtures of two kinds of molecules sufficiently similar to mix 
in all proportions without any heat of mixing, but differing widely in size. 
This is a complicated problem in statistical mechanics which has not been 
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solved completely. It is probable that the shapes of the molecules matter 
as well as their sizes. However, ignoring such complications, there are 
reasons for believing that departures from the laws of ideal mixtures due 
to wide differences in size between the two species of molecule can be 
at least semi-quantitatively described by means of relatively simple formulae 
in which the only new parameter is the ratio of the molecular volumes. 

If r denotes the ratio of the volume of a molecule of type 2 to that of a 
molecule of type 1, then subject to various restrictions and approximations 
which we shall not here go into, we may write for the Gibbs function of a 
mixture containing ni moles of 1 and n 2 moles of 2, 


G = rii jui + ^2 M2 + RT J n, log ~ 


Hi +rn2 


H-njlog 


rnj 


ni+rrij 


(5. 54.1) 


The reader will recognize (1) as formula (5.42.2) the consequences of 
which have already been studied in § 5. 42 as an exercise. We accordingly 
recall some of these consequences without proof. For the vapour pressures 
and absolute activities we have 



1—j: I 

1 (r-l)jf ) 


i+T-o.-Pi 

jr+(r-iTxi’ 


rx { 


4“ 

H-(r-l)x^*P| 

• 1 + (r—i) j: 


For the activity coefficients we have correspondingly 


(5. 54.2) 
(5. 54.3) 


(5. 54.4) 


•og = '°9 V+^)lc + ‘ ~ IT(r=T)^- 

We notice that when r = 1, we have recover the 

formulae of ideal mixtures. Of especial interest is the opposite case where 
r differs greatly from unity. Since replacing r by I/r is mathematically 
equivalent to interchanging the names 1 and 2 of the two components, it 
will suffice to consider only the alternative r> 1. If now we denote the 
volume fraction of the component 2 by v, defined by 


_ rx 

1 +(r—l)x’ 

(5. 54.6) 

formulae (2) and (3) may be written 



(5. 54. 7) 

P» = ij = ,;exp|-(r-l)(l-t»)j. 

P2 h 

(5. 54. 8) 


respectively. 

These formulae with r > 1 arc relevant to solutions of rubber and 
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synthetic polymers in certain organic solvents. Such solutions show pro¬ 
nounced deviations from Raoult’s law, which can be represented at least 
approximately* by formula (7) due to Flory **. 

Even so it should be noted that Raoult's law is valid in the limit i; 0, 
when (7) reduces to 






(5.54.9) 


§ 5. 55 Interfadal Layers in Binary Systems 

We shall now consider the thermodynamics of interfacial layers between 
two bulk phases each containing the same two components. There are two 
cases to distinguish: first an interface between a liquid binary mixture and 
its vapour, when the interfacial tension is called the surface tension: second 
an interface between two liquid layers containing in different proportions 
two incompletely miscible components. 

\\\ hall first discuss the liquid-vapour interface using an approximation, 
t for most if not all practical applications. We shall next give a 
.^proximate treatment of a liquid-liquid interface. Finally we shall 
accurate treatment applicable in principle to either type of inter- 
: li of small practical use. 


^ 5 . 56 Liquid-Vapour Interface 

We begin with formula (1.55. 3) applied to a system of two components 
1 and 2. Thus 

-dy-S"dT-TdP+ + r2dju2* (5.56. 1) 

where we have dropped the subscript u in 5^ which we used in Chapter IV 
to denote entropy per unit area of the interfacial layer. At the same time 
in the liquid phase we have according to (5.04.4) and (5.04.5) 

d^,=-StdT+V,dP+^dx, (5.56.2) 

OX 

diu, = -S2dT+V,dP+^dx. (5.56.3) 

OX 

where we have omitted superscripts from quantities relating to the liquid 
phase. 

In our initial treatment of a liquid-vapour interface we shall make 
approximations similar to those used in § 4. 72 for a single component 
interface. 

In the first place we assume that PV, and PV 2 are in the liquid phase 
so small compared with RT that they may be neglected. 


• See Gee, /. de Phys. (1947) 44 66. 

Flory. /. C/icm. Phys, (1941) 9 660; (1942) 10 51. 
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In the second place we assume that the two geometrical surfaces 
separating the interfacial phase from the two bulk phases are placed so 
near to each other that terms in P x may also be neglected. We accordingly 
replace (1), (2). (3) by 

-<f)' = s’dr + r,d/*,+ (5.56.4) 

d/i, = -S,dT+^dx. (5.56.5) 

OX 

<^aj = -5jdr+^rfx. (5.56.6) 

OX 

Substituting (5) and ( 6 ) into (4) wc obtain 

-dy = (S-r, S,-r, S,) cf7 + ^ r, ^ + A j dx. (5.56. 7) 

The system of two components in liquid and vapour has two degrees 
of freedom. There arc consequently two independent variables, for which 
we choose T and x. Formula (7) thus expresses variations of the surface 
tension y in terms of variations dT and dx of the two independent variables. 

Since the quantities d/Hildx and djU 2 ldx on the right of (7) are related 
by the Gibbs-Duhem relation (5. 10 . 5) 


( 1 -^) 




(5.56.8) 


we can use this relation to eliminate either of them. If for example we 
eliminate djuildx we obtain 

-dy = {S’-r,S,-r,S,)dT+ ^dx. (5. 56.9) 

By this elimination we have unavoidably destroyed the symmetry between 
the components 1 and 2 . 


§ 5. 57 Invariance of Relations 

We recall that according to the definition in § 1.51 and § 1.56 of ar 
surface phase the properties associated with it depend on the positions 
of the boundaries AA' and BB' in Figs. 1.2 and 1 .3. As in § 4. 71 wc 
shall henceforth refer to the boundary between surface layer and liquid 
as Z. o and that between surface layer and gas as G o. Since the precise 
positions assigned to these geometrical boundaries is partly arbitrary, the 
values assigned to such quantities as T,, r 2 , S' arc also arbitrary. Wc 
can nevertheless verify that our formulae are invariant with respect to 
shifts of either or both of these boundaries. It is hardly necessary to 
mention that the intensive variables T, /ij, fjL 2 are unaffected by shifts of 
either boundary. It is also clear from the definition of 7 in § 1.52 and 
§1.56 that its value is invariant. 
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Let US now consider a shift of the plane boundary Lo a distance d x 
away from the gas phase. Then becomes increased by the number 
of moles of the species 1 in a cylinder of liquid of height 6x, of exoss- 
section unity and so of volume dx. But the total number of moles in 
the volume dx is dx/V^^ of which the number of species 1 is ( 1 — x) dr/Vf„, 
Similarly F 2 becomes increased by xdx/Vm^ Consequently although shifting 
the boundary Lo alters the values of F^ and F 2 , the quantity 



remains unchanged. The invariant quantity ( 1 ) is essentially the same as 
a quantity defined by Gibbs in, a more abstract manner and denoted by 
him by the symbol A(i)- 

Similarly when the boundary L o is shifted a distance dx away from the 
gas phase. S’ becomes increased by the entropy contained in a cylinder 
of liquid of volume dx, that is to say by an amount 

S„,dr/V^ = {(l ^x) S, +xS2)dx/Vm. 

At the same time F^S^ is increased by 5,(1— x)dxlVm and r 2 52 by 
S^yxdrjVtn- Consequently the quantity 

5*-r,s,-r2S2 (5.57.2) 

occurring in (5.56,9) remains invariant. 

With regard to a shift of the geometrical surface G a, little need be said 
in the present connection. For our approximation of neglecting terms in 
Px, as we arc doing, is equivalent to assuming that the quantity of matter 
per unit volume in the gas phase is negligible compared with that in unit 
volume of the surface layer. Consequently if we shifted the geometrical 
surface Go away from the liquid even to the extent of doubling the value 
of T. the change in the physical content of the surface layer would be 
negligible and consequently the values of T*,, F 2 , would not be 
appreciably affected. 

§ 5. 58 Temperature Coeffident of Surface Tension 

If we apply formula (5. 56. 9) to variations of temperature at constant 
composition x, we obtain 

-^ = S'-r, S.-r^Si. (const, x). (5. 58. 1 ) 

This relation involving entropies can be transformed to one involving 
energies as follows. Since we are neglecting terms in PV, and PV 2 we 
replace (5.04.3) by the approximation 




(5. 58.2) 
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and similarly 

f^2 = U2-TS2. (5.58.3) 

Applying formula (1.54. 6) to unit area and neglecting the term containing 
= T A, we have 

+ / 2 /X 2 = F-y = (5. 58. 4) 

We now use (2), (3), (4) to eliminate ^S^ Sj. 52 from (1). We thus 
obtain 

7-T-^^=ir-r,U,-l\U2. (5.58.5) 

It is worth noticing that the right side of (1) is the entropy of unit 
area of interface less the entropy of the same material content in the liquid 
phase. Likewise the right side of (5) is the energy of unit area of interface 
less the energy of the same material content in the liquid phase. More 
pictorially we may say that it is the energy which must be supplied to 
prevent any change of temperature when unit area of surface is formed from 
the liquid. It is sometimes called the surface energy per unit area, but this 
name belongs more properly to W, 

§ 5. 59 Variations of Composition 

If we apply (5.56.7) to a variation of composition at constant 
temperature we obtain 

Alternatively using (5.56.9) we obtain the simpler, but less symmetrical 
relation 

Using (5. 18. 4) we obtain in terms of absolute activities 

and using (5. 18. 17) we obtain in terms of the partial vapour pressure, 
or strictly the fugacity. 

= (co»Lr). (5.59,1) 

From (4) we see that from measurements of and y over a range of 
compositions, one can calculate the value of 

r 

* \-x' 


(5. 59.5) 
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As we saw in § 5. 57, this quantity is invariant with respect to shift in 
position of the geometrical boundary L a between the liquid and the 
interface. Values can be assigned to Fi and 7^2 individually only by 
adopting some more or less arbitrary convention. We shall illustrate this 
by a numerical example in the next section. 

In the special case of an ideal solution formula (4) becomes 

while for a regular solution 

§ 3 60 Example of Water and Alcohol 

^' hall now consider the experimental data for mixtures of water and 
. : in order to illustrate the use of the formulae of the preceding 

The experimental data for the partial vapour pressures have 
been given in Fig. 5. 2 and Table 5. 1 , where we verified that they 
. istent with the Duhem-Margules relation. In Table 5.2 the first 
jiumns repeat those of Table 5.1, the subscript 1 denoting water 
. alcohol. The fourth column gives experimental values of the surface 
i- .. an y. The fifth column gives values of — pj 
pi jabng y against log p and measuring slopes. The sixth column gives 
values of 

(5.60.1) 

calculated from (5. 59. 4), which can be rewritten in the form 

The values of the quantity ( 1 ) are given in the sixth column in moles/cm 
In the seventh column the corresponding molecular quantity is given in 

molccules/A2. 

As we have repeatedly emphasized, this is as far as one can go without 
making some non-thcrmodynamic convention. We shall now give an 
example of such a convention. Let us assume that the interfacial layer is 
unimolecular and that each molecule of water occupies a constant area 
of interface and likewise each molecule of alcohol. This assumption may 
be expressed by 

A.F.+AjF^zzzl. (A,. A 2 const.). (5.60.3) 

We may, if we like, call Ap A 2 the partial molar areas of the two species 
in the interface. The essence of our assumption is not the definition of 
these quantities, but the assignment to them of definite constant values. 
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TABLE 5.2 

Water-alcohol mixtures 
Determination of r 2 — . ^ Ft 

1 —X 



TABLE 5. 3 

Water-alcohol mixtures 
Values of T in 10"^® mole/cm.^ calculated from 
Ai il -}- A 2 ^2 = I 

with A\ = 0,04 X 10*0 cm.Vmoie of water 
A 2 = 0.12 X 1010 cm.Vmole of alcohol 
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which can neither be determined nor verified by thermodynamic means. 

As an example we might assume 

A, = 0.06 X 10*0cmVmole. 

A2=0.12X lO^OcmVmoIe; (5.60.4) 

corresponding to 

Ax/N = 7 A^/molecuIe, 

A 2 /N = 20 AVmolecule. (5. 60. 5) 

The relation (3) with the values of Aj. A 2 given by (4) is sufficient to 
determine values of jT,. r 2 from the values of the expression (1) already 
given in Table 5. 2. The results of the calculation are given in Table 5. 3. 
The first column gives the mole-fraction x of alcohol, the second the 
values of the expression (1) taken from the previous table, the third and 
fourth columns the values of Fx, ^2 calculated by means of (3). The fifth 
co!urr;n gives values of r' 2 /(^i + A) which we may call the mole fraction 
ci I'cofiol in the surface layer. As the mole fraction thus calculated, in 
thi ; face layer increases steadily with the mole fraction in the liquid, 
.. i v conclude that although the model on which the assumptions (3), 

< i ’6) were based is admittedly arbitrary, at least it does not lead to 
i::m, "sonable or surprising results. 

§ 5.61 Interface Between Two Binary Liquids 

We turn now to consider the interface between two liquid phases of 
two components. Two such phases may or may not be regular, but they 
obviously cannot be ideal. In our initial treatment we shall make approxi¬ 
mations similar to those in § 5. 56. 

We assume that in a liquid phase PV, and PV 2 are so small compared 
with RT that they may be neglected. This assumption now applies to 
both liquid phases. Just as in § 5.56 we also neglect terms in Pr. 

There is an important physical difference between the significance of 
our approximate treatment of a liquid-vapour interface in the previous 
sections and the approximate treatment we are now about to give of a 
liquid-liquid interface. In the case of the liquid-vapour system we took 
as independent variables the temperature and composition of the liquid 
phase. Since the system has two degrees of freedom, these determine 
the composition and pressure of the vapour phase. Moreover the consequent 
variations of pressure are significant in determining the thermodynamic 
properties of the vapour phase. In our present discussion of a liquid-liquid 
system we arc assuming that the thermodynamic properties of all phases, 
that is both liquids and interface, are independent of the pressure. We 
are thus effectively suppressing variability of pressure as a possible degree 

freedom. But when we do this, a single liquid binary phase has only 
two remaining degrees of freedom, so that we might take as variables 
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either T, x which are independent or T, fxj subject to the Gibbs-Duhcm 
relation. Correspondingly in a system of two binary liquid phases the 
variables T, yu,, yUj are subject to two Gibbs-Duhem relations, one in each 
phase. Thus the system has effectively only one degree of freedom instead 
of two. Hence the temperature completely determines the composition of 
both liquid phases and so also the properties of the interface. 

We may alternatively describe the situation as follows. A binary liquid- 
liquid system, like a binary liquid-vapour system has two degrees of 
freedom. We may therefore take as independent variables T, P and these 
will then determine the composition of both phases and so also the 
properties of the interface. When however we use the approximation of 
treating the properties of every phase as effectively independent of P, 
then clearly all the equilibrium properties are completely determined by T, 

We accordingly proceed to determine how the interfacial tension depends 
on the temperature. 

§ 5. 62 Tcmperatiire Dependence of Interfacial Tension 

Wc begin with formula (5.56.4) 

= S^dT + + / 2 c//^ 2 , (5. 62. 1) 

which applies as well to a liquid-liquid as to a liquid-vapour interface. 
We also have a Gibbs-Duhem relation in each of the liquid phases. It is 
convenient to use these in the form, (1.38.3), with the term Vjn dP 
neglected. We have accordingly, denoting the two liquid phases by the 
superscripts a and 

S^mdT+(\ —x^)djUi +x^d/ii2 = 0, (5. 62. 2) 

SidT+{l-x^)d,Ji + x^d/i2 = 0. (5.62.3) 

wherein wc have omitted the superscripts on T, /ij, 1 U 2 since these have 
the same values throughout the system. We recall that Sm denote 
the mean molar entropies in the two phases. 

To obtain the dependence of 7 on the temperature, we have merely to 
eliminate djjLj from ( 1 ), ( 2 ), (3). Wc thus obtain 

qO cm 0/3 

O Um *0 Om Om 

r, + 1 i 

_ dy _ P 2 ^ _ _ r 2 le ^2 4 ) 

dT'^ ““ x^-xf^ * V • • ; 

There seems to be no alternative simpler formula having as high an 
accuracy. 

§ 5. 63 Accurate Formulae 

For the sake of completeness we shall now derive formulae, in principle 
applicable to any interface in a system of two components, in which we 
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do not neglect the terms in VdP or rdP. We however warn the reader 
that these formulae are too complicated to be of any practical use. 

We accordingly revert to formula (5. 56.1), namely 

— efy = dT — ipP + Pi dpi + /’2^ ^ 

and formulae (5.56.2) and (5.56.3) applied to each of the two phases 

a, ^ 


dfi1 = -Sl dT+VUP+^^ dx^. 

(5. 63.2) 

dfi2 = - s;dr+ Vt dP + djc“, 

(5. 63.3) 

d/xf = - Sf dr + Ff dP + dx^. 

OX' 

(5. 63.4) 

dfil = -S!dT+ V'! dP + dx^. 

(5. 63.5) 

11 also use the Gibbs-Duhem relation in the form 

(5, 10 5) in 

phases a, p 



(5. 63.6) 


(5. 63. 7) 


For any variations maintaining equilibrium, we have as usual 


dfA — dfJL^i — 
dn2 = rfjuf = 


(5. 63.8) 
{5. 63. 9) 


If we multiply (8) by (1 —a:^), (9) by x^, substitute from (2). (3) 
(4), (5) and add, we obtain using (7) 

0 = - S (1 - a:-*) (ST-Sf) + (S^2-S ^)) dT 

+ {{i-x^)(rx-vf) + x^ (v"2- v^) 1 dP 

If further we substitute (2), (3) into (1) we obtain 

- d y = (S'- r, 5? - r, s? ) J r - (t - r, 7? - Tz VI) d p 

, „dU2) j -. 


(5.63. 10) 
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If vve now eliminate dP between (10) and (11) we obtain 




+ ( ^2 + 


Aa»V \ bfl 


AaaV dx” 


dx” 


wherein we have used the following abbreviations 

A,^S = (! -x^) (Sl-S“) + a:-’ (Si-S',). 
A,^V^ = (1 - x'’) (7f-yt) + X." (Vl-V,). 
r] 51 -^ 5 “. 


(5. 63. 12) 

(5. 63. 13) 
(5. 63. H) 
(5. 63. 15) 
(5. 63. 16) 


From these definitions we observe that Aa, 5 S is the entropy increase and 
Aa/sV the volume increase when one mole of the phase is formed at 
constant temperature and constant pressure by taking the required amounts 
of the two components from the phase a. Likewise Aa<r5 is the entropy 
increase and AarV^ the volume increase when unit area of the surface 
layer o is formed at constant temperature and constant pressure by taking 
the required amounts of the two components from the phase a. 

Finally we can eliminate (or d/i 2 ldx^) between (6) and (12). 

Thus 


— dy=[ tSoioS — 


Aa-rF' Aa«5 


A«^K 


dT 


Si r ^ 4. } ^2 




1 —x“ 


dx^. 


[5. 63. 17) 


We see from either (12) or (17) that the temp^trature coefficient of y 
at constant composition of the phase a is 

Aa.5- (const.x“). (5. 63. 18) 

This formula applies in principle to any interface. For a liquid-vapour 
interface we may assume that AaoV’/AaysV is negligibly small and 
then (18) reduces to 

— ^ = A«5. (const. x“). (5. 63. 19) 

which is the same as (5. 58. 1). For a liquid-liquid interface formula (18), 
though strictly correct is of little use since the ratio AauV'/AasV' of two 
very small quantities is difficult, if not impossible, to estimate or measure. 
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§ 5. 64 Insoluble Films 

In our discussion of surface layers we have hitherto assumed implicitly 
that both the components were present to an appreciable extent in at least 
one of the bulk phases. During the past half century the experimental and 
theoretical work of Rayleigh. Pockels, Devaux, Marcelin, Langmuir and 
Adam * have brought into prominence surface phases of a quite different 
type. This work is concerned with the behaviour of minute quantities of 
various substances at the surface of a single underlying liquid, usually 
water. These substances are so slightly soluble in the liquid phase and so 
involatile that during the time of an experiment the quantity that can 
dissolve or evaporate Is quite negligible compared with the quantity that 
remains at the surface. As regards the quantity at the surface phase, this 
is so small that the film is actually only one molecule thick. 

The experimental and theoretical treatment most suitable for thermo¬ 
dynamic discussion is due to Adam. His experimental measurements are 
shown schematically in Fig. 5. 9. Part of the liquid surface covered with 

Movable barrier 
Impermeable io film 



Fig. 5. 9. Experiment with insoluble film. 


the insoluble film is separated from a clean surface by a movable barrier 
impermeable to the film. The quantity measured is the force per unit 
length of the barrier required to prevent the insoluble film from expanding. 
This quantity, which we shall denote by 99. is called the spreading pressure 
of the film. It is in a sense a two-’dimensional osmotic pressure, inasmuch 
as it is the excess force per unit length or the excess twO'^dimensional 
pressure to which the surface film must be subjected in order that the 
film and the clean surface may be in equilibrium as regards the underlying 
liquid. For. obviously, as regards the underlying liquid there is equilibrium 
between the film and the homogeneous phase and likewise between the 
clean surface and the homogeneous phase. Consequently, there must be 
equilibrium between the film and the clean surface. 

A surface phase a of the type in question is completely defined by the 
nature of the underlying liquid, which we shall denote by the subscript 1. 
by the temperature T of the whole system, by the surface area A of the 

film, and by the number n 2 of moles of the species 2 present in the film 
-— ) 

• For detailed references, see Adam, Physics and Chemistry of Surfaces (1941) 
Chapter 11. 
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but insoluble in the underlying liquid 1. In our discussion of such a film 
we shall not consider variations of temperature. We accordingly omit 
the term in dT from (5. 56. 4) and write for the film 

— dy = I\ djiii -f f^ 2 cljLi 2 . (const. T). (5. 64. 1) 

There aie two significant differences between the present and previous 
applications of this formula. In the first place, since as regards the 
component 1 there is equilibrium between the layer and the pure underlying 
liquid having a well defined /x,. clearly J//, vanishes and so (1) reduces to 

-dy — l\du 2 * (const. 7). (5.64.2) 

In the second place since the component 2 is present only in the surface 
layer, 72 has a well defined value invariant with respect to a shift in 
position of the geometrical surface defining the boundary of the interfacial 
layer. 72 is in fact the total number of moles of the component 2 per 
unit area. 

If now we denote by the surface tension of the clean liquid on the 
other side of the barrier, the force per unit length which must be applied 
to the barrier to hold it stationary is evidently y^—y. It follows that 
the spreading pressure referred to above is 

(p =z — y, (5. 64. 3) 

and so for variations in position of the barrier 

d(p z=z — dy. (5. 64. 4) 

Substituting (4) into (2), we see that 

d(p 72 djui2- (5) 

Owing to the assumed insolubility and involatility of the species 2. wc 
cannot usefully replace //2 value in either the underlying liquid 

or in the vapour phase. In fact the determination of /itj in the film is best 
made by using formula (5). 

§ 5. 65 Two-dimensional Gases and Liquids 

It was suggested by Langmuir and confirmed experimentally by Adam * 
that the films might be classified according to the relation between 
and 72 as two-dimensional gases, liquids and solids, Wc shall henceforth 
drop the subscript 2. 

In a two dimensional gas q) increases with 7. Adam has shown both 
theoretically and experimentally that the limiting law for low values of 
7 and g? is 

(p = RTr, (5.65. 1) 

Substituting (1) into (5.64.5) we obtain 

RTdr = rdu. (5.65.2) 


• For details, sec Adam, Physics and Chemistry ol Surfaces (1941) p. 39. 


15 



226 


SYSTEMS OF TWO NON-REACTINO COMPONENTS 


which on integration gives 

= (5,65.3) 

where the single and double dash refer to two different surface con¬ 
centrations. Formula (3) recalls the formula for the dependence of the 
chemical potential of a three dimensional perfect gas on the number of 
moles per unit volume. 

If we define the molar area A of the species 2 by 

rA=: 1, (5.65.4) 

we can write (1) in the alternative form 

(pA=RT. (5.65.5) 

analogous to the equation of state of a perfect gas 

PV^^RT. (5.65.6) 

In a two dimensional liquid film, by contrast with a two dimensional 

gaseous film, the molar area A decreases considerably less with increase 
of the pressure (p, \f we write formally 

A=:AH\-^<p). (5.65.7) 

where is independent of (p, then the two-dimensional compressibility x 
1.- small compared with \/(p, and varies much more slowly with the two- 
dimensional pressure than in the case of a two-dimensional gas. The value 
of X may not, however, be assumed independent of the two-dimensional 
pressure. 

Just as the external pressure on a liquid cannot be less than its vapour 
pressure, so there is a minimum value of cp for a two-dimensional liquid 
film. This is the two>-dimensional vapour pressure p’ of the liquid film. 
If we begin with a liquid film under compression and gradually decrease 
the pressure (p exerted on the barrier, the molar area A will increase only 
slowly, according to (7), until the pressure reaches the valuethe two- 
dimensional vapour pressure. Further expansion of the film then takes 
place at the constant pressure p^ This is two-dimensional evaporation, 
and the film is no longer homogeneous, but partly liquid and partly vapour. 
When the area of the film has become so great that the film is completely 
gaseous, further expansion will be accompanied by a fall of pressure 
roughly according to (5). 

§ 5. 66 Binary Solid Solutions 

We turn now to a brief consideration of solid phases containing two 
components, that is to say binary solid solutions. Much of the treatment 
of liquid solutions is directly applicable mutatis mutandis to solid solutions. 
Other parts of the treatment are obviously not applicable, in particular 
the following topics; equilibrium between a liquid mixture and a pure 
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solid phase, osmotic equilibrium, intcrfacial tensions. Further the discussion 
of the boiling point of a solution of a non-volatile solute is of small 
importance for solid mixtures. Nor is the osmotic coefficient much used 
for a solid mixture. 

There is a further difference between the treatments of liquid and of 
solid mixtures, a difference of degree or of emphasis rather than of kind. 
Most liquids are sufficiently volatile to have a conveniently measurable 
vapour pressure. Hence the partial vapour pressures of a liquid are usually 
readily measurable and so very real quantities. There is consequently a 
natural and reasonable tendency so far as possible to express most other 
equilibrium properties in terms of the partial vapour pressures. Whereas 
some solids also have readily measurable vapour pressures, many arc 
effectively involatile. This being so. there is no particular merit in 
expressing other equilibrium properties in terms of the partial vapour 
pressures rather than in terms of the absolute activities. If then we compare, 
for example, the Gibbs-Duhem formula 

(1 + xdfji2 = 0^ ( 5 - 66 . 1 ) 

or its corrolary 

(1 — x) d log H" X d log — 0 (5. 66 2) 

with the Duhem-Margules relation 

(1 —x)cfIogp, -h X rf log p 2 ~ 0' (5.66.3) 

whereas these three relations are all equivalent, it is natural to place the 
emphasis on (3) in the case or liquids, but on (1) or (2) in the case of 
solids. 

One of the great similarities between solids and liquids, in contrast 
to gases, is their insensitivity to pressure. For most purposes we may ignore 
the pressure. When we do this, a single phase of two components has 
two degrees of freedom, so that we may use as independent variables 
7, X. A pair of such phases in equilibrium has then only one degree 
of freedom, the composition of both phases being determined by the 
temperature. 

We shall deal extremely briefly with the aspects of solid solutions 
which are parallel to those of liquid solutions. We shall often quote 
formulae without repeating derivations previously given for liquids. 

§ 5. 67 Stationary Melting-Points 

In § 5.23 we proved that whenever the relative compositions of a 
liquid and vapour in mutual equilibrium at a given pressure are identical, 
the equilibrium temperature is a minimum or maximum at the given 
pressure. By precisely the same proof the same result can be derived 
for a solid and vapour in equilibrium. 

Of greater practical interest is the equilibrium between solid and liquid 
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phases. Using the superscripts S and L to refer to these two phases 
respectively, we can derive a formula analogous to (5.23.6), namely 



where x denotes the mole fraction of the component 2 in cither phase. 
Whereas formula (5. 23. 6) was deduced for constant pressure conditions, 
as far as (1) is concerned the pressure is practically irrelevant. If the 
liquid and solid phases have identical relative compositions, then 

= (5.67.2) 

and so (1) reduces to 

{SL-Si)^ = 0. (5.67.3) 

Since Sm^S%. it follows that 

dT/dx = 0. (5.67.4) 

Th US when the relative compositions of the solid and liquid in mutual 
cquihl^vum are identical, the equilibrium temperature is a minimum or 


S Ideal Mixtures 

lid ideal mixture is defined in the same manner as in the case of 
namely by 

/l,=4(l-;r) (5.68.1). 

}L2 = i°2X, (5.68.2) 

where the' superscript denotes the pure solid phase. Actual examples 
of ideal mixtures are fewer among solids than among liquids, but the 
ideal mixture remains the convenient standard with which to compare a 
real mixture. 

The thermodynamic functions and properties of ideal mixtures follow 
directly from (1), (2) as in the case of liquids. In particular the heat 
functions are additive; that is to say the molat heats of mixing are zero. 
On the other hand the molar entropy of mixing Sm is given by 

SmlR= - (1 — x)log(l — x) — Jrlogx (5. 68. 3) 

Probably the most important application of this and related formulae is 
to isotopes, as in § 4. 57. 

§ 5. 69 Non-ideal Mixtures 

Any real mixture is conveniently compared with an ideal mixture by 
the formal use of activity coefficients /i,defined by 

2, = i?(I_x)A. (5.69.1) 

(5 69.2) 



SYSTEMS OF TWO NON-REACTING COMPONENTS 


229 


According to the Gibbs-Duhcm relation (5.66.2) the two activity 
coefficients are interrelated by 

(1-ar)^^= (5.69.3) 

OX ox 

The temperature coefficients of the activity coefficients are related to 
the partial molar heats of mixing according to 


dlogf, 

df “ RT^ ‘ 

(const, x). 

(5.69.4) 

diog/i 

dT ~ RT^ ' 

(const, x). 

(5. 69.5) 

The conditions for internal stability with 

respect to splitting into two 


phases, for the equilibrium between two phases and for the critical 
temperature of mixing are precisely analogous to those for liquid mixtures. 

§ 5. 70 Regular Mixtures 

A regular solid mixture is defined precisely as a regular liquid mixture by 
log^. = ^x^ (5.70.1) 

log/2 = ^(l-x)^ (5.70.2) 

wherein w is independent not only of the composition but also of the 

temperature. 

The partial molar heats of mixing are given by 

(5.70.3) 

H2-HI = w{\-xY (5.70.4) 

respectively. 

If w is positive, the critical temperature of mixing Tc is given by 

Tc = iwlR. (5.70.5) 

If on the other hand w is negative, the temperature determined by 

T, = -^iwlR (5.70.6) 

is likewise of interest as the highest temperature at which what is called 

long-range order can persist. Wc merely mention this in passing, because 
of the formal similarity between (5) and (6). We shall revert to the 
subject in § 7.20 and § 7.21 where we shall see that the temperature 
given by (6) is under certain conditions that of a transition of the 
second order. 
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§ 6. 01 Introduction to Systems of Several Components 

In treating systems of several components instead of only two com¬ 
ponents we meet hardly any new principles. The main difference is that 
many formulae contain more terms or sums of terms in place of single 
terms. We shall accordingly to a large extent merely quote formulae 
without giving derivations, when these are exactly analogous to those for 
binary mixtures. 


§ 6 02 Partial Molar and Mean Molar Quantities 

Corresponding to any extensive property A in a phase containing n, 
moles of each species i. the partial molar quantities X, arc defined by 


\0nijp,T,nj 


( 6 . 02 . 1 ) 




Jenotes all the n’s except ni. 
responding mean molar quantity X„ is defined by 


X„ = X/Iini. 


(6. 02.2) 

These quantities satisfy the relations 

I, n, X, = X. 


(6. 02.3) 

2( m dXi = 0, 

(const. T.P). 

(6. 02.4) 

or the equivalent relations 

I,x,X, = X„ 


(6. 02.5) 

2,x,dX, = 0. 

(const. T, P). 

(6. 02.6) 

were xi is the mole fraction of i defined by 

Xi = nijXii n*. 


(6. 02.7) 


§ 6 03 Relations Between Several Partial Molar Quantities 
To each relation between two or more extensive properties there 
corresponds a relation between the partial molar quantities and likewise 
one between the mean molar quantities. In particular using the independent 
variables T, P. m and bearing in mind that 

G, = iu,. (6.03.1) 

we have the following important relations 

Ft = U,-TSi, 

H, = Ui + PV,. 


(6.03.2) 
(6.03.3) 
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^t, = G,=lU,-TS, + PV,. 

(6.03.4) 

„ dGi dfii 

dT~ df' 

( 6 . 03. 5) 

y. dGi d/j-i 

dP ~dP ’ 

(6.03.6) 

u T _ m ^ 

— T^j.— T . 

( 6 . 03. 7) 

p. — „ _ p 

^ dP ' 

( 6 . 03.8) 

U, = ^,-T^-P 

( 6 . 03.9) 

_ „as, dHi 

dT ~ dT’ 

( 6 . 03. 10) 

log kt = m/RT. 

( 6 . 03. 11) 

d log Xi Hi 

dT ~ RT^’ 

( 6 . 03. 12) 


§ 6 . 04 Mole Fractions as Independent Variables 
It will often be convenient, particularly when dealing with condensed 
phases, to use as independent variables temperature, pressure and mole 
fractions. In all such cases we shall in a phase containing G components, 
choose as independent variables X 2 , that is to say 

(2^s^G). (6,04.1) 

We shall consistently use the subscript s to denote any of the integers 2 , 

3.but not 1 . The mole fraction of species I is then given in terms of 

the variables Xs by 

x, = l - 2 * 5 X 5 . (6.04.2) 

§ 6 . 05 Notation for Changes of Composition 

Let I denote any intensive property of a phase and let I be considered 
as a function of T, P, Xs. Then the most general variation of I is of 
the form 

We find it convenient to define the operator D as follows 

DI=Zs^clx,. (6.05.2) 

0X5 

so that, by using this notation, ( 1 ) becomes 

dI = ^dT+^dP + DI. 


(6.05.3) 
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In words D1 is the part of the variation of I due to all variations of 
composition when T, P are kept constant. 

§ 6.06 GibbS'Duhem Relation 

If we apply the Gibbs-Duhem relation (1.38.2) to one mole of any 
phase, we have 

Sm dT- V„ dP + (1 -2'. Xs) df^, + 2s Xs d^s = 0. (6.06.1 ] 

Using (6.03.5), (6.03.6) and (6.05.2) we have 

dfit = -StdT+V,dP + D/^i. (6.06.2) 

d/*s = -SsdT+VsdP + D/1,. (6.06. 3) 

Substituting (2) and (3) into (1), we obtain 

! Sm — (1 — 2, Xs) S\ — 2, Sj ( dT 

+ \Vm-{l-2sXs)V,-2sXsVs\ dP 
+ (I — 2, X,) D/ni + 2, Xs D/i, — 0. (6.06.4) 

But according to (6. 02. 5) 

Sm-(l-2sXs)Si+2sXsSs. (6.06.5) 

Vm = (1 -2s Xs) V^, + 2s X, Vs, (6. 06. 6) 

from v.uich we see that the coefficients of dT and dP in (4) vanish. 
Thus (4) reduces to 

(1—2,jc,) D/ti + 2sXsD/i, = 0. (6.06. 7) 

This straightforward derivation of (7) is instructive, but unnecessarily 
complicated. For we could obtain (7) immediately by applying (1) to 
changes of composition at constant T, P so that 

dT — 0, dP = 0, d/tt = D/ni, d/is = D/Jis. (6.06.8) 
In terms of absolute activities 2|, formula (7) becomes 

(1—2,jc,) D log A, + 2sXsD log A* = 0. (6.06.9) 

§ 6.07 Dubeni'Margales Relation 
Using the relation 

DlogA = Dlogp (6.07.1) 

where p denotes a partial pressure, or strictly a fugacity, in (6.06.9) we 
obtain the Duhem-Margules relation 

(1 — 2j Xs) D log p, +2sXsD log p* = 0. (6, 07,2) 

§ 6.08 Gibbs’ Phase Rule 

All the intensive properties of any single phase are evidently completely 
determined by its temperature, pressure and composition. Thus we may 
take as independent variables T. P, x,. If there are G components, there 
are G — 1 quantities x$ and so there are clearly G + I degrees of freedom. 
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Alternatively we may, if we prefer, define the state of a single phase 
by the G+2 quantities T, P, jUs which arc however connected by 
the Gibbs-Duhem relation 

(1—2’jjcs) Dju^ + DjUs = 0. (6. 08. 1) 

If now we consider two such phases a and in mutual equilibrium, we 
may evidently still define their states by T, P, u,. jus each of these 
variables having at equilibrium the same value in both phases. But these 
variables are now connected by two Gibbs-Duhem relations, one in 
each phase 

(1 x^) D/i? + 2*, Dms =0. (6. 08. 2) 

(1 -2, Jcf) Dm? + 2-, X? Dm? = 0. ( 6. 08. 3) 

Hence of these G -f 2 variables, only G are now independent. In other 
words the system has G degrees of freedom. 

This argument is readily increased to any number P of phases in 
equilibrium. If we define the state of the system by the G + 2 variables 
T, P, these are connected by P Gibbs-Duhem relations, one in 

each phase. Thus the number of these variables which are independent is 
G + 2 — P. In other words the number of degrees of freedom is G + 2 — P 
This is the famous Phase Rule of Gibbs *. 

If wc consider a system containing only condensed phases, then for 
most purposes the pressure is irrelevant and may be ignored. Under these 
conditions the remaining G+ 1 variables T,/is are connected by P 
Gibbs-Duhem relations and so the system has G + 1 — P degrees of free¬ 
dom. 

The essence of the phase rule is that in a system of any number of 
components, whenever the number of phases is increased by one the 
number of degrees of freedom is decreased by one. 

§ 6. 09 Introduction to Gaseous Mixtures 

In our treatment of systems of one component in Chapter IV and of 
two components in Chapter V, we made a point of discussing the 
behaviour of real gases and then at a later stage described perfect gases 
as an idealized limit to which real gases approach to a greater or less 
extent. In gaseous systems of more than two components the formulae 
are rather cumbrous, unless the gases are treated as perfect. Wc shall 
accordingly concentrate attention on the formulae for perfect gases, merely 
indicating how these have to be modified to take account of imperfections. 
By this stage the reader will have safely escaped the danger of labouring 
under the delusion that thermodynamic formulae are specially related to 
perfect gases. 

§ 6.10 Perfect Gaseous Mixtures with T, V as Variables 

The fundamental characteristic defining a perfect gaseous mixture is 

• Gibbs, Collected Works vol. 1 p. 96. 
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that, at given values of temperature and volume, the free energy of the 
mixture is the sum of those of the individual perfect gases each at the 
same temperature and occupying the same volume. Thus we have as the 
analogue of (5. 15. 1) 

F = 2-,n/1+ log (6- 10.1) 

where denotes a standard pressure and is the value of /i, of the 
pure gas i at the pressure P^. 

From (1) follow immediately 

5=-2/ni|^ + /?log^^jJ’j. (6.10.2) 

U = (6.10.3) 

PT 

p = (6.10.4) 


Cv = ^ini 



(6. 10.5) 


rcMff i'l.t (1) expresses Daltons Law of the additivity of pressures at 
erris:,int temperature and volume. 

Furthermore we have 


A</ = i?riog = + /?riog p^y , 

(6. 10.6) 

C _ n niRT 

Si- - JJ--R log p^y . 

(6. 10.7) 

Ui = H\ RT, 

(6. 10.8) 

while the partial pressures p/ defined by 


Pi = -^P = XiP 
nk 

(6. 10.9) 

are given by 


Pi = ^RT. 

(6. 10. 10) 


§ 6,11 Perfect Gaseous Mixture with 7, P as Variables 
Using (6.10.4) to transform from the variables T, V, m to the 
variables 7. P. m we obtain for the partial molar quantities 

G,=M/=/*T + i?riog^+;?riog^. (6.11.1) 
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(6. 11.2) 

tii —Pi —i 

(6. 11.3) 

~ ^ dT^ ’ 

(6. 11.4) 

and for the most important extensive quantities 


G = li ni 1 + Priog ^ + Priog 

(6.11.5) 

S = -2-,n,|g.* + filo9^ 

(6. 11.6) 

V -?? 

V - P . 

(6.11.7) 


We observe that the entropy of the mixture exceeds that of the 
constituent gases each at the same temperature and same total pressure by 


( 6 . 11 . 8 ) 

Tlk 

the so-called entropy of mixing. The corresponding molar entropy of 
mixing is 

^RStXiXo^Xi. (6.11.9) 

§ 6. 12 Absolute Activities and Partial Pressures 
If we substitute the definition (6. 10. 9) of partial pressure into (6. 1K 1) 
we obtain for the relation between chemical potential and partial pressure 
in a perfect gaseous mixture 

fii = fi^ + RTlog^- ( 6 . 12 . 1 ) 

The corresponding relation between the absolute activity 2/ and the 
partial pressure p/ in a perfect gas is 

= ( 6 . 12 . 2 ) 

where defined by 

f4 = RTlogk^, (6.12.3) 

is the absolute activity of the pure gas at the standard pressure P*. 

§6.13 Fugadties of Real Gases 

The fugacity p* of the component i is defined by 

p*/ 2^ = const, (T const.), (6.13.1) 

p;/p, 1 as P 0, (all T). (6. 13. 2) 
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Thus while for a real gas the relation (6. 12.2) is an approximation* 
which becomes accurate in the limit of a perfect gas. the similar formula 


2/ = A/ 




(6. 13.3) 


is exact by definition. The more nearly a gas i resembles a perfect gas 
the more close the fugacity p, will be to the partial vapour pressure p/. 


§ 6.14 Second Virial Coefficients 

The deviations between a real gaseous mixture and a perfect one are 
expressed by means of virial coefficients. The second virial coefficient 
which takes account of interactions between two molecules both of type i 
is denoted by Bit\ that which takes account of the interactions between 
two molecules one of type i, the other of a different type j is denoted 
by Bij, 

The free energy of a real gaseous mixture has the form 

F =: Zt -RT+RTlog 

+ ^^2,n]Bu+^2 2n,njBu]^. (6.14.1) 

where iih higher virial coefficients have been neglected. 

Ai! ether thermodynamic functions can be derived immediately from (1 ). 
but we shall not give any further details. 

Since experimental data concerning the mixed virial coefficients Bij are 
almost non-existent, it may be necessary to guess values. The simplest 
guess is 

Bu = i(Bii + Bjj). (6.14.2) 

When this assumption is made* formula (1) reduces to 

F = :s, m |A*t-/?r+ 7?riog ^2-* n* B**|. (6. H. 3) 

The physical significance of (2) is analogous to the assumption that 
any mixture of two liquids is ideal* an assumption known to be untrue. 
Consequently the use of (2) has in general no justification either theoretical 
or experimental. 


§ 6.15 Solvent and Solute Species 

Any phase of more than one component may be called a solution, but 
the name is applied especially to liquids and solids. In the case of a 
gaseous phase it is more usual to speak of a gaseous mixture. We shall 
now consider liquid solutions. 

It is usual to denote one of the component of a solution as the solvent 
and to call all the remaining components the solute species. From a thermo- 
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dynamic point of view there is no distinction between solvent and solute, 
and it is quite arbitrary which species is regarded as solvent. In practice, 
it is usual to designate by the term solvent that species present in greatest 
proportion in the solution which in the pure form exists in the liquid state 
at the temperature and pressure of the solution, or at least at temperatures 
and pressures not far removed from those of the solution. 

When we use these terms, we shall call the species 1 the solvent and 
the remaining components s solute species. Thus we use as independent 
variables the mole fractions of the solute species. 

§ 6. 16 Stationary Boiling-Point 

Just as for a binary mixture in § 5.23. it can be shown that when a 
liquid and its vapour have the same relative composition 

{Sl - 5^.) uT = {V% -dP, (xf = xf). (6. 16. 1) 

where as usual the superscripts G, L denote the gas and liquid phases 
respectively. From (1) we see that, for the given pressure, such a mixture 
has a stationary boiling-point. Likewise for the given temperature such a 
mixture has a stationary total vapour pressure. 


§ 6. 17 Freezing-Point 

Precisely as in § 5. 25 the freezing-point T of a solution is related to 
the freezing-point of the pure solvent by 


log 


(T) - R 




(6. 17. 1) 


where [A/Hi] denotes the molar heat of fusion for the pure substance 
averaged over the reciprocal temperature interval l/T® to l/T. 

We can write (1) in the alternative form 


P^iiT) _ [A/Hf] I 1 

(T)^ R \ f 



(6. 17.2) 


§ 6. 18 Boiling-Point 

Provided all the solute species arc effectively non-volatile, the boiling- 
point T of the solution is related to the boiling-point T® of the pure 
solvent as in § 5.26 by 


log 




[A.H?] 


1 

■yo 


1 

T 


(6.18. 1) 


A,(r) R 

where [A.//?] denotes the value of the molar heat of evaporation 
A.H? of the pure liquid averaged over the reciprocal temperature interval 


1/r to \/To. 

We can write (1) in the alternative form 


log 


pUT)_ [A.HH /J_ 

pAT)~ r 



(6. 18.2) 
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§ 6.19 Osmotic Pressure 

For the osmotic equilibrium with respect to the solvent species 1, if 
the pressure on the pure solvent is P and that on the solution is P + i7 
then precisely as in § 5. 27 we can derive for the osmotic pressure Tl 
the alternative formulae 


RT 

J7[F?] 

RT 


= log 


= log 


P°(P) 

Pi {py 
PiiP+m 
pAP+m ■ 


(6.19.1) 

(6.19.2) 


Here [ V,], denote the values of V,, respectively averaged between 
the pressures P and P + 11. 


§ 6. 20 Ideal Solutions 

A solution is said to be ideal if for every component i 

Pi = Pi +RT\ogxt, (6.20.1) 

or 

= (6-20.2) 

where the superscript 0 refers to the pure liquid. Each vapour pressure pi, 
or strictly each fugacity, obeys Raoult’s law 

Pi = p°xi. (6.20.3) 

It is readily voi;f:cd that the Duhem-Margules relation 

2"/D logpt = 0 (6.20.4) 

IS sati>’[]C(J. 

Fioni (1) wc derive immediately 

Hi = fi’j-T^ = H?. (6.20.5) 

We thus observe that the partial molar heat of mixing Hi —H? is zero. 
We also derive from (1) 

S, = -^-R\ogxi = ^i-R\ogXi, (6.20.6) 

Sm = —^iXi^i—R2iXi logxr (6. 20. 7) 

We observe that the molar entropy of mixing 

— RZiXi log Xh (6. 20. 8) 

has the same value as for a perfect gas at constant temperature and 
constant pressure. 

The thermodynamic properties of the solvent species I are expressed in 
terms of the mole fractions of the solute species s by 

+ R TIog (1 — 2*5 Xs), 

Pi = pi (1—-Six*). 


( 6 . 20 . 9 ) 
( 6 . 20 . 10 ) 
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§6.21 Freezing-Point of Ideal Solution 

From (6.17.2) and (6.20.10) we derive the relation between the 
freezing-point T of an ideal solution and the freezing-point of the 
pure solvent 

-log (l-lsxs) = . (6. 21. 1) 

We need hardly mention that, provided the mixture is ideal, we may call 
any one of the components the solvent and apply formula (1) to the 
equilibrium with the pure solid phase of this component. 

§ 6. 22 Osmotic Pressure of Ideal Solution 

For osmotic equilibrium with respect to the solvent species 1, if the 
pressure on the pure solvent is P and that on the solution P + 77 then 
by using (6. 20. 10) in (6. 19. 1) or (6. 19. 2) we obtain for the osmotic 
pressure 77 

-^p- = -log(l-2’sX,). (6.22.1) 

where [Vj] denotes the molar volume of the solvent averaged between 
the pressures P and P + 77. We may note that in an ideal solution 

Vi = V? and consequently [Vj] 1 = [V?]. 

§ 6. 23 Non-ideal Mixtures 

In principle we could treat any liquid mixture by the method of the 
preceding chapter, that is to say by the use of activity coefficients ft 
defined by 

= (6.23.1) 

and such a procedure is in fact useful and usual for a mixture of several 
liquids which resemble one another rather closely. The mixtures will then 
not deviate greatly from ideality and the activity coefficients fi will not 
differ greatly from unity. When we proceed in this way, the partial 
vapour pressures are given by 

Pi = p°Xifi (6.23.2) 

and all other thermodynamic properties can be expressed formally in 
terms of the // s and their differential coefficients. 

The procedure thus described, while formally correct, is not always 
useful. For some of the solute species may melt at temperatures considerably 
higher than that of the solution. It will then be impossible to measure and 
difficult to estimate such quantities as pj relating -to the pure 
substance in the liquid state, that is to say a state unrealizable at the 
temperature concerned. Incidentally this may be the case when there is 
only one solute. It is therefore often expedient to compare the thermo- 
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dynamic properties of a real solution not with an ideal solution as defined 
in § 6. 20. but instead with a different standard called an ideal dilute 
solution. This procedure will be described in the following two sections. 

§ 6.24 Ideal Dilute Binary Solationa 

Let us for a moment return to the consideration of a binary solution of 
a single solute s in a solvent 1. Statistical theory shows, and it is in fact 
physically almost obvious, that if we plot p, against x the curve has a 
finite slope at the origin. In other words the tangent at the origin has a 
finite slope which we shall denote by h. 

Expressing this mathematically 

Ps/x h as X 0. {h finite). (6. 24. 1) 

How closely the curve follows this tangent is a question to which thermo- 
dynamical considerations supply no answer. In the exceptional case of 
the ideal solution defined in § 5.29 the law (1) holds right up to = 1 
so that h is the same as pi, However we can always define an imaginary 
solution whose ps —x curve is the tangent at the origin to the ps“—x 
curve of the real solution. We accordingly define an ideal dilute binary 
solution by 

p^ = hx» (h const.). (6.24.2) 

This relation is called Henryks Law. It is a limiting law valid in the 
limit Xs 0 and more or less accurate for Xs finite. 

§ 6. 25 Ideal Dilute Solutions 

The definition of the previous section can immediately be extended to 
a solution of several solutes. An ideal dilute solution is one such that 

Ps = hs Xs for all s. {hg const). (6. 25. 1) 

Formula (1), of which (6.24.2) is the simplest example, is called 
Henry's Law, 

From (1) it follows immediately that 

ls\xs = const. (all s). (6. 25. 2) 

From (1) and (2) we can derive the thermodynamic properties of an 
ideal dilute solution. This we proceed to do in the following sections. 

§ 6. 26 Mixing Properties of Ideal Dilute Solutions 

According to (6.03.12) 

= ( 6 . 26 . 1 ) 

and according to (6.03.6) and (6.03.11) 

T/ _ DT ^ 


(6.26.2) 
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Comparing (6. 25. 2) with (1) and (2) we deduce that for a given solute 
species s in an ideal dilute solution in a given solvent 1. the values of 
Hs, Vs are independent of the composition. 

Writing H for X in (6. 02. 6), since we have just seen that all Hs are 
independent of the composition it follows that such is also the case for //i. 
Similarly we see that in all ideal dilute solutions in a given solvent 1. the 
partial molar volume Vy of the solvent is independent of the composition. 

We can summarize these properties by saying that two ideal dilute 
solutions in the same solvent mix at constant temperature and pressure 
without change in the heat function or of the volume. 

§ 6. 27 Raoult s Law for Ideal Dilute Solutions 
The Duhem-Margules relation (6.07.2) may be written 

= (6.27.1) 

1 —^s Xs 

For an ideal dilute solution, according to (6. 25. 1) 

Xs D log ps = XsD log Xs = dxs- (6. 27. 2) 

Substituting (2) into (1), we obtain 

Dlogp, = -^ ^| :^. (6.27.3) 

1 ^s Xs 

Integrating (3) at constant T, P and noticing that 

pj = pj when all Xs = 0, (6. 27. 4) 

we obtain 

log Pi =logpf + Iog(l’--2’sXs), ’{6. 27. 5) 

or 

p,=pf(l--^sxsl (6.27.6) 

Comparing (6) with ,(6. 20. 10) we see that in an ideal dilute solution 
the vapour pressure of the solvent obeys precisely the same law, Raoulfs 
law, as in an ideal solution. As a point of historical interest Raoult*s law 
was formulated for ideal dilute solutions by Raoult long before ideal 
solutions had been defined by G. N. Lewis as in § 6. 20. 

§ 6. 28 Freezing-point and Boiling-point of Ideal Dilute Solution 
Since (6.27.6) has the identical form of (6.20.10), we obtain the 
same formula for the freezing-point T of an ideal dilute solution as 
previously obtained in §6.21 for an ideal solution. Thus 

- log (1-2-, Xs) = ’ 

where T® is the freezing-point of the pure solvent and [A/H?] is the 
value of the molar heat of fusion A/H® of the pure solvent averaged over 
the reciprocal temperature range l/T® to l/T, 


16 
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Similarly the boiling-point T of an ideal dilute solution containing only 
involatile solute species is related to the boiling-point T® of the pure 
solvent by 

- log xs) = ^^^ 

where [AeH?] is the value of the molar heat of evaporation AeH? of 
the pure solvent averaged over the reciprocal temperature range l/T® 

to 1/r. 

§ 6. 29 Osmotic Pressure of Ideal Dilute Solution 

If at osmotic equilibrium the pressure on the pure solvent is P and that 
on the solution P + 77, then by using (6. 27. 6) in (6. 19. 1) or (6.19. 2) 
we obtain for the osmotic pressure U 

-^p-^-Iogd-^s^s). (6.29.1) 

where [l^] denotes the molar volume of the solvent averaged between 
the pressures P and P + 77. As we saw in § 6. 26. we need not distinguish 
between Vj in the solution and V? in the pure solvent. 

§ 6. 30 Distribution between Two Solvents 

For the equilibrium as regards the solute species s between two 
solutions, both ideal dilute but in different solvents, we have the equilibrium 

con dition 



- *■$> 

(6.30.1) 

p“= 

=pt. 

(6. 30. 2) 


where a, /? denote the two different solvents. Since both solutions are by 
supposition ideal dilute, we have by Henry’s Law (6.25. 1) 


a f « « 

ps =hsXs, 

(const. T), 

(6. 30. 3) 

Pi=/», Jfs. 

(const. T). 

(6.30.4) 

Substituting (3) and (4) into (2), we obtain 



Xs hs 

-ir = TJ = const. 

Xs hs 

(const. T). 

(6. 30.5) 


This relation Is called Nernsfs Distribution Law for ideal dilute 
solutions, h* / hs is called the partition coefficient for the solute species s 
between the two solvents a and 
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§ 6.31 Temperature Coefficients for Solute Species 

The dependence on temperature of the absolute activity of the solute 
species s is according to (6.03.12) 


d log 4 
dT~ 




(6.31.1) 


and in an ideal dilute solution, according to (6.25.2) and (6.05.2) 

D log 4 = d log jcj. (6.31.2) 

Combining (1) and (2) we obtain 


Hi 


d log dT+d log Xs, 


(6.31.3) 


where we have used the superscript / to denote the ideal dilute solution. 
We ignore effects due to variations of the pressure on the solution. 

In the gas phase G, on the other hand, we have 


H, 


d log 4 = — ^^2 dT+d log ps. 


(6.31.4) 


For equilibrium between the solution and the gas phase, we have the 
usual condition 

(6.31.5) 

and so for variations maintaining equilibrium between the two phases 

c/logA? =:cflog4* (6.31.6) 

Substituting (3) and (4) into (6) we find 


dlog ■ 


dTz 


dT. 


(6.31.7) 


a:* ■ RT^ - RT^ 

where A. Hi denotes the molar heat of evaporation of s from the ideal 
dilute solution. Comparing (6.25.1) with (7), we deduce for the 
temperature dependence of the coefficient h* in Henry’s law 

d log ft, _ H? - Hi _ A, Hi 
dT ~ RT^ ~ RT^ ' 

If we apply (8) to two phases a, /5 and subtract we obtain for the 
temperature dependence of the partition coefficient 


(6.31.8) 


dlog(fi“//tf) _A.pH^ 
dT ■“ RT^ ' 


(6.31.9) 


where A«^ Hi is the molar heat of transfer of the species s from the ideal 
dilute solution a to the ideal dilute solution /J. 


§ 6.32 Temperature Coefficient for Solvent 

The dependence on temperature of the vapour pressure of the solvent 
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is similar to that of the solute species but there is a much simpler derivation. 
We have Raoult's law (6. 27. 6) 


Pi =P? (1—JTs). 


(6. 32. 1) 


SO that, by use of (4. 43. 4), 


eiogp, _c/logp?_ AeH^ 
dT ~ dT ~ Rf^ ■ 


(6. 32.2) 


where is the molar heat of evaporation of the pure liquid. 


§ 6. 33 Non-'ideal Solutions 

Having completed our description of ideal dilute solutions, we are now 
able to give a formal treatment of any solution by comparing it with an 
ideal dilute solution, making use of the fact that in the limit of infinite 
dilution all solutions become ideal dilute. 

We shall first discuss the thermodynamic functions and equilibria 
relating particularly to the solvent, since their treatment is precisely the 
same as that used in the previous chapter. We shall then turn to the 
thermodynamic functions and equilibria relating to the solute species; their 
treatment will be different from that used previously. 


§ 6. 34 Activity Coefficient and Osmotic Coefficient of Solvent 
As far as the solvent is concerned the treatment is exactly the same 
as if we clio.se as staiulard an ideal solution instead of an ideal dilute 
soluticm. In fact as fra as the solvent is concerned the standard is the same, 
namelv the pure solvent. We accordingly introduce the activity coefficient 
/ and osmotic coefficient g of the solvent, in exact analogy with § 5.37 
anJ. s 5.3'^, defined by 

^i/^? = pi/p? = (l--^sx,)/-,. (6.34.1) 

log 4 = log = Pi log (1 —Ss Jfs). (6.34.2) 

pi 

From (1) and (2) we sec that /*, and gx arc related by the identity 

Jog f\’=(g\ (1—-Tj xs). (6. 34. 3) 


§ 6. 35 Temperature Dependence 

The dependence of the activity coefficient of the solvent on the 
temperature is in precise analogy with (5.43.1) 

dlog/*, _ Hr 


-m 


dT 


RT^ 


(6.35.1) 


where H, — H? is the heat required to be absorbed so as to keep the 
temperature unchanged when one mole of the pure liquid is added to a 
large excess of the solution. We call H, — H? the partial molar heat of 
dilation of the solution. 
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The temperature dependence of the osmotic coefficient gi is obtained 
by substituting (6.34.3) into (1) 


dgi _ H,-H? 

dT~ RTUog{l-£sXs)' 


(6. 35.2) 


Wc observe that, if the partial molar heat of dilution is zero, then the 
activity coefficient and osmotic coefficient of the solvent have values 
independent of the temperature. 


§ 6. 36 Pressure Dependence 

For most purposes the effect of changes of pressure on the activity 
coefficient and osmotic coefficient may be neglected. Nevertheless for 
the sake of completeness we quote the relation, precisely analogous to 
(5.44.2) 


dlog/-,_ V,-V° 
dP “ Rt ‘ 


(6. 36.1) 


Comparing (6.34.3) with (1), wc have 


_ Vx-V^t 

dP RTlog (I—2s Xs) 


(6. 36.2) 


§ 6.37 Freezing-Point 

For the relation between the freezing-point T of the solution and the 
freezing-point of the pure solvent we obtain by substituting (6. 34. 2) 
into (6.17.2) 

-g, log (1-2-, xs) = (~ - . (6.37.1) 

where [A/H?] is the value of the molar heat of fusion A/H? of the 
pure solvent averaged over the reciprocal temperature range l/T® to l/T. 
In (1) the osmotic coefficient g, must be given its value at the freezing- 
point of the solution. This value can be related to the value at any other 
temperature through (6.35.2). 


§ 6.38 Boiling-Point 

If all the solute species are non-volatile, the boiling-point T of a solution 
is related to the boiling-point T° of the pure solvent by (6.18.2), By 
substituting (6.34. 2) into (6.18. 2) we obtain 

— gi log (l-r2', Xs) = (^~y) ' (6-38.1) 

where [A*//?] is the value of the molar heat of evaporation Ac Hi of 
the pure solvent averaged over the reciprocal temperature interval 1/7 to 
1 /j-o. value of g] in (1) is that at the boiling-point of the solution. 
This can be related to the value at any other temperature through (6.35.2). 
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§ 6. 39 Osmotic Pressure 

If at osmotic equilibrium the pressure on the pure solvent is P and that 
on the solution P + 11, then by substituting (6.34.2) into (6. 19. 1) or 
(6.19.2) we obtain the alternative formulae 

= -g, (P) log (l-Isxs). (6 39. I) 


^^ = -gAP + n)\og(\-2sXs). 


(6. 39.2) 


where [V,], [W] denote the value of V'l. Vi respectively averaged 
between the pressures P and P + 11, while (P) and gi {P + II) denote 
the values of gi at the pressures P and P 4- // respectively. The equivalence 
of (1) and (2) may be verified by means of (6. 36. 2). In many cases the 
distinction between the two is negligible. 


§ 6.40 Activity Coefficients of Solute Species 

We recall that in § 6. 23 we mentioned that in principle we could 
define activity coefficients fg by the relation 

Ps=PsXsfs, (6.40.1) 

but we explained that such a procedure, while formally correct, would 
often not be useful. \Vc accordingly define a different kind of activity 
coc[[icicnt Vs by 

ps = hs Xs ys> (hs const.) (6.40.2) 

rrr -► 1 as -Ts Xs 0 . (6. 40. 3) 

flsXs 

\\'! ::c:is would measure the deviation from Raoult’s law o[ an ideal 
.‘o ; 5 measures the deviation from Henry's law of an ideal dilute 

The distinction between fs and ys* in the simplest case of only one 
solute, can be clearly shown on a diagram. Fig. 6. 1 shows the partial 
vapour pressures in mixtures of water and alcohol plotted against the 
mole fraction of alcohol. These mixtures were discussed in § 5. 20, where 
the treatment was symmetrical with respect to the two components. We 
now arbitrarily decide to call water the solvent and alcohol the solute. 

Consider now for example the solution in which the mole fraction x 
of alcohol is 0.2. On the ordinate x = 0.2 there arc points marked 
ABCDEFG. The straight line OB represents Raoult’s law for alcohol 
and corresponds to the behaviour of nearly pure alcohol. The straight 
line OG represents Henry’s law for alcohol and corresponds to the 
behaviour of alcohol in very dilute solution in water. Consequently and* 
ys are given by 


/, = FA/BA 2.27. 
y, = FA/GA = 0.60 



SYSTEMS OF SEVERAL NON-REACTINO COMPONENTS 


247 

Incidentally for the solvent water 


/, = DA/CA = 1.074 


„ =1 ^ logj^074 _ 
log 0.80 “ 


0.072 

0.223 


= 0 . 68 . 


It is unfortunate that the name activity coefficient has been used both for 
and for It is to be hoped that eventually this name will be used for 



Fig. 6.1. Partial vapour pressures of water and ethyl alcohol. 


only one of these quantities. One might perhaps call an activity 
coefficient and fs a fugacity coefficient. However accepting the unfortunate 
situation as it is, we can minimize risk of confusion by using the distinct 
symbols fs and ys consistently. We may also point out that when the 
deviations from Raoult’s law are positive as in the water-alcohol mixtures 
fs is greater than unity and y, is less than unity. In the contrary case of 
negative deviations fs is less than unity and ys is greater than unity. The 
reason for this is that as the vapour pressure obeys Henry’s law at one 
end and Raoult’s law at the other, the whole curve is included between 
the straight lines OB of Raoult’s law and OG of Henry’s law. 
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§ 6.41 Temperature Dependence of Activity Coefficients 

If we compare two solutions in the same solvent at the same temperature, 
denoting the one by a single dash, the other by a double dash we have 
according to (6.40.2) 


^ Ps _ K 
Xs Ys ps ’ 


(6.4L1) 


Differentiating (1) with respect to T, keeping both compositions constant 
and using (6.03. 12) we obtain 


dT ® Ys 


W 1 '^5 

df is “■ 


Hs-H's 


(6.41.2) 


Let us now choose for the solution denoted by two dashes one with 2s Xs 
so small that the solution may be treated as ideal dilute. Then y's — 1 and 
(2) reduces to 

d , , H's-Hl 

^logy5 =-. (6.41.3) 

where Hi denotes the value of Hs in a solution so dilute that it may be 
regarded as ideal dilute. We may now drop the redundant dash and obtain 

= (6.41.4) 

Wc ob,serve tfiat Hfi is the partial molar heat of transfer of the 

species from an infinitely dilute solution in the same solvent to the actual 

solution. 


^ n -12 Solubility of Pure Solid 

I! we consider several solutions in the same solvent at the same 
temperature all saturated with the same solid phase of the species s, then 
all these solutions have equal to the value of As in the solid. 
Consequently all these solutions have the same value of Xs Ys • 

§ 6. 43 Distributioda Between Two Solvents 

For the equilibrium distribution of a solute species s between two 
solutions in different solvents, wc have 

(6.43.1) 

ox 

p“=pf. (6.43.2) 

where a. fi denote the two different solvents. But according to (6.40.2) 
we have 

a •« a « 

ps Xs Ys # 

ps — tts XsYs • 


(6.43.3) 

(6.43.4) 
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Substituting (3) and (4) into (2) we obtain 

— const.. (const. T). (6.43.5) 

JCs rs hs 

This is the extension of Nernst's distribution law to non-ideal solutions. 
According to (6.31.9) wc have for the temperature dependence of the 
partition coefficient 

d\og{hyhf) ._ AafiHj ,, .. 

dT ~ RT^ ’ fo.'ij.o; 

where Aa^Hs denotes the molar heat of transference of the species s 
from effectively infinite dilution in a to effectively infinite dilution in (i. 
It may happen that the solution a is so dilute as to be ideal dilute, 
while the solution ^ is not. In this case (5) reduces to 

' ^ A* 

—-i- = const., (a ideal dilute). (6. 43. 7) 

hs 

Under these conditions measurement of the distribution ratio is 

a possible experimental method of determining 


§ 6.44 Relations Between Activity Coefficients 

If we substitute (6.34.1) and (6.40.2) into the Duhem-Margules 
relation (6,07,2) we obtain 

(1 —2; xs) D log fi +^sXsD log ys = 0. (6.44. 1) 

This important corollary of the Gibbs-Duhem relation is however not 
the only relation between the activity coefficients. Taking the fundamental 
relation (4. 15. 10) 


dY=Y2dT-YdP-R^iloghdn,. (6. 44. 2) 

and, applying the cross-differentiation identity (3.01.7), we obtain 


d log 2/ _ d log 4 
dnk dn/ 

Rewriting formula (6.34.1) in terms of n’s 
£i _ Pi ^1 

2? pi ns 

and differentiating logarithmically 

d log __^ 

dns 


+ 


fu 

djogfi 


(6. 44.3) 


(6. 44.4) 


fij *4" ns ^ns 
Similarly by writing (6.40.2) in terms of 2’s and n’s we derive 

ns 


(6. 44.5) 


2c oC 


n\ -f- ^5 ns 


7s, 


(6. 44.6) 
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and differentiating logarithmically 


d l og is _ _1__, d log 

bni dni 

Substituting (5) and (7) into (3), we obtain 

djog^ _ djogj^ 
dos dnj 


(6. 44.7) 


(6.44.8) 


By similar methods we can deduce for any two solute species, such as 
2 and 3 


Q log 72 _ S ^ (6. 44. 9) 

dn3 dn2 

We do not propose to use the relations (8) and (9) synthetically, nor 
do we recommend that they should ever be so used. We however draw 
attention to their existence to emphasize the following point. If anyone 
were to suggest a series of purely empirical formulae expressing the j^'s in 
terms of the x’s or n’s, then except by good fortune such formulae would 
not satisfy the relations (9) and consequently they would be physically 
impossible. Consequently the right procedure for solutions of several given 
solutes in a given solvent is not to guess formulae for the /s and hope 
that they are possible ones, but rather to assume a formula for the Gibbs 
function G in terms of the n's, deduce from it formulae for and the jUs 
by differentiation, then hy comparing these formulae with those in an ideal 
dilute solution deduce formulae for fi and the y^’s; finally as a cross-check 
verify that these formulae in fact satisfy the relations (1), (8) and (9). 

We .^hall Illustrate by a simple example. Suppose we have a solvent 1 
and rw n sedute species 2 and 3. Then at dilutions so great that the solutions 
are id. cal dilute the Gibbs function is of the form 




/i^ + HTlog 


rti + n2 + n3 


+ ^2 +^7’log 

+ n3 j + jRriog 


«2 


n, + n 2 + n3 


__) 

Hi + ^2 + n3 j* 


(6. 44.10) 


where is the chemical potential of the pure solvent, while are 

functions of temperature only characteristic of the species 2, 3 resf)ectively 
and of the solvent 1. We have also placed a superscript I in G^ to denote 
that this is the value of G for ideal dilute solutions. Let us now suppose 
that at less dilute solutions in the same solvent G has the form 


G = G' + RTA —, (A const.). (6. 44. 11 ) 

Hi + ^2 + 

We are not asserting that this form is the best representation for any 
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particular solvent or solutes, but from a thermodynamic point of view it 
is a possible formula for G. Then from (11) we derive 

|»8 (-.+'.)■ ( 6 .«. 13 ) 

From the manner of derivation of /*,, yj* Yz from (11) the relations (8), 
(9) are automatically satisfied. The reader who is interested can readily 
verify this. 

§ 6. 45 Binary Solutions 

Whereas in the case of more than one solute, formula (6.44.1) is 
best used as a check on the correctness of formulae for /j. ys derived from 
an assumed formula for G — in the special case of a single solute 
it reduces to 

(1—X 5 )cflog/*,+.Xscflogys = 0, (const. T), (6.45.1) 

and in this case there are no other independent relations between and 
ys. It is true that there is the relation 

d log fi _ d log Ys (6.45.2) 

drzs dnj 

but this can be derived from (1) as follows. Write nsl(ni + ris) for 
Xs in (1) and multiply by (n, + n^). thus obtaining 

Hi dlogfi + risdlog ys = 0. (6. 45. 3) 

From (3) we deduce 

d\ni logfi +nslogys! = log fidni +logyscfns. (6.45.4) 
When we apply the cross-differentiation identity (3.01.7) to^(4) we 
recover (2). 

In the case of a binary solution any empirical formula for ys is a 
possible one from a purely thermodynamic point of view, though from 
other points of view only some kinds of formulae are reasonable. From 
such an assumed formula for ys one can then use (1) to obtain a formula 
for fi^ and conversely. 

§ 6.46 Relation between Osmotic Coefficient and Activity Coef^ 
ficients 

By substituting (6. 34. 3) into (6. 44. 1) we obtain the relation between 
the osmotic coefficient gi of the solvent and the activity coefficients ys 
of the solutes 

(\—2s Xs)\og(\--2sXs)Dgx +(1—gi)-2’5c/x5 + -2’5 X5Dlogy5=0. (6.46.1) 
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This relation like (6.44. 1 ) is useful only as a cross-check except in the 
case of only a single solute, when it reduces to 

(1 — jc) log (1 —x) dg + (1 —p) dx + jccflog 7 = 0 ( 6 . 46. 2 ) 

where we have dropped the redundant subscripts 1 and s. 

Transposing and integrating from 0 to x, we obtain 

logy=— f - - log (1—x)dg-- f ^ —- dx. (6.46.3) 

Jo ^ Jo ^ 

If g has been determined at all mole fractions from 0 to x, we see that 
by using ( 3 ) we can in principle calculate y for the solute at a mole 
fraction x. We shall however see that in practice the procedure is not 
necessarily as simple as would appear at first sight. 

§ 6.47 Experimental Determination of g 

The most accurate direct method of determining g experimentally is 
by measurements of freezing-point and use of formula (6.37. 1 ). which 
for a single solute species we rewrite as 

-plog(l-:c) = i^|?^^(r<>-r). (6.47.1) 

All the quantities jc. A/H?. T can be measured and substitution of their 
values into ( 1 ) leads to experimental values of g. 

Let us suppose that freezing-point measurements have been made so as 
to determine <7 over a iMnge of steadily decreasing values of x and let us 
consider wdiat re^rulLs aie to be expected. 

Since v. e Knov. ibat as .r 0 so g' 1 . we may reasonably expect that 
1 V c .a b.' c.\: re >ed as a series of integral powers of x, say 

1 —g 1 = A jr + B + ... ( 6 . 47. 2) 

b* ;:i f;.ct the case for non-clcctrolytes and we may then hope to 
i ( r v ii e by a series of accurate freezing-point measurements the coeffi- 
jn such a formula as (2) so as to obtain a good fit. Formula (2) is 
not applicable to solutions of electrolytes; these will be discussed in 

Chapter IX. 

Let us now consider what,will happen if the measurements are extended 
down to gradually decreasing values of x. If the measurements are 
performed with sufficient care, we may expect to reach a range where 
all terms of ( 2 ) are negligible except the first. In this range (1 — g)/x 
has a constant value A and we may confidently and reasonably assume 
that this behaviour persists down to x = 0. Suppose however we tried 
to confirm this experimentally, let us examine what would happen. 

We may reasonably assume that the experimental error in measuring 
r® — r is at least roughly independent of x. Since, at low values of x, 
the value of T® — T is itself roughly proportional to jc, it follows that 
the fractional experimental error in g is inversely proportional to x. Hence 
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according to (2) the fractional error in 1 —g will be inversely proportional 
to It is therefore clear that by proceeding to experiment at smaller 
values of x» we eventually reach a stage where the experiments tell us 
nothing new. 

The most reliable procedure is then to carry the experiments down to 
values of x where one finds experimentally 

= (A const). (6.47.3) 

and then assume that this simple law persists down to x = 0, 

We may mention that for solutions of non-electrolytes the limiting 
law (3) has not merely an empirical basis, but also a theoretical one 
based on statistical mechanics. 

§ 6. 48 Determination of y from g 

Let us now return to formula (6.46.3) and let us initially consider a 
value of X, say x\ in the range where one finds experimentally 

l—g^Ax, (A const.). (6.48.1) 

Let us further suppose, for the sake of simplicity that jc'<^ 1; in practice 
it will be possible to choose a value of jc' satisfying these requirements. 
Then we may replace (6. 46. 3) by 

logj'(jf')=y dg—jAdx = —2\\—g(x% (6.48.1) 

which gives y{x*) explicitly in terms of g[x^)- 

Now suppose we want to calculate at a higher value of x. We break 
the range of integration in (6.46.3) at x\ chosen as described above. 
We then have 

log y = -2 {1 -g(x')t- T — log (1 -x) dg- T ^ dx, (6. 48. 2) 

wherein the two integrals can be evaluated from the experimental data. 
The important point emerging from this discussion is that we cannot 
calculate y from experimental determinations of g, for example by freezing- 
point measurements, without making an assumption concerning g at low 
values of jc. Since such an assumption has to be made anyway, it is just 
as well to make it explicitly and so obtain a closed formula for y as well 
as for g in the range of small jc. For solutions of non-electrolytes, with 
which we are here concerned, the usual and most reasonable assumption 
leads to 

-log 7 =: 2(1-?). (x< 1). (6.48.3) 

In Chapter IX, when we study solutions of electrolytes, we shall meet 
a quite different situation. 
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§ 6, 49 Solid Solutions 

Much of the treatment of liquid solutions is directly applicable mutatis 
mutandis to solid solutions. Other parts of the treatment are obviously 
not applicable, for example freezing-points, boiling-points and osmotic 
equilibrium. 

On the other hand the definition of an ideal dilute solid solution by 

(6.49.1) 

?^s = ksXs, (/fs const.) (6.49.2) 

is precisely analogous to that for liquid solutions, only the emphasis is 
on the absolute activities rather than on partial vapour pressures. 

The definition of activity coefficients /j, ys for real solutions by 

A, =;.?(!-2-, a:,)/-,. (6.49.3) 

Xs = ksXsys (6.49.4) 


is precisely analogous to that for liquid solutions. 

From the Gibbs-Duhem relation we deduce the relation between and 
the ysS 

(1 — -s Xs) D log fi +lsXsD log ys = 0, (6. 49. 5) 

and in particular for a single solute 

(1 -- A,) d log fi+xsd log ys = 0. (6. 49. 6) 

The distribution between two phases a, ^ having different solvents, 

whether solid oi is determined by 


^ /9 * a 

Xs ys _ hs 

a a ./9 

ys hs 


(6. 49.7) 


: f ^0 Temperature Dependence 

1:. e\ouil relations for dependence on temperature correspond closely 
to tiio^*' for liquid mixtures. In particular 


v/here — H? 
Likewise 


dIogr,_ 

" dr “ ' 


(6. 50.1) 


is the partial molar heat o[ dilution of the solid solution. 


diogy, _ Hs — Hi 

ar “ RT^ ' 


(6. 50. 2) 


where Hs — Hi is the partial molar heat of transfer of the species s to 
the actual solution from an infinitely dilute solution in the same solid 
solvent. 


§ 6.51. Equilibrium between Two Phases of Same G>mposition 
The law that when two different phases in mutual equilibrium have 
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the same relative composition, that is Xs = Xs for all s, the equilibrium 
temperature is a minimum or a maximum holds equally well for two solid 
phases, two liquid phases or a solid phase and a liquid phase. In all these 
cases the pressure may usually be regarded as irrelevant. 

The same law holds for equilibrium between a solid or a liquid phase 
and the gas phase, provided the pressure is kept constant. 

§ 6. 52 Surface Tension 

We conclude this chapter with a brief discussion of interfacial layers, 
particularly those between a liquid and its vapour. 

As described in § 5.56 we shall neglect effects of pressure on the 
liquid phase and on the surface layer. We have then in analogy with 


(5.56.4), (5,56.5) and (5.56.6) 

-dy = S’dT+ r, c///, + 2-, A dfu. (6- 52. 1) 

d/ii = — 5, dr +■ D//,, (6.52.2) 

dMs = — Ssdr + D/is, (6.52.3) 

where (2) and (3) relate to the liquid phase *. We also have in the liquid 
phase the Gibbs-Duhem relation 

(1 —2*5 Xs) Djui-i-2's Xs DjUs=0, (6. 52. 4) 

Substituting (2) and (3) into (1) we obtain 

-dy = (S"-rj5,-2,rs5s)dr+r,D//,+2,/;D/i,. (6.52.5) 


Now eliminating Dju^ between (4) and (5) we obtain finally 

-dy=(S’-r,S,-^srsSs)dT-j-^s (6. 52 . 6) 

of which (5. 56.9) is the simplest case. 

By reasoning similar to that of § 5.57, one can verify the invariance 
of the coefficients of dT and DjUg with respect to shifts of the geometrical 
surfaces bounding the surface layer. 

§ 6. 53 Temperature Coefficient of Surface Tension 
For the temperature dependence of the surface tension at constant 
composition of the liquid, that is DjUg = 0 (all s), we obtain immediately 
from (6.52.6) 

= (6.53.1) 

where the right side is the entropy of unit area of the surface layer less 
the entropy of the same material content in the liquid phase. 

By proceeding as in § 5.58 one can transform (1) to the equivalent 
relation 

( 6 . 53 . 2 ) 

♦ There should be no confusion between y denoting surface tension and the activity 
coefficients y,. 
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where the right side is the energy which must be supplied, partly as 
work and partly as heat, to prevent any change of temperature when unit 
area of surface is formed from the liquid. 

§ 6. 54 Variations of Composition 

For variations of composition at constant temperature (6.52.6) 
reduces to 

-dy = Zs(^rs- y- j: Dfis. (6.54.1) 

or using 

D/xs 33 /? r D log p.s, (6. 54. 2) 

-dy = RT^s(^r,-j^^^^Dlogps. (6.54.3) 

Suppose for example there are two solutes 2 and 3, then we have 

-ft= 

If then we measure y, p 2 , pj for three solutions of slightly differing 
composition we obtain two simultaneous equations for 

(6.54.5) 

\ — X2—Xi 

and 

A- t-L-' --. (6.54.6) 

1 X2 ^3 

In generni if {htie are G — 1 solute species, one has to measure y and 
all th'.' r,\s in ' lations of slightly differing composition so as to obtain 
(/ ' I . !!!iuita.!n equations determining the G — 1 quantities 

The e.\pres.sion (7) may be called the surface excess per unit area of the 
.olutc species 5. The corresponding quantity for the solvent species 1 
vani.shcs by definition. As we have repeatedly stressed, these quantities, 
in contrast to the individual Fs, are invariant with respect to shift of the 
boundary between the liquid phase and the surface phase and are therefore 
physically significant. The quantities (7) arc the same as the quantities 
which Gibbs * denoted by Fsn), but his definition of these quantities was 
more abstract and more difficult to visualize. 

§ 6. 55 Interfadal Tension between Two Liquid Phases 
For the interface between two liquid phases a, p neglecting dependence 
on pressure, we have 

^dy = dT + F, dpx +2*, Fsdps. (6. 55.1) 

• Gibbs, Collected Works, vol. 1 pp. 234—235. 
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and the two Gibbs-Duhem relations 

SmdT+(l-i:sX^,)dMi + 2sxt dfi,. (6.55.2) 

SidT+(\-S,xU dfis. (6.55.3) 

If there are G — 1 solute species, there are G + 1 quantities dT, djui, 
djus in (1) of which any two can be eliminated by using (2) and (3), 
Even in the simplest case of a single solute, we saw in § 5. 62 that the 
result is complicated. With more than one solute, the results are more 
complicated and we shall not here pursue them. 

§ 6. 56 Vapour Pressure of Saturated Solution 

Throughout this chapter and the previous one we have never yet 
considered any equilibrium involving more than two bulk phases, nor 
shall we do so in any detail. No new principles are involved and the 
methods already described are applicable. We shall confine ourselves to 
a single interesting example. 

We consider the following problem. How does the vapour pressure 
of the solvent vary with the temperature in a solution kept saturated with 
a single non-volatile solid? Using the subscript 1 for the solvent, 2 for 
the solute and the superscripts G for the gas phase. S for the solid and 
none for the solution, we have for variations maintaining equilibrium 

cf log A, = cf log Af (6. 56. 1) 

<flogAj = dlogAf. (6.56.2) 

Expanding these, we have 

-■^^-,dT + Dlogk, = --^^idT + dlogp,. (6.56.3) 

--^^^dT + D\ogl2 = --^f,dT. (6.56.4) 

Using AeH to denote a heat of evaporation from the solution and A/H 
to denote a heat of fusion into the solution, we can write (3) and (4) as 


d log Pi—D log 2, + dT. 

(6. 56. 5) 

D\ogX, = ^^-dT. 

(6. 56. 6) 

We now use the Gibbs-Duhem relation in the form 


(1—.r) D log A, + xD log =: 0, 
to eliminate A,. A 2 from (5), (6). We thus obtain 

(6. 56.7) 


(6. 56.8) 

It is interesting to observe that the expression inside the curly brackets 
is equal and opposite to the heat of formation of the quantity of solution 
containing one mole of solvent from the gaseous solvent and from the 
solid solute. 


17 



CHAPTER VII 


SYSTEMS OF CHEMICALLY REACTING SPECIES 


§ 7. 01 Notation and Terminology 

We recall the notation introduced in § 1.49 and § 1.50 which we shall 
continue to use. We write 


(7.01.1) 

meaning that at constant temperature moles of A in a well defined state 
and the like react to form moles of B in a well defined state and the 
like. In § 1.49 we gave examples to illustrate the meaning of A, B and of 
coefficients are always either small integers or simple 

rational fractions. 

We stress the importance, before discussing any specific equilibrium, 
of writing down explicitly the formula of type (1) about which we are 
talking. For example to state that some constant describing the equilibrium 
between hydrogen and oxygen has a specified value is completely meaning¬ 
less unless one states which of the following formulae one has in mind: 

2H2H-02-^2H20, 

H2 + |02-^H20. 

2H20-^2H2 + 02. 

H20 —► H2 + -J02. 

! i . r ' 1 ,:^ c.'ircsponding to these four alternative formulae will all 
^ but of course interrelated. It is also important to specify the 
; < f .’jch reacting species, e.g. H2O (g) or H2O (/), unless it is obvious 

.. in ilu’ case of H 2 at ordinary temperatures which can only be H 2 (g)- 

\Vc can measure the extent to which the process (1) takes place by the 
c/tH/rce o[ advancement defined in § 1.50, such that a change of f to 
means thatr^eff moles of A and the like react to givev^eff moles of B 
and the like. 

We also recall that the affinity of the process (1) is according to De 
Donder formally defined by 



(7.01.2) 


where V® denotes the volume of each phase a and P® the pressure of each 
phase a. 

We then have the concise universal rule that in any natural process 
Acff>0, (natural) (7.01.3) 
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and consequently for equilibrium 

^ = 0, (equilibrium). (7.01.4) 

This equilibrium condition is a concise method of stating that 

^ ’'b (equilibrium). (7.01.5) 

This completes our recapitulation of the most important formulae of 
§1.49 and § 1.50. We now recall the definition in §4.15 of absolute 
activities A by 

fL = RTlogX. (7.01.6) 

according to which (5) can be transcribed to 

~ 1, (equilibrium). (7.01.7) 

llihfA 

We now introduce a new notation, leading to considerable condensation, 
of which we shall make much use. 

Let 1a denote any intensive function relating to the species A, such 
as for example ^a*Pa* ^a^^a similarly for Then we use the con¬ 
tracted notation 77(7) defined by 

= (7.01.8) 

When in particular the 7’s have values corresponding to a state of chemical 
equilibrium, we shall call 11(1) the equilibrium product of the 7’s. 

Our first application of this notation is to (7), which we contract to 

n (?.) = 1, (equilibrium) (7.01.9) 

and the general condition for chemical equilibrium can be stated in the 
form: the equilibrium product of the absolute activities is unity, 

§ 7. 02 Gaseous Equilibria 

In studying gaseous equilibria we shall treat all gases as perfect. When 
this is not justifiable, it is only necessary to correct by replacing partial 
pressures by fugacities. As a matter of fact there are scarcely any experi¬ 
mental data on gaseous equilibria of sufficient accuracy for the distinction 
to be significant. In any case the lack of experimental data on second 
virial coefficients in gaseous mixtures makes it impossible to apply the 
correction in practice, even though the method is in principle straight¬ 
forward. 

We accordingly use formula (6. 12. 2) 

= (7.02.1) 

where we recall that denotes an arbitrarily chosen standard pressure, 
for example one atmosphere, and 2/ denotes the value of ki for the pure 
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single gas at the standard pressure. Thus if is a function of temperature 
only. Substituting (1) into (7.01.9), we obtain as equilibrium condition 

n(plP^) = K(T). (7.02.2) 

where K(T) is a function of temperature only, called the equilibrium con^ 
stant and defined by 

(7.02.3) 

We shall consider these relations in greater detail in §§7.06—7.10. 

§ 7. 03 Heats of Reaction 

Consider the process 

(7.03.1) 

and let the operator A denote the excess of a final over an initial value 
corresponding to unit increase in the degree of advancement, the tempe¬ 
rature remaining constant throughout. 

If the process occurs at constant pressure then the heat absorbed is 
equal to A//. For this reason A/f is called the heat o[ reaction at constant 
pressure or sometimes just the heat of reaction. 

If on the other hand the process occurs at constant volume the heat 
absorbed is equal to A LI, which is therefore called the heat of reaction at 
constant volume. This quantity is of little importance except for gas 
reactions, for which it is ielated to A// by 

U=AU-RT/\ (7.03. 2) 

neglecting ten ,rj. i’ .ng the second virial coefficients. 

We lee ir t:. : a perfect gas H is independent of the pressure and 

for .1 .. ; . : . e. | nase the effect of variations of pressure is negligible. 
It :: • ’ I a ually unnecessary to specify the pressure when speaking 

’ ’ • : : e.jv. lion. 


> 7. 0-1 Hess’ Law 

S H is a function of the state of a system, AH is for successive 
processes at the same temperature an additive function. This property of 
A H, known as Hess' law, is useful in enabling us to calculate AH for a 
reaction, difficult to produce quantitatively, from other reactions which give 
less difficulty. The following simple example will illustrate the point 

C (graphite) + (p) CO 2 {g). - A H = 393.5 K joule 

CO (p) + i O 2 (p) CO 2 (p). - A H = 283.0 K joule 

In both the above cases AH is readily measurable. By subtraction we 
obtain 

C (graphite) + i O, (p) -► CO (p). - A H = 110.5 K joule, 

a reaction difficult, if not impossible to study quantitatively. 
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Other numerous examples are the calculations of the heats o[ formation 
of organic compounds from the directly measured heats of combustion. 
A simple example is 


CH, (g) + 2 O 2 (g) CO 2 (g) + 2 H^O (/). 
C (graphite) + O 2 (g) CO 2 (g). 

2H2(g) + 02(^)-^2H20(/). 


— AH = 890.3 K joule 

— A W= 393.5 K joule 

— AH= 571.6 K joule 


from which we immediately deduce 

C (graphite) + 2H 2 (g)CH 4 (g). — AH = 74.8 K joule 

Unfortunately in calculating a heat of formation as the difference between 
much greater heats of combustion, since the experimental errors add up, 
there is considerable loss in percentage accuracy. Nevertheless this is the 
standard method of determining heats of formation of organic compounds 
from their elements. 

Unfortunately some authors use the name heat of reaction for — AH 
instead of for AH. This practice is deplorable. The simplest and safest 
way to avoid any possible ambiguity is to write in full AH — ... or 
— A H = as in the above examples. 


§ 7. 05 Kirchhoff^s Relations 

We often need the value of AH at one temperature when it has been 
measured at a different temperature. This causes no difficulty provided the 
dependence of H on the temperature has been measured or is known 
theoretically for the initial and final states. 

Let T denote the temperature at which wc want the value of AH and 
T' the temperature at which it has been measured. Then 

AH{T)-AH{T) 

= (7.05.1) 


Although ( 1 ) is the form in which the experimental data are available and 
should be used, it is usual to express ( 1 ) in the differential form 


d .dH ^ dHa y dHA 

jy A//= A -jy - 


= (7.05.2) 

Formula ( 2 ) is known as Kitchhofl’s relation. Since values of the heat 
capacities C are usually obtained by differentiating experimental measure¬ 
ments of H(T) — H(T') and formula (2). if used, has to be integrated, it 
is difficult to see any advantage of ( 2 ) over ( 1 ). As already mentioned 
in § 4.05 the main function of a heat capacity is to serve as the connecting 
link between the heat function and entropy. 
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There is a second formula also associated with Kirchhoff. similar to 
(2). but relating the energy change At/ with the heat capacities at con¬ 
stant volume, but this formula is not needed. 

§ 7. 06 Energy and Entropy Constants 

We now return to our consideration of gaseous equilibria. The correct¬ 
ness of the formulae of § 7.02 requires that the arbitrary conventions 
concerning zero energy and zero entropy, inasmuch as these affect the 
values of the A^'s, must be the same for all the reacting species. We shall 
now investigate this important point. 

Referring back to (4. 29. 1) we assume for a gas with monatomic mole-- 
cules 

(7.06.1) 

In §§ 4.30—4.33 we saw that for diatomic and polyatomic molecules 

contains the factor on the right of {1) as well as other factors com¬ 
pletely determined by the rotational and other internal degrees of freedom 
of the molecules. 

Correspondingly all formulae contain a term //® in the molar heat 
function and a term — f; R log 0^ in the molar entropy. As long as we are 
considering only variations of temperature, pressure and mi.xing of gases 
these terms may be regarded as arbitrary constants without physical signi¬ 
ficance. It is onl\ when a gas changes into something else that we need to 
watch how the -e t tnts come in. 

We ha\e alie a. s 4. 55 considered the bearing of these constants on 
equilibria ' b i a.a ^nd crystal. As regards all that was required 
w.i 1. eonstant in the molar energies and heat functions 

eb :b . \il should be adjusted so as to correspond to the same 

:!'e requirement obviously holds for gases which can be 
' t. one another by chemical reactions. In other words the values 
. ; o // ' for any one gas or for several gases which cannot be 
^ini.nged into one another are entirely arbitrary. But for gases which can 
be changed into one another the values assigned must be 

mutually adjusted so that at some one temperature the value then calculated 
for the heat of reaction agrees with the experimental 

value. When this adjustment has been made at one temperature, the 
convention is automatically consistent for all temperatures. 

The most used convention is to adjust for every element so that Hm 
has the value zero for the clement in its most stable state at 291.16 °K. 
The value of for any compound must then be adjusted so that the value 
of Hm 291.16 °K is equal to AH for the formation of the compound 
from its elements. Values of at 291.16 ®K have been tabulated * for the 


Bichowsky and Rossini, Thermochemistry of Chemical Substances (1936). 
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commonest compounds. In ord^r to fix these values it is not necessary nor 
usually possible to have a direct measurement of the heat of formation, 
but the values are calculated from measurements of other heats of reaction 
by using Hess' law as described in § 7. 04. Nor is it necessary that all the 
measurements used should have been made at 291.16 nor even all at 
the same temperature, for they can be corrected from one temperature to 
another as described in § 7. 05. 

The convention of assigning the value zero to for every element in 
its most stable state at 291.16 °K is gradually being replaced by a similar 
convention applying to the temperature 298.16 ^K. Fortunately the change 
in AH between the two temperatures 291.16 and 298.16 is easily 
evaluated, small and for many purposes negligible. Exceptional care would 
be required in the case of any substance which might have its fusion point 
or a transition point between these two temperatures. 

We turn now to term— log (t)^ in the molar entropy. In § 4. 56 and 
§ 4. 59 we gave an explicit formula for according to a conventional, but 
completely specified, choice of states of zero entropy for each substance. 
Statistical theory tells us that when this same convention is applied to 
every substance, the entropy scales of all substances are mutually consistent. 
The experimental verification of this is that equilibria calculated from the 
formulae of § 4. 56 and § 4. 59 are in fact in good agreement with experi¬ 
ment. We shall give a specific numerical example in § 7. 10. 

§ 7. 07 Choice of Standard Pressure and Standard Entropy 

Formulae (7.02.2) and (7.02.3) express the equilibrium product of 
p/P^in terms of the 2'*’. We have deliberately expressed these relations 
in a form independent of any particular choice of the standard pressure 
P^. As we can see from formula (4.56.3) the choice of affects the 
value of 2through©^. 

We can express the molar entropy in the form 

5„ = S+-/?Iog^, (P^=latm.). (7.07.1) 

•where is the molar entrop"/ of the pure gas at the standard pressure 
and where owing to (4. 56. 3) there is in a term R log P'*': so that the 
value of Sm is, as it must be, independent of what pressure we call standard. 

Suppose we now adopt one Btmosphere as the standard pressure . 
Then formula (1) becomes 

S„ = S^-Rlog-^. (P' = latm.). (7.07.2) 

atm. 

and is determined by the numerical formulae given in § 4.58. We shall 
find that is a useful quantity and its value has been tabulated, for a 
number of substances, usually under the name standard molar entropy. As 
we have been at pains to explain, is in fact the molar entropy at the 
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Standard pressure and its value depends on the choice of this pressure. 
The choice of the atmosphere is the most usual, but it is not universal and 
those authors who depart from usual practice are the very ones most prone 
not to make clear that they are doing so. If then the name standard molar 
entropy is accepted, we still require to be told what is the standard pressure. 
But if we are given both these pieces of information, there is no longer 
any need to use the word standard. It is so much simpler to call the 
molar entropy at one atmosphere or the atmospheric molar entropy. This 
name is completely unambiguous and is no longer than the ambiguous name 
standard molar entropy. 

We shall accordingly adopt formula (2) and call the atmospheric 
molar entropy. We strongly recommend this name in preference to the 
ambiguous alternative. 

Incidentally we would emphasize that our choice of one atmosphere as 
standard pressure in no way compels us to use the atmosphere as unit of 
pressure. For recalling what was said in § 1.34 concerning our use of 
symbols such as p to denote physical quantities, we can write (2) as 

5„ = 5+-i?log-^ 


= 5+-/? log Q ^ 

" “^log 1.013 X lO^er-gTiiT^’ (7.07,3) 

and so or i. w.liu of the atmospheric molar entropy remaining the 

S'ani-.’ :, : 'Ut. 

A . o ov* colorimetric work measures energy in joules and so entropy 
in ! i! ic* I. and molar entropies in joule/dcg. mole. Sometimes consider- 
cii oiiofi IS wasted in converting these values into cal./deg. mole. No 
cnhiec tion IS raised to this, but some authors who adopt this procedure call 
this unit the entropy unit. The statement that a certain entropy is 1.2 
entropy units is just as silly as stating that a certain pressure is 1. 2 pressure 
units. 

Actually it is extremely convenient, especially in theoretical work to 
give and use numerical values of Sm/R which is dimensionless. 

§ 7.08 Other Equilibrium Constants 

We recall that we obtained the condition for equilibrium in a gaseous 
reaction in the form (7.02.2) 

n{p/P*)=K ( 7 . 08 . 1 ) 

By using the perfect gas equation of state in the form 

przRTc. 


( 7 . 08 . 2 ) 
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where c denotes the concentration n/V, we can transform (1) to 


n{c) = K„ 

where 

(7.08.3) 

Kc = Kn[P^IRT) -K(T) (P+/i?r)^'’'A-‘”fi. 
Again by using the definition of partial pressure 

(7.08.4) 

p Z=l X P, 

we can transform (1) to 

(7. 08.5) 

n{x)=zKx, 

where 

(7.08.6) 

/Tx = KHiP^lP) = K(T) (PlP^f^'A 

(7. 08.7) 


We observe that, whereas K and depend only on the temperature, 
Kx also depends on the pressure except when 2* = 2* . 

We have quoted (3) and (6) for the sake of completeness, but as they 
merely state the same as (1) in a different way, we shall not need to 
use them. 


§ 7.09 Temperature Coefficient 

We recall that for a perfect gas according to (6. 11.3) and (6. 12.3) 

= (7.09.1) 

Taking logarithms of (7.02.3) and writing it in full we have 

\ogK=Zv^\oql\-2v^\oqll. (7.09.2) 

Differentiating (2) with respect to T and substituting from (1), we obtain 
Cflog/f_ 

dT RT^ 

where A H denotes the heat of reaction. 

By differentiating (7.08.4) with respect to T and comparing with (3) 
we find 

d log Ke _ d log K ^"^8 ^^a 

~dT^ dT T 


_ - Iv^) RT 

Rr '^RT^* 

a relation due to van 'tHoff, which is less useful than (3). 


(7. 09.4) 


§ 7. 10 Water-gas Reaction 

We shall now give an example of the detailed calculation of a gaseous 
equilibrium constant, choosing the water-gas reaction at 1000 

CO + H 2 O -H.CO 2 + H 2 . (r = 1000 OK). 



266 


SYSTEMS OF CHEMICALLY REACTING SPECIES 


According to (7.02.3), we have 

(7.10.1) 

or taking logarithms 

logA:= —logA+o^ —logA^^ + logA+Q + logA^Q, (7. 10.2) 
Wc rewrite this in the form 


logAr=(-logA+^+H°o;i?r) 
+ (-iogA;,^ + H»y;?r) 
-(-log4 + «co/^7’) 


-(-JogC + <o/^7’) 


+ 


TfO I rjO j^O _ rrO 

^CO; ^H, 


RT 


(7. 10.3) 


and we compute separately each of the quantities in brackets. 

Wc begin with the last. The heat of reaction at 25 °C is given by * 

- AH = 9.83«K cal. = 41.46 K joule. (7= 298.16 °K). (7.10.4) 

This is the only piece of experimental thermodynamic or calorimetric data 
which we shall need to u.se. For the sake of brevity, let us denote the 
temperature 298.16 K bv 7 '. Wc have then 


U 


41460 

8.3144 


deg. = 4951 deg. 


(7. 10.5) 


Hr , = H,,, {D + H„^o {T) 

- AH^-r lH^o(n-Hcol + !WH.o(n-<ol. 

-!Hco,(r)-H“o.}-{HH^(7')-H“j. (7.10.6) 

where AH® is defined by 

AH0 = H“„. + H“. (7.10. 7) 

We now use formula (4.31.4), neglecting the terms containing the 
second virial coefficient B, and the spectroscopic data in Table 4.3 to 
calculate 

iHco.(r)-H“oJ//?= n26dcg. (7.10.8) 


* National Bureau of Standards, I^esearch Paper 1634, Rossini and others (1945). 
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We similarly use formula (4.30.10) and the data in Table 4.2 to 
calculate 

{H„^{r)-Hl\IR= 1044 deg. (7.10.9) 

1044 deg. (7. 10.10) 

Similarly using (4.32. 5) and the data in Table 4.4, we find 

! ^H.o (T') - i //? = 1194 deg. (7. 10. 11) 
Substituting (5), (8), (9), (10), (11) into (6) we obtain 
—/SH°/R= {4951 + 1126 + 1044-1044-1194j deg. 

= 4883deg. (7.10.12) 

Consequently at 1000 °K the last bracket of (3) has the value 

= {T=\00Q°K). (7.10.13) 

Wc turn now to the computation of the other four brackets on the right 
of (3). Each of these is the sum of the following three contributions: 

(a) the terms given by formula (4.58.2) for monatomic molecules, 
which we shall call the particle contribution» since they do not 
include contributions from internal degrees of freedom; 

(b) the contributions of the rotational degrees of freedom; 

(c) the contributions of the internal vibrations. 

The particle contribution is given directly by (4.58.2). 

The rotational contributions to log are. as described in §§ 4. 30—4. 32, 
given for the symmetrical linear molecules CO 2 and H 2 by 

_log^, (7.10.H) 

for the unsymmetrical linear molecule CO by 

-log-£- (7.10.15) 

and for the non-linear molecule H 2 O by formula (4. 32. 1). The values of 
0r are given in Tables 4. 2 and 4.3. 

The contribution of each vibrational degree of freedom to log accor¬ 
ding to (4. 30. 5) is 

log(l~e-^u/7') (7.10.16) 

and the values of 0*. are given in Tables 4. 2, 4.3 and 4.4. 

The results of these computations are given in Table 7.1. Inserting these 
and (13) into (3). we obtain 

loge K = 27.220 + 16.430 - 24.550 
- 23.669 + 4.883 

= 0.314 (7.10.16) 

so that /if = 1.37 in satisfactory agreement with experiment *. 

* For detailed references to experimental data, see Bryant. Ind, Eng. Chem. (1931) 
23 1019. 
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TABLE 7. 1 


Contributions to — log H^IRT 



CO 2 

H 2 

CO 

H 2 O 

Particle 

19.28, 

14.655 

I 8 . 6 O 3 

17.94, 

Rotation 

6.794 

1.772 

5 . 9 O 0 

5.61, 

Vibration 

1.145 

O.OO 3 

0.047 

O.II 7 

Resultant 

27 22o 

16.43o 

24.55o 

23.669 


§ 7. 11 Equilibria Between Gases and Solids 


We turn now to a discussion of the equilibrium of reactions 

involving 

pure solids as well as gases. Examples, arc 



CaCOj (s) -*■ CaO (s) + CO 2 (g). 

(7. 11 . 

I) 

NH,Cl(s)^NH3(p) + HCl(p). 

(7.11. 

2) 

C (graphite) + CO 2 {g)-*-2 CO (p). 

(7. 11. 

3) 

We have the general equilibrium condition (7.01.9) 



n(X) = 1 . 

(7. 11. 

4) 


where the X of each gaseous species is related to its partial pressure p by 
(7. 02. 1). On the other hand we may regard the X of each pure solid as a 
function of temperature only, since the effect of change of pressure on a 
solid is usually ncviligiblc. 

We now extend (. :jr // notation as follows. We write 

//(/)z=/7^(/)i7^(/), (7.11.5) 

where J! / t : .i> all the factors of 11(1) relating to the gaseous species 
anj // / . ,! ’.he factors relating to the solid species. 

f ^ i!- t le :n the case of reaction (1) 

= W (7-11-6) 

= (7.11.7) 

^c.co, 

U.sing this notation, the equilibrium condition (4) may be written 

/7o(A)JT^(i)=l. (7.11.8) 

Now substituting (7. 02.1) into (7), we obtain 

nQ{plP^) = K(T) (7.11.9) 

where the equilibrium constant K(T), a function of temperature only is 
given by 


/r‘ = /7o(2+)i75(4 


( 7 . 11 . 10 ) 
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For example for reaction (3), we have 


Pco 




= K. 


Pco, 


V _ ^co,^c 

^CO 


§ 7. 12 Temperature Coefficient 
For each gaseous species G, we have 


d. log Ac _ 


and for each solid species 5 


rflog ^ 
dT 


Jlo_ 

RT^ 


Hs 

Rf^ • 


(7. II. 11) 
(7.11.12) 


(7. 12.1) 


(7.12.2) 


Taking logarithms of (7. 11. 10), differentiating with respect to T and 
substituting (1) and (2), we obtain 


djog K 






RT^ 


AH 

RT^ 


(7.12.3) 


where A// denotes the heat of reaction. It will be seen that (3) has the 
same form as formula (7.09,3) for a gaseous reaction. 


§ 7. 13 Numerical Example 

We shall illustrate the use of the formulae of § 7.11 by a specific 
example and we choose the reaction 



C (graphite) + COj (g) 2 CO (g) 

(7. 13. 1) 

The equilibrium 

is determined by 



Pco * _i l" 

— atm. ' = A, 

(7.13.2) 


Pco, 

where 

w/' ^co. 

^t2 • 

*co 

(7.13.3) 


Wc shall evaluate K at 1000 °K, 


In analogy with (7. 10. 3). we rewrite (3) in the form 

log/ir=-(H°oy/?r-log2^o.) 

-(HllRT-\ogX^ 

+ 2(H“o/i?r-log4) 

AHo 
RT ' 


(7. 13.4) 
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where A//® >s defined by 

= (7.13.5) 

In these formulae He denotes the value of the molar heat function of 
graphite at T z= 0. 

We now evaluate the several terms of (4), beginning with the last. The 
heat of reaction at 25 °C is given experimentally by 

AH = 172.47 K joule (7 = 298.16 °K) (7.13.6) 


For the sake of brevity we denote this temperature by T'. We have then 


AH (TO 

R 


172470 

8.3144 


deg. = 20744 deg. 


(7. 13.7) 


We now write down the identity 

A H (T) = 2Hco (r)-Hco. (T) - (T) 

= 2 lHco(r)-H“ol-{H^o,(^')-H°oJ 

-|Hc(r)-H°{ +AH®. (7.13.8) 

We have according to (7. 10. 10) 

2 I//co (r)-= 2088deg. (7. 13. 9) 

and according to (7. 10. 8) 

lHeo(r)-H2oj//?= 1126 deg. (7. 13. 10) 

We also have bv direct calorimetry 

: fL {T')-H°\IR- 127 deg. (7.13.11) 

Substitutiii : (T '"m. (10). (11) into (8), we obtain 

hi' R - 120744- 2088+ 1126+ 127} deg. 

--- 19909 deg. (7. 13. 12) 

C L .Jii I :i\ ar 1000 K the last term of (4) has the value 

-^^ = -19.91, {T= lOOO^K). (7.13.13) 


Wc turn now to the other three terms of (4). Of these the first and 
third can be taken from Table 7.1, There remains the second one relating 
to graphite. As this relates to a solid phase it cannot be computed from 
spectroscopic data» but must be evaluated from calorimetric data. To be 
precise Hm has to be measured for solid graphite as a function of T 
throughout the whole temperature range from 1000 down to a tempe¬ 
rature so low that extrapolation to T* =: 0 can be made as described in 
§ 4. 36. Such measurements give directly 

{// (1000) = 1547 deg. (7.13.14) 
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and by the use of 


(7.13.15) 

they give 

{S„ (1000)-S;„(0)}//? = 2.942 ( 7.13.16) 

But according to our conventional zero of entropy, the molar entropy of 
graphite is zero at 0°K. Hence (16) reduces to 


(1000)//?= 2.942 (7.13.17) 

We therefore have for graphite at 1000 °K, using (14) and (17), 


Rf 


— log i. 


fi 

RT RT~ 
= - 1.547 + 2.942 
= 1.395. 


RT 


Hm . iSot 

RT'^ R 


(7’= 1000°K). (7.13.18) 


Finally substituting into (4) from (13). (18) and Table 7.1, we obtain 


log,/i:=-27.22- 1.40 + 24.55 + 24.55- 19.91 
= 0.57 

K=l.&. (7’= 1000°K). (7.13.19) 


The accuracy of a calculation of this kind is at best about ±. 0.05 in 
each term of log K. This usually leads to an uncertainty of at least 0.1 in 
log /? or 10 % in /?. In most cases the experimental uncertainty in a direct 
measurement of K is greater than this. 

Whereas to determine the equilibrium constant of a purely gaseous 
reaction the only calorimetric result required is a value of A// at a single 
temperature, we see from the above example that in an equilibrium involving 
solids we require in addition calorimetric measurements on the solid right 
down to temperatures so low that extrapolation to T = 0 can be safely 
performed. 


§ 7.14 Reactions Between Pure Solids or Liquids 
We must now consider reactions between pure solid phases without 
any gases. Examples are 

Pb+2I-^PbIj. (7.14.1) 

Cu + S-^CuS. (7,14.2) 

Incidentally, for the following considerations it is immaterial whether any 
of the phases is a pure liquid instead of a pure solid. As an example we 
may mention 


H 9 +AgCl->Ag + HgCl. 


(7.14.3) 
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The simplest type of reaction between solid phases is a simple allotropic 
change, such as 

rhombic sulphur monoclinic sulphur, (7. 14.4) 

grey tin —> white tin. (7. 14. 5) 

The equilibrium condition for a reaction involving pure solid and liquid 
phases can still be expressed in the form (7.01.9) 

/7(A) = 1, (equilibrium), (7.14.6) 

but each A is now a function of temperature only, if we disregard the 
small effect of changes of pressure. Hence the equilibrium condition (6) 
may be regarded as an equation determining the temperature of reversal 
of the change considered. This equation may or may not have a solution 
for T positive. Reactions (1), (2), (3) proceed naturally towards the right 
at all temperatures and there is no solution of (6). In point of fact very 
few reactions between pure solids and pure liquids have a reversal tem¬ 
perature. The only important exceptions are allotropic changes such as 
(4) and (5), among which we may. if we like, include simple fusion. 

For reactions such as (1), (2), (3) at all temperatures we have 

/7(A) < 1, (7. 14.7) 

or, taking logarithms and writing in full, 

(7.14.8) 
or 

(7.14.9) 

Another way of expre the same thing is to state that the affinity A, 
defined in H at all temperatures. We shall see in Chapter X 

how this be accurately determined by measurements of 

electromoti'v.< ’ 

VVe r 1 .. ..c: ( 6 ) in more detail and for this purpose, we write 

it in • nn’n: 


- ’’vl *09^4 = -^ *’b log 

(7. 14. 10) 

t _ ; _ _ Hm Sm 

RT~RT ~R‘ 

(7. 14. 11) 

.Substituting (11) into (10), we obtain 


c _ c • 

(7. 14. 12) 


The numerator of (12) is the heat of reaction AH and the denominator 
is the entropy of reaction AS. We now consider these separately. 

For AH we write formally 

AH(T) = AH(T') + Zyg\Hs{T)-H^(r)\ 


(7.14. 13) 
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If for each of the substances the dependence of H on temperature has 
been determined calorimctrically and if in addition Aff has been measured 
at any one temperature T, then by means of (13) A.// can be calculated 
at any other temperature. 

For A S we write formally 

A5(r) = A5» + ^v3 !5B{r)-5° (7.14.14) 

where the superscript ® denotes the value obtained by smooth extra¬ 
polation to r 1 = 0. If now the dependence of H on temperature has been 
measured throughout the temperature range from T down to a temperature 
from which one can extrapolate to T = 0. then (14) determines AS for 
all temperatures apart from the constant AS°. But S® is the quantity 
discussed in detail in §§ 4.60 — 4.66. It has the value zero except for a 
few well understood exceptions for which its value is known to be R log o, 
with o a small number such as 2 or f. With this knowledge of AS°, or in 
the absence of evidence to the contrary assuming AS == 0. formula (13) 
determines AS for all temperatures. 

Using (13) and (14) together, one can solve (12) for the transition 
temperature T. Alternatively using the experimental value of T, we can 
use (12), (13). (14) to determine an experimental value for AS®. 

§ 7. 15 Transition of Sulphur 

We shall now illustrate the formulae of the preceding section by a 
numerical example. As already mentioned it is difficult to find an example 
of an equilibrium temperature for a reaction between solid phases except 
in the simplest case of an allotropic change. We accordingly choose as our 
example 

rhombic sulphur monoclinic sulphur, (7. 15. 1) 

and we shall use the subscripts R and M for the rhombic and monoclinic 
forms respectively. The transition temperature is 

T = 368.6 °K. (transition), (7, 15.2) 

The heat of transition at this temperature is 

^ = 47.5 ± 5 deg.. (7 = 368.6 “K). (7.15.3) 

Consequently the entropy of transition at this temperature is 

^ = 0.12 ± 0.01. (r= 368.6 «K). (7.15.4) 

H H 300.0 

According to calorimetric measurements * on the two forms from 15 to 

• For details of experimental data, sec Eastman and McGavock, /. Am. Chem. iSoc. 
(1937) 59 H5. 


18 
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the transition temperature 


5,(368.6V-S.(I5°) ^^3^^003 

Combining (4), (5) and (6) we obtain 

= 0.12—4.49 + 4.38 
H 

= 0.01 ±0.05. 


We conclude that well within the experimental accuracy 


5X,-5^ = 0. 


(7.15.5) 

(7.15.6) 


(7.15.7) 
(7. 15.8) 


§ 7. 16 Solutions 

We turn now to consider chemical equilibria in liquid solutions. The 
simplest method of approach is by considering the vapour phase in equili¬ 
brium with the solution. We then have the equilibrium condition (7. 02. 2) 

n(plP^) = K (7.16.1) 

unchanged in form, but the interpretation is now that each p denotes the 
partial vapour pressure of the species over the solution. 

Furthermore since A' in (1) is precisely the same K as in (7. 02. 2), its 
temperature coefficient is given by (7.09.3) 


dlogK_ 

df ~ Rr ’ 


(7.16.2) 


where the ^upi i rn ; ( j has been added to remind us that denotes 

the value ol trie l.e.it ol reaction in the gas phase. 


s) 7 17 Ideal Dilute Solutions 

In an ideal diiiUc solution at a given temperature the partial vapour 
pn Liia or strictly fugacity, p of each species is according to (6.25.1) 

related to Its mole fraction’jc by 

p = hx, (A const.). (7.17,1) 

Incidentally (1) applies to the solvent species 1, the coefficient h then 
being equal to p® the vapour pressure of the pure liquid. Substituting (1) 
into (7. 16. 1). we obtain 

n(x)=zK::. (7.17.2) 

where Kx depends only on the solvent and the temperature, being related 
to K by 


K,=Kn{p*/h). 


(7.17.3) 
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We may note that Kx, K and h/Pf arc all dimensionless numbers. 

We recall formula (6.31.8) for the dependence of each h on the 
temperature 


d\ogh _ AeH 
dT ~ RT^ • 


(7. 17.4) 


where denotes the molar heat of evaporation from the ideal solution. 
Differentiating (3) logarithmically with respect to T, and substituting 
(7.16.2) and (4), we obtain 


d\ogKx_/^H' 
dT^^ ~ RT^ • 

where denotes the heat of reaction in the ideal solution. 


(7. 17.5) 


§ 7.18 Non'Ideal Solutions 

In a non-ideal solution we have instead of (7.17.1) the relation 
(6. 40,2) 

p = hxy, (/i const.), (7.18.1) 

where y is the activity coefficient. Substituting (1) into (7. 16. 1) we obtain 

n(xy)=K,, (7.18.2) 

where Kx is defined by (7. 17. 3). 

It is sometimes useful to write (2) in the form 

n{x)=Kx/n(y). (7.18.3) 

which tells us that the mole fraction equilibrium product is not constant but 
is inversely proportional to the activity coefficient equilibrium product. The 
practice of some authors of associating the word constant with 11 (x) is 
misleading and to be condemned. 

For the dependence of Kx on temperature we have (7, 17, 5) 

d\ogKx_ 

dT ~ RT^ * 

where AH^ now means the heat of reaction in a solution sufficiently dilute 
to be ideal dilute: or we may call the heat of reaction at infinite 

dilution in the given solvent. 

§ 7.19 Heterogeneous Equilibria Involving Solutions 
We might also discuss equilibria involving solutions and vapour phases, 
or solutions and solids or even solutions, solids and vapour phases, but 
this is unnecessary, because any equilibrium however complicated can 
be regarded as a superposition of a homogeneous equilibrium in a single 
phase, liquid or gaseous, and distribution equilibria of individual species 
between pairs of phases. Both these elementary types of equilibrium have 
been discussed in sufficient detail. 
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§ 7. 20 Transitions of Second Order 

This IS perhaps the most convenient place to describe a phenomentm 
called a transition of the second order. It is quite different from anything 
we have yet met, having some of the characteristics of phase changes and 
some of the characteristics of critical phenomena. We shall first show by 
a particular example how a transition of the second order arises from 
certain assumed properties of the thermodynamic potentials. We shall then 
discuss briefly how and when they occur. 

As a preliminary step to our discussion, we shall consider the thermo¬ 
dynamic properties of the equilibrium between two isomers under the 
simplest conceivable conditions. Thus we consider the isomeric change 

(7.20.1) 

occurring in a mixture of A and B in the absence of any other species. 
We further assume that the mixture is ideal. Finally we assume that the 
heat of reaction has a value w independent of the temperature; in other 
words we assume that A and B have equal heat capacities. If then x denotes 
the mole fraction of B, the molar Gibbs function Gm has the form 

— . 9^ . ^ 4 - jf + (1 — Jf) log (1 —x) + Xlog jc, (7.20.2) 

where is a constant and G^(r) depends only on the temperature. From 
(2) we deduce 

H,„ = G°„, - T + «»jc. (7 20 3) 

from which w e ven.u :!i it the heat of reaction is w. We also deduce 

/' R —(1—j:)log(l—x)—xlogx. (7.20.4) 

‘ • entropy of mixing has its ideal value 

-R{(\ -x) log (1 -x) log x} (7.20.5) 

1 he ecjuilibiium value of X is obtained by minimising Gm. We find 

1 OGm “'ll X - ,-j -,n 

RT dx “ RT 1-x (7.20.6) 

SO that 


(7 20.7) 

1—JC 

Formula (7) is, of course, the simplest possible example of the equilibrium 
law (7.17,2). Before we dismiss this extremely simple system, there 
remains one important point to be investigated, namely the verification that 
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(6) and (7) do correspond to a minimum of G„, not to a maximum. We 
have 

thus verifying that we have found a minimum, not a maximum. 

Let us now arbitrarily introduce a small modification into the form of 
Gm assumed in (2). without at this stage enquiring into the physical 
significance of the change. We replace the term wx hy wx(\--x). We 
then have 


Gm _ G%(T) wx(\—x) , M /, V 

-1--f- (l-^^)Iog (1—^) + X log X. (7. 20. 9) 

= r-^- + «'x(l-xr). (7.20.10) 

~ (1—^)log (1—Jf) — xlog jf. (7.20.11) 

from which we observe that the heat function is affected by the modi¬ 
fication, but the entropy is not. 

We now seek the equilibrium value of x by minimising Gm^ We find 


_ 1 ^Gm ^ 

RT dx 


-^(2.-l)+lo,.p^=0, 


(7. 20.12) 


so that 


— ^{2x-\)wlRT 

1~X 


(7. 20.13) 


One solution of (13) is obviously x = but this is not always ^the only 
solution. Nor is this solution necessarily a minimum rather than a maximum 
of Gm» We must carefully investigate these points and shall do so in the 
first place graphically. Accordingly Fig. 7. 1 shows 


G„-Gl 

RT 


(7.20. H) 


plotted against 2{x —i) for various values of \w/RT. Owing to the 
complete symmetry between x and 1 —x, we can without loss of generality 
assume that x> 1— x. 

We see that, when u> > 0, at high temperatures, that is small values of 
w/RT, the root * = ^ is the only root and it corresponds to a minimum of 
Gm. At low enough temperatures, that is large values of w/RT, there is 
another root i < x rS 1 and this root corresponds to a minimum of Gm 
while the root x = I now corresponds to a maximum. Thus there exists a 
temperature 7, such that at temperatures below T^ the equilibrium value 
of X is greater than i and decreases as the temperature increases; the 
equilibrium value of x becomes } at the temperature and remains i at 
all higher temperatures. The change occurring at the temperature T^ is 
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called a transition of the second order and the temperature T is called a 
lambda-point for a reason which will be explained later. 



Fig. 7. 1. Dependence of on x for various values of \w/RT. The numbers attached 
to the curves are values of \w/RT or 7;/T. 

It is clear from Fig. 7. I that is the temperature at which the two roots 
of (13) become equal, the root at jc | changing from a minimum to a 
maximum. Thus there i u point of horizontal inflexion at x = T . 
We have then 

RT /^er7 (jf= J). (7.20. 15) 

W'hen^e 

-^■'- = 2. (7.20.16) 

I . ' 1* II (ivHu Fig. 7. 1 that for negative values of w the minimum is 
ilv. i\ s jt .\ \ and there can be no lambda-point. 

§ 7 21 Cooperative Systems 

Before proceeding to a more detailed examination of transitions of the 
second order, we shall explain in very general terms how they arise. As 
a preliminary step, let us determine the molar heat of change in the process 
(7. 20. 1). For the heat function H of the whole system, we have according 
to (7. 20. 10) changing to the variables 

H = (7.21.1) 
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where /f® is independent of Differentiating with respect to n^, rig 

in turn we obtain for the partial molar heat functions 

+ (7.21.3) 

so that the molar heat of change from A to B is 

H^-H^^(l-2x)w. (7.21.4) 

Since we are considering a condensed phase (4) is essentially equivalent 
to 

Us^U^z=(\^2x)w. (7.21.5) 

The outstanding characteristic of (5) is that the energy required to 
convert a molecule A into a molecule B depends in a marked degree on 
what fraction of all the molecules is present in each form. Such a 
characteristic would not be expected when the process 

(7.21.6) 

represents a chemical change of one isomer to another, nor in such a case 
do we find a lambda-point. It is however not difficult to mention other 
interpretations of (6) which might reasonably be expected to have the 
characteristic just mentioned. Suppose for example we consider a regular 
array of polar molecules or atoms in a lattice. Suppose further that each 
molecule or atom can point in either of two opposite directions. Suppose 
finally that we denote the molecules by A or B according to the direction 
in which they point. Then it is easily understandable that the energy 
required to turn round a molecule or atom may depend markedly on how 
many other molecules or atoms are pointing in either direction. This 
behaviour is typical of systems called cooperative. The significance of the 
name, should be clear from this and the following examples. 

Another more complicated, but possibly more important, interpretation 
of (6) is for A to represent a state of molecular libration and B a state of 
molecular rotation. 

Another example occurring in certain alloys is the following. Suppose 
we have an alloy of the composition Zn Cu containing N atoms of Zn and 
N atoms of Cu arranged on a regular lattice of 2N lattice-points. We can 
picture two extreme arrangements of the two kinds of atoms on the lattice, 
one completely ordered, the other completely random. In the completely 
ordered arrangement every alternate lattice-point A is occupied by a 
Zn atom and the remaining lattice-points B arc occupied by Cu atoms. 
In the opposite extreme arrangement every lattice-point A or 6 is occupied 
by either Zn or Cu atoms arranged at complete random. We can moreover 
consider intermediate arrangements such that a fraction x of the Zn atoms 
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occupy A latticC'points and the fraction (1—x) of Zn atoms occupy B 
lattice-points. The remaining lattice-points are of course occupied by the 
Cu atoms. We can then without loss of generality take jc ^ In such a 
system the average energy required to move a Zn atom from an A point 
to a B point will depend markedly on how many A points are already 
occupied by Zn atoms. It is therefore at least conceivable that such a 
system might have a lambda-point. 

As a matter of fact the alloy having the composition ZnCu does have a 
lambda-point and the thermodynamic properties of this system can be at 
least semi-quantitatively represented by a Gibbs function of the form 
(7.20.9). This form was first suggested by Gorsky* and later independently 
derived by approximate statistical considerations by Bragg and Williams **. 
It is outside the scope of this book to consider this aspect of the pheno^ 
menon and we shall accordingly confine ourselves to a purely phenomeno¬ 
logical thermodynamic investigation of some of the general properties of 
lambda-points, among others the property leading to its name. 

§ 7. 22 Alternative Notation 

The notation which we have used to introduce the subject of transitions 
o[ the second order is the one which seems natural. It is not however the 
notation most used. For the sake of completeness we describe briefly the 
alternative notation. 

A quantity s called the degree of order is defined by ** 

s=:2jc—1, (7.22.1) 

or 

x=zi{l + s), (7.22.2) 

In this notation foinuila (7.20.9) becomes 

Gri _ Gr; IV 1 — 

RT RT ' ' RT~'~T^ 

U \ 51 log (1 -t-5) + i(l-5)log(l-s)-log2. (7.22.3) 


The c(]uilihiun;i \aluc of 5 is determined according to 

(7.20. 12) by 

, 1 + s uf 

(7. 22.4) 

w hich is equivalent to 


“”''2Rr = ’' 

(7. 22.5) 

Using (7.20. 16) we can transform (5) to 


tanh'* s 

T~ s' 

(7.22.6) 


* Gorsky. Zeit. Phy&ik (1928) 50 64. 

Bragg and Williams. Proc. Roy. Soc. A (1934) 145 699. 
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These formulae, of course, contain nothing which is not already con¬ 
tained in the formulae of § 7.20. It is merely a historical accident that 
pioneer workers in this field used the variable s instead of x. 

§ 7. 23 Characteristics of Lambda-Point 

We have seen how a Gibbs function of the form (7.20.9) leads without 
any further assumption to the occurrence of a transition of the second 
order and we have explained how this type of behaviour can occur in a 
cooperative system. We do not assert that a Gibbs function of approx¬ 
imately this form is the origin of all transitions of the second order. Still 
less do we assert that a Gibbs function of this form accounts accurately 
for any transition of the second order. We merely assert that the form 
(7.20.9) of the Gibbs function is one possible form which leads to the 
occurrence of a lambda-point having certain general characteristics which 
we shall describe. We shall continue to make use of the particular forms 
of thermodynamic functions described in § 7.20 for illustrative purposes. 

From Fig, 7. 1, or more accurately by calculation from (7.20. 13). wc 
can determine the equilibrium value of x as a function of T. The result 
is given in Fig. 7. 2. where s zri 2 jc— 1 is plotted against T/T^. We notice 



Fig. 7. 2. Dependence of equilibrium value of degree of order on temperature. 

that at temperatures immediately below the equilibrium value of s 
changes rapidly with temperature and at temperatures below J this 
equilibrium value hardly differs appreciably from unity. There is then a 
rapid change of the equilibrium value of s in the temperature range 
between and i Associated with this change in s there is a rapid 
change in the part of the molar energy or heat function which depends 
on 5. namely the term 


iv j:( 1—x) = i «>(1—sM- 


(7. 23. 1) 
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This is shown in Fig. 7.3. The term (I) occurs in the energy additional 
to other terms due to the translational and internal degrees of freedom of 



Fig. 7. 3. Temperature dependence of heat function due to variation in degree of order. 

the molecules. Thus as the temperature is decreased through the lambda- 
point there is a sudden change in the temperature coefficient of the heat 
function, or in other words a discontinuity in the heat capacity C. This is 
shown in Fig. 7.4. The ^hape of the curve recalls a Greek capital A, 
whence the name l^ruhtLi-point suggested by Ehrenfest 



Fig. 7. 4. Contribution to heat capacity of variation in degree of order. 


See Keesom, Helium (1942) p. 216. 
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For the particular model considered in detail, we observe that in the 
immediate neighbourhood below the lambda temperature 


in such a manner that 


o 

II 

(7. 23.2) 


(7. 23.3) 

ds 

dT = ^' 

(7. 23.4) 

dH ds . . 

^ IS finite. 

(7. 23.5) 

diS ds « . 

-TV nnitc. 
os dT 

(7.23.6) 


The properties (5) and (6) are characteristic of all lambda-points and are 
independent of the choice of s. On the other hand the relations (2), (3), 
(4) depend on the definition of s. For example if we replace s by then 


dH 

ds2 


is finite. 


^•5 . ft 
^ IS nnitc. 


(7. 23.7) 
(7. 23.8) 


We may then describe a transition of the second order as a discontinuity 
in C, with continuity of H, 5. G. at a certain temperature called the 
lambda-point. 

The lambda-point known longest is the one discovered by Curie and 
therefore called the Curie-point, below which a substance such as iron has 
permanent magnetization and above which it has not. The Curie-point will 
be referred to again in Chapter 13. 

Probably the most interesting, most studied but least understood lambda- 
point is that of helium at 2.2 °K. Fig. 7. 5 shows the experimental data * 
for C plotted against T. 

Many other lambda-points are known to occur in crystals and are usually 
associated with a sudden change in the extent to which the molecules in 
the crystal can rotate freely. Few however, if any. have been studied in 
such detail as to be completely understood. 


§ 7. 24 Comparison with Phase-Change and Critical-Point 
Since a substance has measurably different properties above and below 
the lambda-point, there is a temptation to regard a transition o[ the second 


Kcesom, Helium (1942) p. 215. 
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orcfer as a kind of phase change. The expression phase change of the 
second order has been used, but as it has in the past led to considerable 
confusion it is better avoided * 



Fig. 7. 5. Heat capacity of liquid helium near lambda-point. 


The contrast between a lambda-point and a phase change may be made 
clear by a plot of the molar Gibbs function against the temperature. This 
is shown in Fig. 7. 6 Diagram A depicts a phase change. The curves of 


A. Phase change fi. Lambda-point 



Fig. 7.6. Contrast between phase change and lambda-point. 


the two distinct phases a and p cut at the transition point, the dotted 
portions of the curves representing metastable states. Diagram B depicts 
a transition of the second order. The curve marked 0 represents the Gibbs 


Guggenheim, Proc. Roy, Acad, Amsterdam (1934) 37 3. 
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function of a hypothetical phase with 5 = 0. which is usually associated 
with complete randomness. The curve marked eq. represents the Gibbs 
function of a phase in which at each temperature s has its equilibrium value. 
Below the lambda-^point the dotted curve marked 0 lies above the curve 
marked eq. and consequently the former represents metastable states. 

At the lambda-point the two curves touch. We might ask what happens 
to the eq. curve above the lambda-point. If we extend the eq. curve by 
the simplest analytical formula, ignoring physics, the curve would continue 
below the 0 curve, thus suggesting that it represents states more stable than 
the 0 curve. On further study we should however find that this hypothetical 
curve corresponds to negative values of s and has therefore no physical 
meaning. It is therefore safer and more profitable to forget about such a 
curve. 

On the other hand a comparison between a lambda-point and a critical 
point, if not carried too far, is less dangerous. At temperatures below the 
lambda-point there is a stable phase with a value of s determined by the 
temperature and there can also be a metastable phase with s = 0; the 
latter can in fact sometimes be realized in practice by sudden chilling from 
a temperature above the lambda-point. The difference between these two 
phases, measured by the values of 5 . gradually decreases as the temperature 
is raised and vanishes at the lambda-point when the two phases become 
identical. This recalls the behaviour of liquid and vapour phases at the 
critical point, but here the resemblance ends. 

§ 7. 25 Dependence of Lambda-Point on Pressure 

Up to this point we have considered how a transition of the second 
order occurs at a certain temperature, completely disregarding the pressure. 
This is in practice justifiable for most such transitions, but in principle 
there can be a dependence on the pressure. In practice the only known 
example where pressure changes are likely to be important is that of liquid 
helium. Let us then consider how the lambda-point is affected when the 
pressure is changed. 

In the particular model represented by (7.20.9) the dependence on 
pressure would result from the energy parameter w being a function of the 
pressure. We shall however not assume this model nor any other detailed 
model, but shall rather derive formulae of great generality. 

Regarding G as a function of s. as well as of T, P. we have 

cfG=:-5dr + KdP+£/5 (7.25.1) 

and differentiating throughout with respect to s 
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Now the equilibrium value of 5 at each temperature is determined by 

^ = 0. (equilibrium) (7. 25. 3) 

and in particular at the lambda-point 

5 = 0, (lambda-point). (7.25.4) 


If then we follow the lambda-point at varying pressure, we have (3), and 
owing to (4) we have 


ds = 0, (lambda-points)* 
Substituting (3) and (5) into (2) we obtain 


or 


ds 


dV 

dT+^^dP = 0. 

os 


(lambda-points). 



(7. 25.5) 

(7. 25.6) 


(7. 25.7) 


Formula (7) describes in the most general way how the temperature of 
the lambda-point depends on the pressure. The right side of (7) can 
however usefully be transformed into alternative forms more directly 
related to experimental data. 

We accordingly multiply numerator and denominator of (7) by ds/dT, 
where s here denotes the equilibrium value. We obtain 


dV ds 
__ d s dT 
cf P ^ • 

ds dT 


(7. 25.8) 


where evcrv quannix n the right side is given its equilibrium value at or 
immediately below 7 . We shall now examine the physical significance of 
the nuineiatcr and denominator on the right of (8). 

Let us use the superscripts — and + to denote the values of quantities 
immediately below and immediately above the temperature Then we 
have 


G~=G*. (7.25.9) 

H- = H*. (7.25.10) 

Sr=S*, (7.25.11) 

C- = C^ + r,^^. (7.25.12) 


SO that the denominator of the right of (8) is (C“ —C'*’)/T;^. 
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Similarly if a denotes coefficient of thermal expansion 


V-=V*=Vx. 

V — a* V 4- — — 

* ds dr 


SO that the numerator in (8) is (a”—- 0 +) 

Hence substituting (12) and (H) into (8) we obtain 


(7. 25,13) 
(7,25. H) 


dT,^ {a-^a-)V,T , 

dP 


(7.25.15) 


This formula shows how the effect of pressure on the lambda-point is 
related to the discontinuities in C and in a. 

Returning to (7K instead of multiplying numerator and denominator by 
ds/dT, we could multiply by d /dP, obtaining 


dl^ dj, 
dTj _ ds dP 
dP ~ • 

ds dP 


(7. 25.16) 


But if X denotes isothermal compressibility, we have 

dV ds 


x-V, = x*V,- 


ds dP' 


Similarly 


and so using Maxwell's relation (3.04.4) we have 

— T7 + T/* 

« ^A-« Qs dP' 
Substituting (17) and (19) into (16) we obtain 


dT, 


-*+ 


(7.25.17) 




(7. 25.19) 


(7. 25.20) 


dP 

This formula relates the dependence of the lambda-point on the pressure 
to the discontinuities in a and x. 

Formulae (15) and (20) are due to Ehrenfest*. 


§ 7. 26 Transitions of Higher Order 

In an ordinary phase change, which we may call a transition of the first 
order, we have 

G continuous, ) 

QQ f 1st order 

iS = — discontinuous, t transitions. 

• Ehrenfest, Proc, Amsterdam Acad. ScL (1933) 36 153 
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In the transitions of the second order, which wc have been discussing, we 
have 



d^G 

hT^ 


continuous. 

discontinuous. 


2nd order 
transitions. 


In a like manner we can define a transition of the third order by 


P dG a^G 
'dr'ar^ 
a^G 
ar^ 

It is possible, but not certain, that transitions of the third order exist. 

It is further possible to extend the above definitions to transitions of 
still higher order. We shall however not pursue this matter any further. 


continuous. 


discontinuous. 


3rd order 
transitions. 


§ 7. 27 Components and Degrees of Freedom 

Since the equilibrium condition for the chemical change 

(7.27. 1) 

is given by (7. 01, 5) 

(7.27.2) 

all variations of temperature, pressure and composition consistent with 
chemical equilibrium must satisfy 

2i:v^dfij^ = SvBd[iB- (7.27.3) 

This is a relation between the chemical potentials additional to and 
independent of tht* (jihh'' -Duhem relations. The existence of this relation 
reduces by one thi* nnn her of degrees of freedom of the system. 

Let us con^ickr iMHaul.ii example, namely a gaseous mixture of N 2 . 
H 2 and NIL Tin mnie jihase system can be described by T, P, 

.Vjj , .'-ubject [('> the identity 

or alternatively by T, P, subject to the Gibbs-Duhem 

relation 

^N. /^N. + ^ + ^NH. A*NH. = 0- ( 7. 27. 5 ) 

Hence in the absence of chemical reaction between the three components 
the system has four degrees of freedom. If however, for example by intro¬ 
ducing a catalyst, we enable the process 

N2 + 3H2-^2NH3 (7.27.6) 

to attain equilibrium, then there is the further restriction 


(7.27.7) 
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which reduces the number of degrees of freedom from four to three. This 
situation is sometimes described by saying that of the three species N 2 » H 2 
and NH 3 there are only two independent components. Whether or not this 
terminology is adopted the number of degrees of freedom is certainly three. 

Now consider a system in which several chemical changes can take 
place. Some such changes may be expressible as linear combinations of 
others, but there will always be a definite number of chemical changes 
which are linearly independent. Consider for example a system consisting 
of solid graphite and a gaseous mixture O 2 . CO. CO 2 . Then of the 
chemical changes 

C + i02->C0, (7.27.8) 

C + 02-^C02. (7.27.9) 

C0 + i02-^C02. (7.27.10) 

C t C02-^2C0 (7.27.11) 

the third is ('obtained by subtracting the first from the second, while the 
fourth is obtained by subtracting the third from the first. Thus only two 
of these changes are independent. By a comparison of ( 1 ) and ( 2 ) it is 
clear that independent chemical processes have independent equilibrium 
conditions, whereas linearly related chemical processes have linearly related 
equilibrium conditions. Hence each linearly independent chemical equili¬ 
brium corresponds to a restrictive relation between the chemical potentials 
leading to a decrease by unity in the number of degrees of freedom. For 
example in the two phase system consisting of solid graphite and a gaseous 
mixture of O 2 . CO, CO 2 the effect of the two independent chemical 
equilibria is to reduce the number of degrees of freedom from four to two; 
thus the state of the system is completely determined by the temperature 
and the pressure. Incidentally in this particular system at equilibrium the 
amount of free O 2 is undetectable. The system may therefore be more 
simply described as a two phase system containing the three species C, CO 
and CO 2 . between which there is a single chemical reaction 

C + C02-^2C0. (7.27.12) 

The equilibrium condition for this process reduces the number of degrees 
of freedom from three to two. Whichever way we consider the system we 
find that the number of degrees of freedom is two. Whether we regard 
the system as consisting of four components with two independent chemical 
processes, or of three components with one independent chemical process 
or of two independent components is a mere difference of terminology 
without practical importance. 
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EXTREMELY DILUTE SOLUTIONS 

§ 8. 01 Definition 

We define an extremely dilute solution as one in which 

1 . 

We see then that the property of extreme dilutencss is one depending in 
no way on the specific physical properties of either solvent or solute 
species, but only on their relative proportions. How small the Xg must be, 
in order that 2s Xs may be neglected compared with unity, depends of 
course on the accuracy aimed at. For 1 % accuracy one would generally 
be safe in choosing 2s Xg < 10'’\ If the solvent is water, this corresponds 
to about one half mole of solute in a litre. 

If a solution is extremely dilute, then by neglecting 2s Xs compared with 
unity, many of the formulae of the preceding two chapters may be replaced 
by other approximate formulae found more convenient for computational 
purposes. In this chapter we shall briefly describe such formulae without 
giving detailed derivations. We stress that this chapter contains nothing 
new other than certain approximations sometimes found convenient. 


§ 8.02 Composition Scales 

Hitherto we have consistently described the relative composition of 
every solution by the mole fraction Xs of each solute species s defined by 


-Vs 


ns 

ni + 25 ns 


( 8 . 02 . 1 ) 


This is the compoMt.ori jIc by means of which the laws of ideal solutions 
and of ideal dilute ■ ■Intions are most conveniently and simply expressed. 
Provided box', ever a >olutiun is extremely dilute, then other scales may be 
used without sieinilicaiit loss of accuracy and sometimes with some gain 

of con\cnienee. 

The most important of these scales is the molality m, defined by 


where M, is defined by 


ms 


ns 

n, M, ■ 


(8 02 . 2 ) 


M,= 


mass of one mole of solvent 
iKg. 


(8.02.3) 


Thus 1000 M, is the number usually called the molecular weight of the 
solvent and ms is the number of moles of solute dissolved in 1 Kg. of 
solvent. 
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Another scale, used more in the past than in modern work, is the con- 
cent ration Cs defined by 



(8. 02.4) 


Concentrations are usually expressed in moles /!., less often in moles/cm^ 
Let us now consider how these composition scales are interrelated. 
From (1) we deduce 


nj 1 Xs 


(8. 02. 5) 


provided the solution is extremely dilute. Comparing (5) with (2). we sec 
that for an extremely dilute solution 



( 8 . 02 . 6 ) 


Again accoi ding to (1). provided the solution is extremely flilute. 


__ Th _^_n£_ 

+ -?s ns) Vi Hi Kj -f tis Vs 
and comparing (7) with (4) we see that 


Y- (8.02.7) 


Cs — 



( 8 . 02 . 8 ) 


§ 8. 03 Thermodynamic Properties of Solute 

By using the approximations (8.02.6) and (8.02.8) we can express 
the absolute activity 7^ of a solute species in any of the approximate forms 


qC Xs^s cC ms ys ^ CsYs* (const, r), (8,03.1) 

where y^ denotes the activity coefficient of the species s. 

Correspondingly we can express the partial vapour pressure ps by 

Ps oC oC rrisys ^ Csys, (const. T). (8.03.2) 

From (1) or (2) one can immediately deduce all the equilibrium properties 
relating to solute species. 

In particular for the distribution of a solute s between two solvents a. 
we have the alternative relations 


xf y^/x^ = const,» (const. T); (8. 03. 3) 

7 * = const.. (const. T); (8. 03. 4) 

— const.. (const. T). (8. 03. 5) 

For homogeneous chemical equilibrium, we have using the notation 
defined in § 7. 01 

n{xy) =KAT). (8.03.6) 

n(my) =Km(T). (8.03.7) 

n{cy) =zKc{T). (8.03.8) 
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where is defined in § 7.17, while Km, Kc are owing to (8.02.6), 
(8. 02. 8) given respectively by 


Km = KAM,yrA--^B, (8.03.9) 

Kc (8.03.10) 


We recall that .2‘v^ — ^^b decrease in the number of moles when 

the process 


Iv^A^Iv^B (8.03.11) 

takes place. 

According to (7.18.4) the dependence of Kx on the temperature is 
given by 


cflogA'x_ AH^ 
dT ~ RT^ • 


(8.03.12) 


where denotes the heat of reaction at infinite dilution in the given 

solvent. Comparing (9) with (12), since M, is independent of the 
temperature, we have 


d\ogKm_AH' 

■" dT ~ RT^ • 

On the other hand, comparing (10) with (12), we obtain 


(8. 03. 13) 


d\ogKc AH^ , 


:v )a„ 


(8. 03. 14) 


where Oj is the coefficient of thermal expansion of the solvent. The term 
in a, is often neglected, not always justifiably. 

We need scarcely remind the reader that if the extremely dilute solution 
is also ideal dilute then :i!l the activity coefficients become equal to 
unity. 


§ 8. 04 Thermod ynaniic Properties of Solvent 


The alternar:. ‘ • the thermodynamic properties of the solute 

species in c\::t r. - -liitions arc neither more nor less complicated 

than the f. r .solutions not extremely dilute. We shall see 


that the alternatree toimulae for the equilibrium properties of the solvent 
can on the contiaiv be given simpler forms than those for solutions not 

oc'treii.elv dilute. 

We recall formula (6.34.2) defining the osmotic coefficient of the 

solvent 

•og -4 =Jog ^ =9\ log (1—2‘s Jfj). (8.04. 1) 

'‘i Pi 

Expanding the last logarithm and neglecting small terms of the second 
order in 2', jCs, we obtain 

log -^ = log ^ = -9i X,. 

'•t Pi 


(8. 04. 2) 
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Wc can also expand the other logarithms, obtaining the alternative 
relation 


Xo- 


•^1 _ P?—Pi _ 


P? 


= pi ■2's j:.. 


(8.04.3) 


Formula (3) applied to a solution containing only one solute has a 
simple graphical interpretation. In Fig. 6.1 if the solution with 0. 2 mole 
fraction of alcohol could be regarded as extremely dilute, then would 
be equal to the ratio ED/EC and 1 —pj to the ratio DC/EC. Apart from 
this geometrical interpretation formula (3) has no advantage over (2), 
We shall accordingly concentrate our attention on (2). 

Substituting (8.02.6) and (8.02.8) in turn into (2). we obtain 


Pi 


-.g,V,I,Cs. (8.04.4) 


We shall use (4) to describe the several equilibrium properties relating to 
the solvent. 


§ 8. 05 Freezing-Point and Boiling-Point 

We recall formulae (6.17.1) and (6.17.2) relating the freezing-point 
r of a solution to the freezing-point T® of the pure solvent 


, A?(r) , P?(r). 


R 


’■i. (T) «p,(r) 

Substituting (8.04,4) into (1) we obtain 



V [A/Hj’l 

(f- 

.1] 

TV 

9l 

(f- 

--] 

TV 


(8.05.1)' 


(8.05.2) 
(8.05.3) 


where [A/H?] denotes the value of the molar heat of fusion A/H? of 
the pure solvent averaged over the reciprocal temperature range l/T® to 
1/r. In both (2) and (3) has the value relating to the freezing-point of 
the solution. 

For the relation between the boiling-point T of an extremely dilute 
solution of involatile solutes and the boiling-point T° of the pure solvent, 
we obtain similarly by substituting (8.04.4) into (6.18.1) or (6.18.2) 


= ( 8 . 05 . 4 ) 

p, 2-, c, = - 1). (8.05.5) 

where [Ae /f? ] denotes the value of the molar heat of evaporation Ae H? 
of the pure solvent averaged over the reciprocal temperature range \/T to 
IjT^An both (4) and (5) has the value relating to the boiling-point 
of the solution. 
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In many extremely dilute solutions {T—T^)IT^ is so small that in the 
formulae of this section [A/H?] may often be replaced by A//f? 
and [AeH?] by AeH?* The resultant simplification is, however, trivial. 


§ 8. 06 Osmotic Pressure 

We recall formula (6. 19. 1) for the osmotic pressure 77, namely 


n[v,] , p?(P) 

Rf -^°^pAPy 


(8.06.1) 


Substituting from (8.04.4) into (1) and, neglecting the unimportant 
distinction between [Vj] and V,, we obtain 


n=^g, RT 


M, 


^sms — Qi RT 2*5 cs. 


(8. 06.2) 


§ 8. 07 Relation Between Osmotic Coefficient and Activity Coef«' 
ficients 

We recall the relation (6.46. 1) between the osmotic coefficient of 
the solvent and the activity coefficient ys of the solute species 

{l—^sXs)\og(l—IsXs)Dgi +(\—gi)^sdx5 + 2sXsDlogrs = 0. (8. 07. 1) 

Expanding the first logarithm and neglecting small terms of the order 
we obtain ^ 

— 2s Xs Dgy + (1 —pi) dxs + 2sXsD log ys = 0. (8.07. 2) 

Using (8.02.6) and (S.02.8), we have to the same degree of accuracy 

— 2s rris Dg^ 1 1 —gi) 2s dms + 2smsD log ys = 0, (8. 07. 3) 

— 2sCs Dq: -{I—gi) 2s dcs +2sCs Dlogys = 0. (8.07.4) 

For the reasoiv cxpl.i n/d in §6.44 formulae (2), (3). (4) should, 
except for .solution rr j.ning only one solute, not be used to determine 
one of the quanti’ic :s from empirically proposed expressions for the 
remainder, but : hou!:i rather be used as a check on formulae for gi,ys 

obtained by differeiniation of a formula for G(jCs). 

In the case of only a single solute (3) and (4) reduce to 

Dlog ys = Dg — (l —g)d log m, 

= Dg —11-—g)d log Cs. (8.07. 5) 

where we have dropped the subscript 1 from pj. This may be written in 
the integrated form 

— \ogys = {\—g)+j (1—ff)c/logms ^ 

= {l-g)+j\l-g)dloges. (8.07.6) 




EXTREMELY DILUTE SOLUTIONS 


295 


As a simple example of the use of ( 6 ), suppose that, dropping the sub- 


script from ms, 

1 — p = a m''. (a. r const,). 

(8.07.7) 

Substituting (7) into ( 6 ) and evaluating the integral, we find 


— log ys = 

= (l +- 7 ) am'-= (l +-L) ( 1 -p). 

(8.07.8) 

In particular if 

1 — g = am, (a const.), 

( 8 . 07.9) 

it follows that 

log vj = 2am = 2 {1 — g). 

(8.07. 10) 


§ 8 . 08 Van't HofFs Laws 

If a solution is both ideal dilute and extremely dilute, then all the for¬ 
mulae of this chapter apply with the further simplifications resulting from 
setting 

g, = 1 , (8.08. 1 ) 

y. = 1 . (alls). (8.08.2) 

We then obtain the laws of ideal extremely dilute solutions. These laws 
were formulated by van *t Hoff *. who was aware of their limitations. 
Unfortunately they have sometimes been misapplied outside their limited 
range of validity. 

§ 8 . 09 Surface Tension 

Formula (6.54.3) for variations of surface tension y with composition 
at constant temperature when expressed in molalities takes the form 

— Dy = RTZs{rs—msM,r,) D log (8.09. 1 ) 

No further simplification is possible, for although msM, 1 in an extremely 
dilute solution jTi ^ Fs and it would be an error to assume that ms Mi Fi 
could be neglected compared with Fs. 

* van 't Hoff. Phil, Mag. (1888) 26 81. 

' There should be no confusion between y. denoting surface tension and denoting 

an activity coefficient. 



CHAPTER IX 


SOLUTIONS OF ELECTROLYTES 

§ 9.01 Characteristics of Strong Electrolytes 

When certain substances such as common salt are dissolved in water, 
the solution has a comparatively high conductivity showing that charged 
ions must be present. We owe to Arrhenius the suggestion that for these 
substances, called strong electrolytes, the solute is composed largely of 
the free ions, such as Na*^ and Cl~ in the case of common salt. Study of 
the optical properties by Bjerrum * led him in 1909 to the conclusion that at 
least in dilute solutions there are at most very few NaCl molecules and in 
many such cases the properties of the solution can be accurately accounted 
for on the assumption that no undissociated molecules are present. 

It would be outside the province of this book to discuss whether a dilute 
solution of a strong electrolyte contains a small fraction of undissociated 
molecules or none at all. All that matters is that the description of a salt 
solution as completely dissociated into independent ions, though admittedly 
an oversimplification, is at least an incomparably better model than one 
which ignores dissociation into ions. It is in fact a better model than any 
other of equal simplicity. We shall therefore compare the properties of 
every real solution of strong electrolytes with an idealized solution con¬ 
taining independent ions. 

§ 9. 02 Ionic Molality 

In accordance with the programme outlined in the previous section, we 
describe the composition of solutions of electrolytes in terms of the ions, 
not in terms of the undiKsociatcd molecules. 

For the sake of sinipl '.itN we shall confine ourselves almost entirely to 
extremely dilute solu; and we may therefore, following usual practice, 
use the molalnij .va/t We accordingly describe the composition of a 
solution containjrKi one or more electrolytes by the molality mi of each 
ionic species i. We recall the definition of molality given in § 8.02 for 
non-elcctiolytcs. The extension to ionic species is immediate. If we define 
a gram-ion as the quantity of an ionic species containing N ions, where N 
is Avogadro's number defined in § 4. H, then the molality mi of an ionic 
species i denotes the number of gram-ions in a quantity of solution con¬ 
taining 1 Kg. of solvent. 

In a like manner we can define the concentration ct of an ionic species i 
as the number of gram-ions contained in unit volume, usually one litre of 

• Bjerrum, Proc. 7th Int. Cong, Pure and Applied Chem. (London 1909) Sect. 10 
p. 58; Zeit. Elektrochem. (1918) 24 321. 
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solution* As long as one is working at strictly constant temperature, there 
is little to choose between the molality mi and the concentration a scales, 
but if the temperature of a given solution is changed then mi remains un¬ 
altered, but c/ is altered through thermal expansion. In this respect the 
molality scale is advantageous and we shall accordingly use it in preference 
to the concentration scale, 

§ 9. 03 Electrical Neutrality 

When we carry out our intention of describing the properties of electro¬ 
lyte solutions in terms of the ionic species, we shall find that most of the 
formulae have a close resemblance to those for non-electrolytes. There is 
however one important difference, namely that the molalities mi of all the 
ionic species are not independent because the solution as a whole is elec¬ 
trically neutral. We nov' proceed to express this condition mathematically. 

We use the symbol z to denote the charge on an ion measured in units 
of the charge of a proton, so that for example: 


Na+ 

z = l. 

Ba+ + 

2 = 2, 

La++ + 

z = 3. 

cr 

2 = -l. 

so;- 

z = — 2, 

o 

1 

1 

1 

2 = — 3, 

FcCsN; — 

2 = -4. 


We call z the electrovalency of the ion. 

If then mi denotes the molality of the ionic species i having an electro- 
valency Zi, the condition of electrical neutrality of the solution may be 
written 

Si Zi mi = 0. (9. 03. 1) 

Alternatively if we use the subscript + to denote positively charged ions 
or cations and — to denote negatively charged ions or anions, then we may 
write (1) in the alternative form 

2:^z^m^ = S^ Ir-l m,. (9.03.2) 

wherein \z^\ = —z- is a positive integer. 

Owing to the condition of electrical neutrality (1) or (2), a solution 
containing G ionic species, as well as the solvent, has G. not G + 1, in¬ 
dependent components. 

§ 9. 04 Ionic Absolute Activities 

Since most equilibrium conditions are expressible in a general, yet con¬ 
venient. form in terms of absolute activities we shall make continual use of 



298 


SOLUTIONS OF ELECTROLYTES 


the absolute activity of each ionic species i. By following this procedure 
we shall in fact obtain formulae closely resembling those already obtained 
for non-electrolytes. There is however one important difference. Wc saw 
in the previous section that if there are G ionic species / and so G ionic 
molalities m/. then only G — 1 are independent. There must clearly be 
some analogous or related property of the set of G quantities A/ We shall 
now discover this property by considering the physical significance of the 
A/’s. first in particular cases and then in general. 

Let us consider the distribution of NaCl between two phases, of which 
at least one a is a solution: the other fi may be a solution in a different 
solvent or the solid phase. We shall now determine the equilibrium con¬ 
dition for NaCl ab initio on the same lines as § 1.45 but in terms of Na + 
and Cl-”. We assume the temperature, but not necessarily the pressure, to 
be the same in the two phases. Suppose now a small quantity dn^^+ of 
Na*^ and a small quantity dn^^^ of Cl“ to pass from the phase o to the 
phase /?. the temperature of the whole system being kept constant Then 
the increase in the free energy F is given by 

dF = — c/hci- 

- + dn^,. . (9. 04, 1 ) 

Following an argument analogous to that of § 1.45, if the two phases 
arc in mutual equilibrium with respect to the NaCl, the process being 
considered must be reversible and so dF must be equal to the work done 
on the system. Thus 

dF= — P^dV-P^dV^. ( 9 . 04 . 2 ) 

Subtracting (2) from (1), we obtain 

- "1. -' dn^^^ + dne- = 0. (9. 04. 3 ) 

The condition c f ciot.n.al neutrality (9.03.2) in this case takes the 
simple form 

= dn^^^ =dn. (9. 04. 4) 

Suh^titiilmo ("I* irU'-'. (3), we have 

d;\iding by dn 

Since according to the definition of A/ 

^i=:RT log ki. (9.04.7) 

we may rewrite (5) as 

log + log Aq- = log ANa+ + log ^ci - 


(9. 04.5) 
(9. 04. 6) 


(9.04.8) 
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or 

;.L+ • ^cr = • A^r . (9. 04. 9) 

We thus sec that any phase equilibrium relating to NaCl involves only 
the sum 

+ (9.04.10) 

or the product 

A^.+ .Ac,-. (9.04.11) 

In the same way an equilibrium relating to BaCl 2 would involve only 
the sum 

+ (9.04.12) 

or the produci 

(9.04.13) 

and an equilibrium relating to LaClj only the sum 

/^La+++ + (9. 04. 14) 

or the product 

.A3,.. (9.04.15) 

and so on. 

But it might be asked what about an equilibrium relating to the chloride 
ion by itself? The answer is that the transfer of a chloride ion. or any 
other ion alone, from one phase to another involves a transfer of electrical 
charge, that is to say a flow of current. We shall consider such processes 
in detail in the following chapter on Electrochemical Systems, Meanwhile 
as long as we exclude processes involving a flow of current, and in this 
chapter we do so, we shall only meet the ^,'s and A/’s in combinations cor¬ 
responding to zero net electric charge. We can express this mathematically 
by stating that the only linear combinations 

(9.04. 16) 

and the only products 

77/(A/)^. (9.04.17) 

which will occur will be those in which the r/’s satisfy the relation 

2’/V/Z/=:0. (9.04. 18) 

This means that, apart from electrochemical flow of current, with which 
we arc not concerned in this chapter, we could in each phase assign an 
arbitrary value to the absolute activity A, of one ionic species, for instance 
the chloride ion. The A/’s of the remaining ions would then be unambigu¬ 
ously determined. Nothing is however gained by thus arbitrarily fixing the 
values of the A/’s. We can just as well leave the arbitrary factor in the 
A/’s undetermined, knowing that only those combinations (17) of the A/’s 
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satisfying (18) will ever occur and that in these combinations the arbitrary 
(actors cancel. 


§ 9. 05 Ideal and Non^Ideal Solutions 

It would be logical, as in the case of non-electrolytes, first to define an 
ideal solution of electrolytes and thereafter to compare the properties of 
real solutions with ideal solutions. Since however no solution of a strong 
electrolyte is even approximately ideal even at the highest dilution at which 
accurate measurements can be made, there seems no point in devoting 
space to ideal solutions. We therefore pass straight to real solutions, of 
which ideal solutions are an idealized limiting case. 


§ 9. 06 Osmotic Coefficient of the Solvent 

We can define the osmotic coefficient g\ of the solvent in complete 
analogy with the case where the solute species are non-electrolytes by 
formula (8. 04. 1) merely replacing by x, the mole fraction of an ionic 
species. Since however we are confining ourselves to extremely dilute 
solutions and we use the molality scale, we use instead formula (8.04.4). 
For electrolyte solutions (8.04.4) becomes, when we drop the subscript 
1 from 

-0 qO 

log =log — = oM, 2', m,. (9. 06. 1) 

Pi 

We recall that, according to (8.02.3), M, is defined by 




mass of one mole of solvent 

\K^, 


(9. 06.2) 


We shall use (1) to describe the several equilibrium properties of the 
solvent. Before doing so \vc however point out that if the solution contains 
non-electrolytes as well <i electrolytes, the former may be included formally 
inside the summation 2,. W e merely treat an electrically uncharged species 

as if it were an ion with r — 0. 


§ 9. 07 Freezing-Point and Boiling-Point 

I cnniula (S.05.2) relating the freezing-point T of an extremely dilute 
nkitinn to the freezing-point of the pure solvent, becomes 


g mi = 


M,R 




(9.07.1) 


where [A/H?] denotes the value of the molar heat of fusion 
of the pure solvent averaged over the reciprocal temperature range 1/7*® 
to 1/r. In (1) the value of g is that at the freezing-point of the solution. 
The relation (8.05.4) between the boiling-point T of an extremely 
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dilute solution of involatile solutes and the boiling-point of the pure 
solvent becomes 


g 2imi = 


[A.H?] 

M,R 



(9.07.2) 


where [Ae H?] denotes the value of the molar heat of evaporation Ac H? 
of the pure solvent averaged over the reciprocal temperature range \/T to 
l/T®. In'(2) the value of g is that at the boiling-point of the solution. 


§ 9. 08 Osmotic Pressure 

Formula (8.06.2) for the osmotic pressure 77 becomes for a solution 
of electrolytes 

' ngRT -y'- 2-, rrn^gRT c,. (9. 08. 1) 


§ 9. 09 Ionic Activity Coefficients 

In analogy with ( 8 . 03. 1 ) the activity coefficient 7 / of the ionic species i 
in an extremely dilute solution is related to the absolute activity 7/ by 

A/ oC mi 7 /, (const. T), (9. 09. 1) 

7/-►I as2’/m/-^0. (9.09.2) 

The proportionality constant in ( 1 ) depends on the solvent and the 
temperature. Furthermore, as explained in § 9. 10 the proportionality 
constant in each solution may be assigned an arbitrary value for any one 
ionic species; the values for the remaining ionic species are then determined. 
We may then formally replace ( 1 ) by 

h = limiyu (9.09.3) 

where A/ contains a partly undetermined factor, which however cancels in 
all applications. 


§ 9. 10 Mean Activity Coefficient of Electrolyte 

Let us consider an electrolyte which consists of cations R of electro¬ 
valency 2 + and anions X of electrovalency 2 -. so that according to the 
condition of electrical neutrality 

2 + + V- 2 - = 0. 

The absolute activity A/?,x of the electrolyte Ry+ Xy- is then related to the 
absolute activities of the two ions by 

A;+a;-. (9.10.1) 

Substituting (9.09.3) into ( 1 ), we have 


(9. 10.2) 
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and in the limit of infinite dilution 


r + r- *' 4 - 
^R 


(9. 10.3) 


Since 2^ ^ and nip and are all well defined quantities it is clear from (3) 
that in spite of the indefiniteness in Ip and separately, the product 
is completely defined. Returning now to ( 2 ) since Ip ^ and Wp and 
and, as we have just seen, the product /^+/^"are all well-defined, it 
follows that the product is also well defined. 

We now introduce a quantity called the mean activity coefficient of 
the electrolyte, related to and by 


V. 4-v V, v_ 


Substituting (4) into ( 2 ), we have 


2 —/+/+m + 

^R,X~^^R ^X ^R 


V V 


(9. 10.4) 


(9. 10.5) 


Since 7 ^^ is well-defined, while yp and y^ individually are not, it would 
be wrong to regard (4) as a definition of 7 /^;^ in terms of 7 ^ and y^ • Never¬ 
theless formula (4) docs contain something of physical significance. For 
let us now consider two cations R, /?' and two anions X, X' from which 
we can form four different electrolytes, for each of which we can write a 
relation of the form (4). What these relations together tell us is that the 
four mean activity coefficients are not independent. We can best illustrate 
the point by a simple example. Let us consider the two cations Na+, 
and the two anions CP. NO3". Then we have formally 


^ ?'Na+ 

~ ?'k+ 


(9. 10.6) 
(9. 10. 7) 

(9.10.8) 

(9.10.9) 


in 'cl 01 VC] 


iiuiiun cMch of the quantities on the left of formulae ( 6 ) to 
efinej, v.hilc the individual factors on the right are not. But 


.^ur UM'mulae 


together lead to the physically significant result 


yK,NO, 


(9. 10.10) 


§9.11 Temperature Dependence 

Just as for non-ionic species, we have according to (6.03. 12) 

d log A/ _ H{ 

dT ^ Rr ' 


(9.11.1) 
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SO that according to (9. 09. 3) 

d log (/f n) __ Hi 
d'T ~ 

Proceeding to the limit of infinite dilution (2) becomes 

dlog;/_ Hi 
dT ~ kr ’ 


(9. 11.2) 


(9. 11.3) 


.where the superscript I denotes the limiting value when 2’/ rm 0. Now 
subtracting (3) from (2) we find 


dlogyf __Hi-Hl 

“or ~ RT • 


(9.11.4) 


For reasons previously given, only linear combinations of these formulae 
will occur of the type defined by (9. 04. 18), In particular for an electrolyte 
composed of cations R and anions X, we have according to (1) 


where 


dlog^ip;^ _ Hr^x 

dT ““ '‘Rf^ 


(9.11.5) 


= Hr + Hx (9.11.6) 


is the partial molar heat function of the electrolyte. Similarly from (4) we 
deduce 


(v+ + vJ) 


^ ^^9 yR,x _ Hr^x-’Hr^x 


dT RT^ 

where Hr x denotes the limiting value of Hr^x as Xi mt -^0. 


(9. 11.7) 


§ 9. 12 Distribution of Electrolyte Between Two Solvents 
The equilibrium condition for the distribution of an electrolyte consisting 
of v+ cations R and anions X between two solvents a and ^ can be 
written either in terms of the electrolytes as 

^R,x = ^%,x 12. 1) 

or in terms of the ions as 


a3^)’'M^A)"- = (4)’'^(4)’’-. (9.12.2) 

According to (9.10.1) the two conditions are equivalent. Substituting 
(9.10.5) into (l),wc obtain 




(9.12.3) 
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where the superscripts a, ^ denote that all the quantities within the brackets 
are given their values in the solutions a, /? respectively. If we denote the 
right side of (3) by / for brevity, then according to (9.11.3) we have 


dlogl 

dT 




-H. 


/« 

R,X 


RT^ 


(9.12.4) 


We notice that the numerator of the right side is the limiting value as 
2"/ m/ 0 of the partial molar heat of transfer of the electrolyte from the 
solvent a to the solvent 


§ 9. 13 Solubility Product 

For the equilibrium between the solid electrolyte composed of the ions 
R, X and a solution containing /?. X and possibly other electrolytes, we 
have. 

^R,X^^R,X* (9.13.1) 

where we denote the solid phase by the superscript S and the solution by 
no superscript. 

Substituting from (9. 10.5) into (1), we obtain 


V, rk 

^R X fR,X — 


R,X* 


(9.13.2) 


where is called the solubility product of the electrolyte and is given 

by 


/ + / “ 


Since 


log 

dT 




we have, using thi^ and 11.3) in (3), 

'■ '-'g Pr,x _ Hr,x — Hk,x 

or ~ RT^ 


(9. 13.3) 


(9. 13.4) 


(9.13.5) 


W'c nciticc iii..! ihe nunierntor in (5) is the limiting value as 2/m' 0 of 
ii^dt C'l .~-o:iit!on of the solid electrolyte in the given solvent. 


v; 1 } Chemical Reactions 

I! v.c consider the chemical reaction 

Svj^A-*2v^B. (9.14.1) 

where some or all of the species A, B may be ionic, the condition of equili¬ 
brium. in the notation defined in § 7. 01, is according to (8. 03. 7) 

n{rtnyi) = K„(T). (9.14.2) 
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The fact that some or all of the reacting species may be ions has no 
effect on the form of (2). It is however of interest to notice that, owing 
to the conservation of net electric charge, it follows from (1) that 


and so 




(9. H.3) 


n (n) = 


iHrsY B 

’n(yfA 


(9. 14.4) 


conforms to the type of product (9. 04. 17) which is physically well-defined. 
We shall illustrate the point by a simple example. Consider the reaction 


+Sn++-i-2Fe++ + Sn++++. (9. 14.5) 


According to (2) the equilibrium condition is 


(9. 14.6) 


wherein the activity coefficients product is well-defined. It can in fact be 
expressed in terms of mean activity coefficients as follows 

7Fe+++ 7sn++ 7^+ + + 7sn++ ^cr ^Fc+ + + ,Cr ^Sn ++,Cl“ 


For the temperature dependence of Km we have (8. 03. 13) 


d\oqKm_ AH' 
dT Rf^ ' 


(9. 14.8) 


where AH' denotes the heat of reaction at infinite dilution. 


§9.15 GibbS'Duhem Relation for Electrolyte Solutions 
For any phase whatever we have the Gibbs-Duhem relation (1. 38. 2). 
For a solution of electrolytes in a solvent 1 this becomes 

SdT--VdP + nxdfJLx + nt dpi — 0, (9. 15. 1) 

or considering variations of composition at constant temperature and 
pressure 

nxDfXx + ^iniDfJn = 0 (9. 15.2) 

in the notation described in § 6.05. Recalling the definition (4.15. 2) of the 
absolute activities It 

Pi = RT\oQh. (9.15.3) 

we may replace (2) by 

Hi D log 2, Itnt D log It = 0. (9. 15. 4) 

20 
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According to the definition of molality given in § 8. 02 and extended 
to ions in § 9. 02, we have 

= (9.15.5) 

If then we divide (2) and (4) throughout by Hj and use (5), we obtain 

^ DfXx + Zi mi Dfii = 0 . ( 9 . 15 . 6 ) 

^ D log lx + ZimiD log A/ == 0. (9.15. 7) 

As explained in § 9. 03 all variations of composition of an electrolyte 
solution are subject to the condition of electrical neutrality 

Zi Zi mi = 0, (9. 15. 8) 

so that 

Zi Zi dmi = 0. (9. 15. 9) 

The variations in formulae (1), (2), (4), (6), (7) are all subject to the 
condition (9): but for variations satisfying (9) these formulae hold just 
as well for electrolyte solutions as for any other solutions. 

We now recall the definition of the osmotic coefficient g by (9. 06. 1) 

log ^ = g Ail Zi mi, (9- 15.10) 

and the definition of ionic activity coefficients yt by (9.09. 1) 


A/ oC miy^. (9. 15. 11) 

Differentiating (10) with respect to changes of composition at constant 
temperature, we obtain 


D log Aj — — g Mx Zi Dmi-- Mi Zi mi Dg, (9. 15. 12) 
Taking logarithms of (II) and similarly differentiating we obtain 

Dmi 


D log A, =: 


mi 


+ D log 


(9.15.13) 


Now substituting (12) and (13) into (7). we obtain 

—g Zi Drrii — Z^ nii Dg + Zi Dmi + -S’/ m/ D log yi = 0. (9. 15. 14) 

or 

—1', mi Dg -f- (1—g) 2i Dmi + m^D log yf = 0. (9.15.15) 

of precisely the same form as formula (8.07.3). 

In particular for a solution of a single electrolyte having »>+ cations R 
and anions X. formula (15) becomes 

— (v+ + »-_) m Dg -f- (1 —g) (*>+ + v.) Dm 

+ !»+ m D log + *'- m D log y^^ = 0, (9. 15. 16) 
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where m denotes the molality of the electrolyte expressed in moles per kilo¬ 
gram of solvent. The mean activity coefficient yp^x of the electrolyte is 
related to the ionic activity coefficients and y^^ by (9. 10. 4) 


V, V. 

7/?.x ““ 7/?^ • 


(9.15.17) 

We now divide (16) throughout by (v+-fv-.)m and use (17), obtaining 
---Dlog^';y;f==~Dp + (l--"p)i51ogm, (9. 15.18) 

or integrating from 0 to m 


j (l-"ff)cflogm. (9. 15.19) 

Just as in a solution of a single solute non-electrolyte, formula (18) or 
(19) may be used to determine either of the quantities y or g, if the 
other is known as a function of composition at all molalities less than m. 
On the other hand the more general relation (15) should not be used in 
this manner, but rather as a check on the self-consistency of assumed 
formulae for g and the y.*s. For it is also necessary for the y/s to satisfy 
the relations of the type 


^ log 7/ _ ^ log Yk 
d mic d rrii 


(9.15.20) 


As an example of (19), suppose 

1 —g z= a (a, r constants). 

Then substituting (21) into (19) we obtain 

-log am'-= + y j (\-g). 


(9. 15.21) 

(9. 15.22) 


§ 9.16 Electrolyte Solutions Not Extremely Dilute 
If we define an ideal dilute solution of electrolytes as one m which all 
y^’s have the value unity, then putting 

Dlogyj = 0, (ideal dilute solution), (9. 16. 1) 

in (9. 15. 15) and dividing by mi we obtain 

Dg = (1—ff) D log 2", mi (9.16.2) 

The only solution of (2) such that g remains finite as 2/ m/ -> 0 is 

g=l, (ideal dilute solution). (9.16.3) 

Since in § 9.15 we did not make any mathematical approximations, we see 
then that the two relations obtained by setting ^ = 1 into (9.15. 10) and 
y. = 1 into (9. 15. 11) namely 

log -j— “ 

A/ oC mi. 


(ideal dilute). (9.16.4) 

(ideal dilute) (9.16.5) 
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together satisfy the Gibbs-Duhem relation exactly. Moreover (5) obviously 
satisfies the condition (9.15.20). Hence (4) and (5) together form an 
exactly self-consistent set of formulae which may be taken as defining an 
ideal dilute solution of electrolytes, whether or not extremely dilute. Such 
a definition is not quite analogous to the definition of an ideal dilute 
solution of non-electrolytes. The analogous definition would according to 
(6.27.6) and (6.25.2) be 

ii = 1 — 2*/ jt/, (ideal dilute), (9. 16. 6) 

A/ oC Xi, (ideal dilute). (9.16.7) 

For extremely dilute solutions, as defined in § 8.01. the pair of formulae 
(4) and (5) is of course equivalent to the pair (6) and (7). For solutions 
not extremely dilute they are not equivalent. 

For real solutions we can define the osmotic coefficient of the solvent g 
and the ionic activity coefficients yi cither in accordance with (4). (5) by 

log “ = p Ml 2', mi, 
li oC miri, 

or in accordance with (5), (6) by 

log-^=glog(l-2’/x/), (9.16.10) 

A/ oC xiYt, (9. 16. 11) 

Except for extremely dilute solutions the pair of definitions (8). (9) is not 
equivalent to the pair (10). (11) and it is important to be clear about the 
distinction. The pair (8). (9) has certain practical advantages and theo¬ 
retical disadvantages compared with (10), (11). For this reason g and y 
when defined according to (8), (9) may be called the practical osmotic 
coefficient and practical actirity coefficient while g and y^ when defined 
according to (10). (11) may be called the rational osmotic coefficient 
and rational activity coefficient. The practical coefficients have been more 
widely used than the rational. Both are likely to be used in the future. The 
harm that can arise from absence of uniformity can be minimized by always 
rlearlv stating which definitions arc being used. 

With this caution we dismiss solutions not extremely dilute and devote 
the rest of the Chapter mainly to a more detailed consideration of extremely 
diiutt solutions of electrolytes 

§ 9 17 Limiting Laws at High Dilutions 

It was already realized * nearly forty years ago that deviations at high 


(9.16.8) 

(9.16.9) 


Milner. Phil Mag. (1912) 23 551. 
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dilution of electrolyte solutions from ideality due to the long-range electro¬ 
static interactions between ions arc quite different from the deviations of 
non-electrolyte solutions. 

The distinction can for a single solute be expressed in the form 


1 — g cC m as m->0, 

(non-clcctrolytc); 

(9.17.1) 

1 —g oC m'’ as m 0, 

(r < 1), (electrolyte). 

(9.17.2) 

This distinction is most strikingly expressed in the form 


———-*-[iaite limit as 
am 

m 0, (non-electrolyte); 

(9.17.3) 

—— -♦ 00 as m 0, 
dm 

(electrolyte). 

(9.17.4) 

and is shown graphically in Fig. 

9.1, which is of historic interest being 


taken from a paper by Bjerrum * written as early as 1916. 



+ + Freezing-point measurements. 

- Electrostatic interaction according to Milner. 

-Incomplete dissociation ignoring electrostatic interaction. 

Fig. 9.1. 

Milner ** in 1912 had shown by statistical methods that the theoretical 
value of r is near 

Various values of r in (2) were used empirically among which the value 
r = i was used by Bronsted *** in the period around 1922. 

Finally in 1923 Debye **** determined by a statistical treatment the theo¬ 
retical law valid in the limit m 0. According to this law r = i and the 
proportionality constant in (2) is also determined by the theory. 

• Bjerrum» 16te Skand, Naturforskermdfe (1916) p. 229. 

♦* Milner, Phil. Mag. (1912) 23 551. 

♦♦♦ Brdnsted, /. Anu Chem. Soc. (1922) 44 938. 

Debye and Hilckel, Physikal. Zeit (1923) 24 185. 
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§ 9.18 Limiting Law for Single Electrolyte 
For a single electrolyte having positive ions with electrovalency 
and negative ions with elcctrovalency z^, satisfying the condition of 
electrical neutrality 2 + + 2 - = 0, Debye's limiting law valid as m 0 

takes the form 

= (9.18.1) 

The coefficient a depends only on the solvent and temperature and is 
given by 


1 _(27tNQ\i( e* \i 

3°“\ 9Kg. j [ekT )• 


(9.18.2) 


where N denotes Avogadro’s number, k Boltzmaiui's constant, c the charge 
of a proton, q the density of the solvent, and c the permittivity of the 
solvent. 

For example for water at 0 °C we have 

N = 0.6023 X 10« 
e = 10~^Kg./cm* 
e = 4.802 X 10"*® franklin 
£ = 88.23 franklinVerg cm. * 
it = 1.380 X 10-‘« erg/deg. 

T = 273.16 deg. 

Inserting these values into (2). we obtain 

= 0.374, (water at 0®C). (9.18.3) 

For the mean activity coefficient of the electrolyte, since (1) is of the 
form (9.15.21) with r = i, we may use (9.15.22), so that 

— log 7 r,X=3(1-;7) 

In particular for water at 0 

-logj'^,;,= 1.12,z+lz-| (9.18.5) 

or using decadic logarithms 

“ logic Yg,x — 0*^88z+1 *-1 i-— j m*. (9.18.6) 


* The name franklin is used for a charge which repels a similar charge at a distance 
one centimetre in vacuo with a force of one dyne. See Nature (1941) 148 751. 
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For water at 25 °C, the values of the coefficients are 

a =1.17,, (water at 25 °C): (9.18.7) 

=0.509, (water at 25 °C). (9.18. 8) 

For many purposes one may use for water at ordinary temperatures the 
round value 


a 

log 10 


= 0.50. 


(water). (9.18.9) 


§ 9. 19 Ionic Strength 

The ionic strength I of an electrolyte solution is defined, following Lewis 
and Randall by 

(9.19.1) 

so that in the case of a single solute electrolyte at a molality m 

l=^(v^zl + v-zl)m. (9.19.2) 

Using (2) we can write the formulae of the previous section in the 
shorter forms 


l-ff = yr+|r-|/i. (9.19.3) 


= l^-l (9.19.4) 

§ 9.20 Limiting Law for Mixed Electrolytes 

Debye’s limiting law as 2*^ m/ 0 for a solution containing more than 
one electrolyte can be expressed as follows. If G denotes the Gibbs function 
and y the Planck function of the actual solution, while and denote 
the same functions for an ideal dilute solution of the same composition, 
then 


G-G'_ {I, 2? n/)t 

RT - R - ^ (2n,M.)4’ 


(9.20.1) 


where a is defined by (9. 18. 2). 

By differentiation of (1) with respect to n/, we obtain, using (9.15. 5) 
and (9.19.1). 



(9. 20.2) 


Lewis and Randall, /. Am» Chtm. 5oc. (1921) 43 1141. 
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Consequently for the mean activity coefficient of an electrolyte composed 
of v+ cations R of electrovalency 2 + and anions X of electrovalency 
2 _, we have 


-^°9Yr,x = 


V 4 . log Yp + y- log Yx 

+v^ 


V+ zl + V- 2! 


al^ 


=:az+\z~\lK 

using the condition of electrical neutrality 

2 + -f r- 2 - = 0. 


(9. 20.3) 
(9. 20.4) 


From (3) we see that in the limit of high dilutions the mean activity 
coefficient of a given electrolyte has the same value in different solutions 
of the same ionic strength. This principle, which follows from Debye's 
formula, was discovered experimentally by Lewis and Randall* in 1921, Our 
previous formula (9. 19. 4) for a solution containing only one electrolyte 
is a special case of (9.20.3). 

By differentiating (1) with respect to n, we obtain 




RT 


■ log —r = -^ a , , 

4 {2M,)inf 


(9.20. 5) 


where the superscript 1 denotes the value in an ideal dilute solution having 
the same composition as the actual solution. Using this notation, we 
obtain from (9. 16. 8) 


log mi. (9.20.6) 

Comparing (5) and (6) we have 

__ , z^i mi)^ 

(9.20.7) 

fni 

In tho pcc.cil ca^ic of a single electrolyte, formula (7), by use of the 
conc.:.r:i cf electrical neutrality, reduces to (9.19.3). 

.SiiKc formulae (2) and (7) are both derived from (1), they auto- 
mala ally satisfy the Gibbs-Duhem relation (9. 15.15). 


§9.21 Less Dilute Solutions 

The limiting law of Debye described in the previous three sections is 


* Lewis and Randall, J. Am. Chem. Soc, (1921) 43 IHl. 
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of the greatest value in providing a reliable means of extrapolating experi¬ 
mental data to infinite dilution. For experimental measurements determine 
only ratios of the values of y in the several solutions. To determine values 
of y itself in the several solutions some assumption has to be made 
concerning the value of y in at least one such solution, for example the 
most dilute. Debye's limiting law provides the necessary assumption. 

On the other hand this limiting law is accurate only at very high 
dilutions. For example when the solvent is water it is accurate at /zn 10“^, 
but already at I = 10”^ deviations arc experimentally detectable and at 
1= 10“"* •• deviations are serious. In other solvents having smaller permit¬ 
tivities deviations from the limiting law appear at correspondingly lower 
ionic strengths. 

For less dilute solutions various formulae can be used, all reducing to 
the limiting formula of Debye at high dilutions and all more or less 
empirical at less high dilutions. Some of these will be described in the 
succeeding sections. 

§ 9.22 Single Electrolytes 

The simplest formula for the activity coefficient of a single electrolyte, 
which conforms with Debye’s limiting formula, is 

^og yp x ^ a z+ I Z- 1 -f- 2(}j^ ^ tn, (9. 22.1) 

where a is defined by (9.18.2) and depends on the solvent, the 
solute and the temperature but not on the molality. This type of formula 
was used by Bronsted * already in 1921 for uni-univalent electrolytes with 
a value for a about 20 % too low. The only objection to this formula is 
its limited range of validity, since it ceases to represent the experimental 
data at ionic strengths appreciably less than 0.1 in water. 

A theoretical formula due to Debye is 

= -71* (9.22.2) 

where ^ is a parameter independent of /. According to a model in which 
the cations and anions are treated as rigid non-polarizable spheres of equal 
size Qp X *s directly proportional to the diameter of these spheres. It is 
however safer to regard Qp ^ as an empirical parameter. By suitable choice 
of values for formula (2) can represent the experimental data in 
water at ionic strengths up to 0.1 or even higher. The main objection to 
(2) is that it cannot be readily extended to solutions containing more than 
one electrolyte. 


• Brdnsted, J. Am. Chem. Soc. (1922) 44 938. 

•• Debye and HUckel, Physikal. 2^it. (1923) 24 185. 
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A formula proposed by Hiickel * is 

= — + (9.22.3) 

1 +e/?,x^ 

where, in spite of what Hiickel may have thought to the contrary, ^ 
is another empirical parameter. Since formula (3) contains two adjustable 
parameters ^ and fip ^ made to fit the experimental data up 

to much higher ionic strengths than either (1) or (2). For solutions in 
water formula (3) can remain accurate up to / = 1. The objection to (3) 
is the same as to (2), namely the impossibility of its extension to solutions 
containing several electrolytes. 

Giintelberg ** suggested the use of the formula 

. . /* 

~-]:i (9.22.4) 

containing no adjustable parameter. Obviously such a formula cannot 
compete in accuracy with formulae such as (1) and (2) containing an 
adjustable parameter, much less with (3) containing two such parameters. 
Nevertheless Giintelberg’s formula gives a useful representation of the 
average behaviour of many electrolytes in water up to /=:0.1. In the 
absence of experimental data it is as good an approximation as any other 
guess. This formula has moreover the advantage over (2) and (3) that 
it.can be extended to solutions of several electrolytes. 

Finally we mention a formula proposed by the author *** 

/i 

J 09 —m. (9.22.5) 

where v is the harmonic mean of and that is 

^L + L. (9.22.6) 

y V- 

This formula combines the advantages of Bronsted's formula (1) and 
Giintelberg's formula (d). Containing one adjustable parameter it is 
accurate for solutions in water up to / = 0.1. It has the advantage over 
Debvc s formula (2) and Hiickel’s formula (3) that, as we shall describe 
in the next section, it can be readily extended to solutions of several 
electrolytes. The constant factor 2v has been included as a matter of 
convenience, as we shall sec later. 


* Huckcl, Physikal Zeit (1925) 26 93, 

** Guntelberg, Zeit. Physikal, C/iem. (1926) 123 243. 

Guggenheim, Phil. Mag, (1935) 19 588. 


'■ir- 4 ! 
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§ 9.23 Several Electrolytes 

For solutions containing more than one electrolyte we propose * the 
following extension of the limiting law (9. 20. 1) 


G-&_ 4 "r + Ox)’ 

-RT—^'- —-'''' 

I V V 

n,M, ■ ’ 


(9. 23. 1) 


where R denotes cations, X denotes anions and r(/f) is a function of /I 
defined by 


^(y) = p {Jog(i + y) —9+iy^l 

= i-|y + f9'-!y’+fy^-... (9.23.2) 


Differentiating (1) with respect to we obtain using (9.15.5) and 
(9. 19. 1). 


logy/?— “ j + 2 m;(,. (9.23.3) 

and similarly 

log y^ = -az\ + 2 m ^,. (9.23.4) 

In (3) and (4) we have used R to denote a particular cation and /?' to 
denote every cation; a similar remark applies to X and X\ From (3) and 

(4) we derive 

/i 

•og rp.x = - «^RI I ^ 

+ 2 Pr'.X '^R' • 

In the particular case of a solution containing only a single electrolyte, 

(5) reduces to 

— + — '’ ih.K- (’-23.6) 

But if m denotes the molality of the single electrolyte 


ttiff — v^ m, 
= Y- m. 


See Guggenheim, PM. Mag, (1935) 19 588. 


(9. 23. 7) 
(9. 23.8) 
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by the definitions of v-. Hence 


V- rrip + 2 

-j--j- HI = v m, 

r+ + v. v^ + v^ 


[9. 23.9) 


according to (9. 22. 6) which defines v. Substituting (9) into (6) we obtain 


/i 

Jo9?'/?,x = —I'^-l j":j:y4 + 2/^/?.x^"* (9.23.10) 

in agreement with (9. 22. 5). 

We thus see that formula (5) includes formula (9.22.5) for a single 
electrolyte as a special case. Moreover, since (5) was derived by differ¬ 
entiation of (1), the Gibbs^Duhem relation and (9.15.20) are auto¬ 
matically satisfied. We emphasize that an analogous extension of formula 
(9.22.2) containing different parameters ^ for the several electrolytes 
in the mixture is not possible since the relations (9.15.20) would be 
violated. 

By differentiating (1) with respect to Hj and using (9.20.6) we can 
obtain a formula for the osmotic coefficient g. For the sake of brevity we 
confine ourselves to solutions containing electrolytes all of the same 
valency type such that each is composed of cations of valency z+ and 
anions of valency z-, satisfying 


^4. Z+ + iz: 0. 


(9. 23. 11) 


We then obtain 


e-l = - i 02+ \z-\Ji a (/^) + , (9. 23.12) 


where o (/f) is a function of 1 ^ defined by 


° (y) = p 11+!/- - 2 log (1 + y) j 


= + + (9.23.13) 

In particular foi a .solution of a single electrolyte 

a’ - 1 — - ' ar+ iz- I /f 0 (/^) + /5^ ;f ? m. (9. 23. H) 

* ' tc I liar the functions t and o defined by (2) and (13) respcc- 

livcw r tec i?\ the identity 


2 r{y) + o{y)z=j~. 


(9. 23.15) 


< h. 2 j Specific Interaction of Ions 

If we examine formula (9.23, 1), from which all subsequent formulae 
for y's and g are derived, we notice that there is a parameter for 
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each cation-anion pair, but no such parameters or belonging 

to two ions with electric charge of the same sign. This is in accordance 
with a principle enunciated by Bronsted * in 1921 and called by him the 
principle of specific interaction of ions. According to this principle two 
ions of the same sign will so rarely come close to each other in dilute 
solution that their mutual interactions may be assumed to be determined by 
their charges, but otherwise to be non-specific. Ions of the opposite sign 
on the other hand often come close to each other and their mutual inter¬ 
actions are therefore specific depending on their sizes, shapes, polariza¬ 
bilities and so on. When this principle is introduced into a statistical treat¬ 
ment it leads to parameters of the type ^ but none of the type 

§ 9. 25 Comparison with Experiment 

The principle of specific interaction leads to a number of conclusions 
concerning mixtures of electrolytes which have been confirmed experi¬ 
mentally by Bronsted We shall not give details, but shall merely mention 
one illustrative example of the usefulness of the principle. 

From formula (9. 23. 5) it follows that the mean activity of NaCl present 

as a trace in a solution of HCl at m = 10”"* is equal to that of HCI 
present as a trace in a solution of NaCl at m =: 10~\ The latter can be 
measureid electrometrically, as we shall see in the next chapter, while there 
is no convenient experimental method for determining the former. Hence 
the former is best determined by measuring the latter. 

Formula (9. 23. H) with 

— 0.374, (water at 0 ®C). (9.25.1) 

has been applied to a large number of measurements of freezing-point 
especially those made by Scatchard and his collaborators. In all cases 
there is agreement within the accuracy of the experiments up to / — 0.1. 
At higher ionic strengths the formula is not reliable. The values of ^ 
which best fit the data for various single electrolytes are given in Table 
9.1. For KCl and for KNO3 alternative values of ^ are given to fit 
different experimental data, though the discrepancies are not serious. 

The dependence of g on the ionic strength is shown in Figs. 9. 2 and 
9.3. Of these Fig. 9.2 relates only to uni-univalent electrolytes, for which 
the ionic strength is merely the molality. Fig. 9. 3 on the other hand relates 
to electrolytes of various valency types. The quantity (p—l)/z+|z«| 
has been plotted against 7* so as to obtain a sheaf of curves with a common 
tangent at the origin. 

Brdnsted, Kgl. Danske Vid. Selsk.. Medd. (1921) 4 (4); /. Am. Chem. 

'Soc. (.1922) 44 877; (1923) 45 2898. 

•* Guggenheim, PhiL Mag. (1935) 19 588; (1936) 22 322; Guggenheim and Wiseman. 
PhU. Mag. (1938) 25 45. 
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TABLE 9.1 

Values of p fitting freezing-point data of single electrolytes 


Electrolyte 

V 



Reference 

HCl 

1 

0.275 

— 

<4) 

LiCI 

1 

0.223 

— 

( 8 ) 

NaCl 

1 

0.135 

— 

(3), ( 8 ) 



^ 0.065 

— 

( 8 ) 

KCl 

1 

i 0.083 

— 

(1).(5) 

TICl 


0.40 

— 

(4) 

LiClOs 

1 

0.280 

— 

(7) 

NaCIOi 


0.040 

— 

(7) 

KCIO 3 

1 

— 0.165 


(7) 

LiClO, 

1 

0.380 


(7) 

NaC104 

1 

0.075 

— 

(7) 

KCIO 4 

1 

— 0.500 

— 

(7) 

LiN03 

1 

0.260 

— 

(7) 

NaNOj 

1 

0.000 

— 

(7) 



( — 0.237 

_ 

(7) 

KNO 3 


)—0.29 

— 

( 1 ) . 

CSNO 3 

1 

0.00 

— 

(5) 

NalOa 

1 

— 0.40 

— 

( 2 ) 

KIO 3 

1 

— 0.40 

— 

( 2 ) 

LiOjCH 

1 

0.140 

— 

( 8 ) 

Na 02 CH 

1 

0.170 


( 8 ) 

KO 2 CH 

1 

0.190 

— 

( 8 ) 

Li 02 CCH 3 

1 

0.210 

— 

( 8 ) 

Na 02 CCH 3 

1 

0.290 

— 

( 8 ) 

KO 2 CCH 3 

1 

0.290 

— 

( 8 ) 

Na 2 S 04 

i 

— 0.45 

— 0.60 

(6) 

K 2 SO 4 

■ 

0.00 

0.00 

(2), (5) 

Ba(N03)2 


— 0.41 

— 0.55 

(6). (5) 

MgS04 1 

1 

0.00 

0.00 

(2). (5) 

CUSO 4 ' 

1 

— 1.7 

— 1.7 

(5) 

La (NO 3) ^ 


2.6 

+ 3.9 

(2) 


LI ' 

0.00 

0.00 

(5) 


References for experimental data, 

■ /. Chcrn. Soc. (1915) 37. 481. 

. ;,.i 1 Lirkins, /. Am. Chem. Soc, (1916) 38, 2658. 

. :;J Roberts, /. Am, Chem, Soc, (1916) 38, 2676. 

. ; ! mJ Vanselow. /. Am. Chem. Soc. (1924 ) 46, 2418. 
ii II >\Lri;j cind Rodcbush, /. Am. Chem. Soc. (1925) 47, 1614. 

(f>) RarJall and Scott. /. Am. Chem. Soc. (1927 ) 49, 647. 

(7) Sccitchard, Jones and Prentiss, /. Am. Chem. Soc. (1932) 54, 2690: (1934) 56, 805. 

(8) Scdtchard and Prentiss, /. Am, Chem. Soc. (1932) 54, 2696; (1933) 55, 4355; 
(1934) 56. 807. 
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It is worthy of note that a considerable number of electrolytes, of various 
valency types, have values of not greatly different from zero. Conse¬ 
quently if, as often happens, a value is required for the activity coefficient 



Fig. 9. 2. Osmotic coefficients of several uni-univalent electrolytes at 0 °C. 

of some electrolyte and there are no experimental data available a useful 
approximation is obtained by taking zero. This approximation, 

first recommended by Giintelberg, has already been mentioned in § 9.22. 
It is usually a vastly better approximation than the limiting law formulae 
of § 9.20. 

Fig. 9.4 shows the activity coefficients of the uni-univalent electrolytes 
for which the osmotic coefficients arc shown in Fig. 9.2. The activity 



Fig. 9.3. Osmotic coefficients of electrolytes of various valency types at 0 'C. 
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coefficients of single electrolytes of various valency types arc shown in 
Fig. 9.5. These have been computed from formula (9.23.10) with 
a 1.123 and the values of ^ given in Table 9. 1 . They accordingly relate 



HCt.tiMOi 
LiCl 
NO Cl 
KCI 

NaNOf.Csf^Of 


KNOf 

NaJOt.KlO^ 


Fig. 9 4. Activity coefficients of several uni-univalent electrolytes at 0 °C. 



t > C The Fcanty experimental data available indicate that the activity 
( .Tiiurnt . \ ary only slightly between 0 °C and 30 °C. 

vj ^> 26 Activity Coefficient of Solvent 

We have hitherto described the equilibrium properties of the solvent 
by means of its osmotic coefficient g and may thus regard ^—1 as a 
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measure of deviation from behaviour in an ideal dilute solution. Wc might 
alternatively have used an activity coefficient /*, defined by 

4 (9.26.1) 

Let LLS now compare this with the definition (9. 16. 10) of the rational 
osmotic coefficient g 

log ~ ==plog(l —2, Xi). (9. 26. 2) 

^^i 

Taking logarithms of (1) and comparing with (2) we find 

— (1 —g) log (1 --T, X,) 

— 0—g) Xi 

(9.26.3) 

if the solution is extremely dilute. 

Wc now consider a typical numerical example. For water Mi 0.018, 
so that in a centimolal solution of a symmetrical electrolyte at 0 

Ml li mi = 0.018 X 2 X 0.01 = 3.6 X 10-^ 

If the electrolyte is of the 1 — I electrovalency type, then approximately 

l-gzz 0.032 

— log 0.102. 

from which wc see that the solution is by no means ideal dilute. Sub¬ 
stituting into (3) wc obtain 

log fi = 0.032 X 36 X I0--» 

= 1.15 X 10-5. 

so that 

[i=z 1 .000011. 

Similarly in a decimolal solution of a 1 — 1 electrovalency type electrolyte 
in water, we have approximately 

Ml v, m,^-3.6X 10-> 

1-p =0.078 
— log y^^ = 0.270 

so that 

log fi = 0.078 X 3.6 X l0-^= 2.8 X 10“^ 

fi = 1.00028. 

From these examples we see that in extremely dilute solutions [i — 1 is 
much less convenient that 1 — ^ as a measure of deviations from the ideal 
dilute state. 


21 
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§ 9. 27 Chemical Reactions Involving Solvent 

In § 9. 14 we obtained the condition of equilibrium in a chemical reaction 
between solute ionic species, including non-ionic species as if they were 
ionic with 2 rz 0 . We shall now consider how this condition can be 
extended to include chemical reactions involving the solvent. 

A reaction involving the solvent is called solvolysis with the exception 
of simple addition called solvation. In particular if the solvent is water it 
is called hydrolysis. 

For the sake of brevity we shall consider not the general case, but a 
specific example. We choose the hydrolysis of chlorine in water 

CI 2 + 2 H 2 O — H 3 O+ + Cl” + HCIO. (9. 27. 1 ) 

The equilibrium condition in its most general form is 

For ^H*o niay write according to (9. 26. 1 ) 

^ ^ f I • 

where the summation 2 */ includes the uncharged species CI 2 and HCIO as 
well as the ions. We saw that even for solutions far from ideal dilute we 
may with a high degree of accuracy set = 1 . Assuming the solution is 
extremely dilute, we may further neglect 2 *, x/ compared with unity. We 
may therefore in this connection replace (3) by 

Vo-4o (9.27.4) 

with an accuracy depending on the composition of the solution, but usually 
within 1 9c. Hence with this sort of accuracy, we may replace ( 2 ) by 


(9. 27.2) 

(9. 27.3) 




.0 2 


(9. 27.5) 


Using the relation (9. 09. 3) for each reacting species other than the solvent 
H 2 O, we obtain 


ya- W ^ (9 27.6) 

7a, 

the cc'n>Kint beinv.} absorbed as a factor of Km- 

Fr example we sec that for a chemical reaction involving 

the i V :.t :he equilibrium condition takes the form 

ir(min) = Km (T)- (9.27.7) 

V. hell //' aiileis from 11 by the omission of factors relating to the solvent. 


§ 9 28 Acid-Base Equilibrium 

By far the most important and widespread class of chemical processes 
between ions in solution, is that of the transfer of a proton from one ion 
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or molecule to another. Any ion or molecule capable of losing a proton is 
called an acid\ any ion or molecule capable of gaining a proton is called a 
base. These definitions due to Bronsted * are simpler and more rational than 
earlier definitions which they supersede. The acid and base which differ 
from each other by one proton are called a conjugate pair. Obviously the 
electrovalency of any acid exceeds by unity that of its conjugate base. 
Table 9.2 gives examples of well-known conjugate pairs of acids and 


TABLE 9.2 

Typical conjugate acids and bases 


Acid 

Base 

CHjCOjH 

NH 4 + 

OHi 

OH 3 + 

HjPO. 

HjPOr 

HPO.— 

H 3 N+ . CHj. COjH 
H 3 N+.CH 2 .C 02 “ 

CHsCOj- 

NH 3 

OH" 

OH 2 

H 2 Por 

HPor“ 

por— 

H 3 N+.CH 2 .CO 2 ' 

H2N.cH2.c02" 


bases. It is clear from several examples in Table 9.2 that an ion or a 
molecule may be both an acid and a base. 

If A and B denote an acid and its conjugate base, while A\ B' denote 
another conjugate pair then the chemical reaction 

A + B'-^B + A' (9.28.1) 

is typical of acid-base reactions. The equilibrium condition is 

(9.28.2) 

Va Vb' 

where K depends on the solvent and the temperature, but not on the 
composition of the solution. As a typical example we have, using Ac as an 
abbreviation for CH 3 CO 2 

NHJ+Ac“-^NH3 + HAc, 

^NH, ^HAc ^NHs ^HAc _ ^ 

^NH4+ yNH*+ ^Ac' 

Since water is both a base and an acid it can react with either an acid 
or a base dissolved in it. As examples of acids reacting with water, we 
mention 

HAc + H 2 O Ac"" + (9.28.5) 

NH 4 ^ + H 2 O NH 3 + H 30 ^ (9.28.6) 

HjPO; + H 2 O HPOr + HjO^ (9.28.7) 

* Brdnsted, Rec, Trav, Chim, PaysBas, (1923) i2 718. 


(9. 28. 3> 
(9. 28.4) 
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and as examples of bases reacting with water 

H:0 + Ac“-^ OH“ + H Ac (9. 28. 8 ) 

H 2 O + NH 3 OH- + NHt (9. 28. 9) 

H 2 O + H.PO; OH~ + H 3 PO, (9. 28. 10) 

We note that according to the definition of hydrolysis given in the 
preceding section, reactions (5) to (10) are all examples of hydrolysis. 
On the other hand reaction (3) does not involve the solvent H 2 O and is 
therefore not a hydrolysis. 

The reactions (5). (6). (7) are all examples of the general type 

of which the equilibrium condition is 

-— i\^ 

where K/^ is called the adef constant of A in water at the given temperature. 
Ka is a measure of the strength of the acid A relative to water. The reci¬ 
procal of Ka may likewise be regarded as a measure of the strength of the 
conjugate base B. For example the acid constants /Chac of HAc and 
of have the values at 25® C 

/Chac=: 1.75X10-5 mole Kg. ^ (9.28.13) 

A^nh,+ = 6.1 X10-*o mole Kg.-^ (9.28.14) 

Two molecules of H 2 O can react together, the one acting as an acid, the 
other as a base, thus: 


(9. 28. 11) 

(9. 28. 12) 


H 2 O -i- H 2 O OH- + OH^*. 


The equilibrium is determined by 




(9.28.15) 

where iv calicJ. t 

l'empeiMri::c<: aie a-. 1 

h.; ij'r.ization product of water. Its values at various 

0 C 

A',.-0.115 X 10-'" mole Kg.-^ 

(9. 28.16) 

:o c 

A'^ = 0.68 XIO-'" mole Kg.-*. 

(9. 28.17) 

25 C 

a:,. = 1.01 X 10-'" mole Kg.-*. 

(9. 28.18) 

I ll t ^iuilibrium constants for reactions of the type 



H,0 + B-^OH"-f 

(9.28.19), 
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can always be expressed in terms of an acid constant and the ionization 
constant of water. For example for reaction ( 8 ) we have 


mpH- ^hAc ypn-^ ^HAc _ Kw 

”»Ac- ^Ac- ~ ^HAc 


{9. 28. 20) 


where /^hac is the acid constant of HAc. Similary for reaction ( 9 ) 


^NH, ^NH4+ 


(9. 28.21) 


where denotes the acid constant of NHj. 

If we apply the definition ( 12 ) of an acid constant to OH 3 we obtain 


_ ^H,0 ^H,0+ fn^O 

” ^H,0 /h,0 

- '"h.o - 55.5 mole Kg.-> (9.28.22) 

From ( 12 ) we see that no molecule or ion which is a much stronger acid 
than OH 3 can exist in appreciable quantity in water. For example HCl is 
a much stronger acid than OH 3 . Consequently when dissolved in water it 
is almost completely changed to OHj and CP. Similarly H 2 SO 4 is a much 
stronger acid than OH 3 and is therefore almost completely changed to 
OH 3 and HSO 4 . On the other hand /^Hsor = 12 X 10 '“^ so that HSOJT 
being a much weaker acid than OH 3 exists in appreciable amount in water. 

Similarly no base much stronger than OH” can exist in appreciable 
quantity in water, since it would be hydrolysed to its conjugate acid and 
OH”. Examples of bases too strong to exist in H 2 O arc 0”“ and NH 2 
which are hydrolysed as follows 

H2O + O” ” OH” + OH” 

H2O + NHr -► OH” + NH3. 


Examples of very strong bases, but not so strong that they cannot exist at 
all in water are S” ” and CN”. 

When a strongly alkaline substance such as NaOH is dissolved in water, 
the base present in the solution is OH”. Often NaOH is itself referred 
to somewhat loosely as a base. 

Similar relations hold in other solvents which can react as both base and 
acid. Reactions of an ion or molecule with the solvent are called soholysis. 


§ 9.29 Weak Electrolytes 

An electrically neutral molecule, not itself an electrolyte, which by 
hydrolysis or other reaction is partly changed into ions is sometimes called 
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a weak electrolyte. In particular an electrically neutral acid such as HAc 
which is partly hydrolysed according to 

HAc + HjO Ac- + HjO^. 

and an electrically neutral base such as NH 3 which is partly hydrolysed 
according to 

H 2 O + NH 3 OH" + NH^. 

are according to this definition weak electrolytes. For these substances the 
names electrically neutral acids and electrically neutral bases are sufficient 
and more informative. 

§ 9. 30 Surface Phases 

The formulae previously derived for surface phases apply just as well 
to solutions of electrolytes as to solutions of non-electrolytes. In particular 
for variations of composition at constant temperature formula (6.54.1) 
becomes 




(9. 30. 1) 


where the summation 2 "/ extends over all ions and other solute species. 
Expressed in terms of absolute activities ( 1 ) becomes 


— dy — RT 2i 




(9. 30.2) 


According to the definition of ionic molality 


m,-M. = r- ^f - . (9.30.3) 

I Xi 

Substituting (3) into (2). we obtain 

-efr ^ RT 2’ M, I\) D log h. (9. 30. 4) 

Even if the solution is extremely dilute the term m/ Mi Fi must not be 
omitted for although rm M^ 1 at the same time | T, | ^ | T/1. 

The above relaimn , anj in fact all the relations, for the surface of an 
electrolyte solution iic (orrnally analogous to those for the surface of a 
non-elet tnilyt • liuo. sn. There is however a significant difference requiring 
careful r it: ;enr r. irncly counting the number of independent components. 
Let i: I’ :.i r n;::c typical examples beginning with the simplest. 

^ ; 1 n f hydrochloric acid in water contains the specic.s OH 2 . 

(^fl : CP. We omit OHnot so much because it is present in 
ri , . . hie ir.iount as because it is in any case riot an independent com- 

ry'uenr, since 


0H"=20H2-0Hr. 


( 9 . 30 . 5 ) 



SOLUTIONS OF ELECTROLYTES 


327 


Of the three species OHj, OH^ and Cl the condition of electrical neutral¬ 
ity imposes the restrictions 

(9.30.6) 

^o„..= '’a- (5-30’’) 

SO that there are only two independent components. We may take these 
to be OH 2 on the one hand and (OH 3 + Cl') on the other. More simply 
we may choose as independent components OH 2 and HCl. 

Similarly a solution of sodium hydroxide in water contains the species 

OH 2 , OH” and Na^. We omit OH 3 , not so much because it is present in 
negligible amount as because it is in any case not an independent component 
owing to (5). The condition of electrical neutrality imposes the restrictions 

= (9.30.8) 

(9.30.9) 

so that there are only two independent components which we may take to 
be OH 2 and NaOH. Thus for the surface tension of the solution of NaOH 
we have 

- *■= fir (r^.. - m^,.» r d I09 


+ fir(ro„- ^OH” ^OH 



'^NaOH ^ ^^9 '^NaOH ^Na,OH » 

(9.30.10) 

where and F are defined by 



— '^NaOH * 

(9. 30.11) 


r — r — r 

^ Na+ — OH^ — ^ NaOH 

(9. 30. 12) 


respectively. 

The reader should have no difficulty in distinguishing between y without 
any subscript denoting surface tension and denoting the mean 

activity coefficient of NaOH. 

Let us now consider a solution made by dissolving both hydrogen 
chloride and sodium hydroxide in solution. Of the five species H 2 O, 

OH3. OH”. Na^ and CP in the system only three are independent. For 
the equilibrium 

H 2 O + H 2 O OH 3 '’ + OH“ (9. 30,13) 

imposes the restriction 

^ (9. 30. 14) 

and the condition of electrical neutrality imposes the restrictions 

^ ^cr • 

^Na+ ^ ^OH,+ ~ * 


(9. 30.15) 
(9. 30. 16) 
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If the hydrogen chloride is in excess, it is natural to choose as the three 
independent components OHj, NaCl and HCl. In this case is 

negligible compared with all the other terms in (15). If on the contrary the 
sodium hydroxide is in excess, it is natural to choose as the three indepen¬ 
dent components OHj. NaCl and NaOH. In this case + is negligible 
compared with the other terms in (15). These remarks apply equally to 
the bulk of the solution and to the surface layer. 

Suppose now we stipulate that precisely equivalent amounts of hydrogen 
chloride and sodium hydroxide are contained in the solution. Then the 
relation (15) is replaced by the two relations 

=:mQ-, (9. 30. 17) 

SO that the solution contains only two independent components, which we 
naturally take to be OH 2 and NaCl. But the restriction (17). which 
reduces by one the number of independent components in the bulk of the 
solution, does not imply any analogous restriction on the T’s. In other 
words the surface layer can contain as well as OH 2 and NaCl either an 
excess of HCl or an excess of NaOH. Thus the number of components 
necessary to describe .the composition of the surface phase is still three, 
not two. 

We shall now analyse this problem, beginning with unspecified quantities 
of NaCl and NaOH dissolved in water, introducing the restriction that 
the quantity of NaOH is zero only at a later stage. There arc four ionic 

species Na+, Cl , OH 3 and OH” in the solvent H 2 O. These are not 
independent, but are subject to the conditions of electrical neutrality 

'”Na+ + '" 0 H 3 + == '”cr + (9. 30. 19) 

= ^cr + (9* 30. 20) 

and to the condition for ionization equilibrium of the solvent water 

; / = = const. (9.30.21) 

For variations of ihe urface tension with composition at constant tem¬ 
perature ve h?.\c ihc ejcnera] relation of the form ( 4 ), 

“ ^Na+ ^HaO ^ ^Na+ 

+ (^cr ““ ^cr ^ 

+ ^ ^^9 ^OH3+ 

^ (^OH- moH- M^r'H,o)D\ogioH- (9.30.22) 
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Using (19), (20) and (21), we can replace (22) by 

dty 

J’ A^HgO ^ ^^9 ^Na+ ^CI”* 

(t'^Na+ [^Na+ ^ ^^9 ^Na+ ^OH’* 

~ ^ ^®9 '^N»+ '^cr ?^Na.a 

(t^Na+ ‘^a~3 t^Na+ ^H,0 ^ ^Na+ ^OH"” ^ 

Thus by studying the dependence of the surface tension y 
composition by variations of the molalities of NaCl and of NaOH, provided 
the activity coefficients are known, one can determine the separate values of 

^Na+ '^Na'^ ^HjO ^HjO ^ 

and of 

[^Na*^ -^Cl“l [^Na+ ^Crl ^HjO ^HoO* 

The expression (24) is a measure of the combined adsorption of NaCl 
and NaOH relative to H 2 O, while the expression (25) is a measure of the 
adsorption of NaOH relative to HjO. By subtracting (25) from (24) one 
obtains a measure of the adsorption of NaCl relative to H 2 O. In particular 
as the molality of NaOH is made to tend to zero, so the quantity (25) 
tends to 


(9.30.26) 

The value of (26) then becomes the surface concentration of NaOH 
in a solution which in the bulk contains only NaCl and H 2 O. 

To recapitulate, by varying the molalities of both NaCl and NaOH and 
measuring surface tension one can determine separately the coefficients of 
the two terms dii the right of (23), namely the quantities (24) and (25), 
of which the latter reduces to (26) in a solution containing no excess 
NaOH. By measuring the surface tension of solutions containing varying 
amounts of NaCl only without any NaOH. it is not possible to separate 
the two terms on the right of (23) and consequently the quantity (24) 
can not in this way be deteririned. 



CHAPTER X 


ELECTROCHEMICAL SYSTEMS 
§ 10.01 Electrically Charged Phases 

In the previous chapter we saw how a phase containing ions can be 
treated by means of the same formulae as a phase containing only 
electrically neutral molecules. In particular the formulae 

- SdT- PdV + Si^idm. ( 10 . 01 . 1 ) 

dG = ^SdT^ VdP + SifjLidm. ( 10 . 01 . 2 ) 

Irom which follows 



are applicable. The only significant difference in our treatment of ions 
was the imposition of the condition of electrical neutrality 

SiniZi = 0. (10.01.4) 

where 2 / is the clectrovalency of the ionic species u We shall now consider 
what happens if we try to relax the condition (4). 

To obtain a clear picture of what happens it is useful to begin with 
some simple numerical calculations. The charge e on a proton is given by 

c = 4.8025 X 10-^0 franklins * 

= 1.602 X 10*"*^ coulombs. ( 10 . 01 . 5) 

Consequently the electric charge, associated with one gram-ion of a species 
having an clectrovalency 1 , called the faraday and denoted by F is 
given by 

F=Ne 

= 0.6023 X 10 ^^^ X 1.602 X 10“*’ coulombs 
= 0.9649 lO'’ coulombs. (10.01.6) 

Let us now consider a single phase surrounded by empty space and thus 
electricallv in^ul ttcdi Let us further imagine that this phase, instead of 
satisfvinq t!, • .cu;d.inm of electrical neutrality (4), contains an excess of 

10 :: having an clectrovalency + 1 . Then most, if not all. the 

d t^harge will accumulate at the surface of the phase. For 

h [lunKLn is used to denote a charge which In empty space repels a 

. i. cit a distance one centimetre with a force one dyne. See Nature (1941) 
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simplicity let us suppose that the phase is spherical with a radius one 
centimetre. The electrical potential ^ of a charged sphere of radius r in 
vacuo is determined by 



^ 0 ^ 

where Q is the charge on the sphere and is the permittivity of free space. 
Substituting the values 

Q ~ 10""*° faradays := 0.96 X 10“5 coul., 
zz: 1.11 X 10“*° coul./volt m., 
f iz: 10-2m, (10.01.8) 

into (7), we obtain 

From this example we have reached the noteworthy conclusion that 
a departure from the condition of electrical neutrality corresponding to a 
quantity, of ions far too small to be detected chemically corresponds to 
an electrostatic potential encountered only in specialized high voltage 
laboratories. Any other numerical example would lead to the same 
conclusion. 

§ 10.02 Phases of Identical Composition 

The above general result leads to the use of the following terminology. 
We speak of two phases having the same chemical content, but di[ferent 
electrical potentials. Actually two such phases differ in chemical content 
but the difference is too small to be detectable by chemical means, or any 
other means, except electrical. For example suppose we mention two 
spheres of copper each containing precisely one gram, differing in electrical 
potential by 200 volts. If this electrical potential difference is ascribed to 
an excess of copper ions Cu’**+ with an electrovalency +2. then the amount 
of this excess is about 3.3 X lO”"*^ gram-ions or 2 X 10"^*^ grams. This 
excess is so small as to be entirely negligible except in its electrical effect. 
Consequently it is of no importance or interest whether the electrical charge 
is in fact due to an excess of Cu**"**- ions or to an equivalent deficiency of 
electrons or even to some extraneous kind of ion such as OHj", present as 
an impurity. 

Similar considerations apply to a pair of phases of different size but of 
the same chemical composition. 

§ 10.03 Electrochemical Potentials 

Having agreed as to what we mean when we speak of two phases 
having the same chemical composition but different electrical potentials, 
we see that the piS occurring in the formulae mentioned in § 10.01 have 
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values depending on the electrical state of the phase as well as on its 
chemical composition. To stress this fact we call the /-t/ of an ionic species 
its electrochemical potential, * 

The difference of the electrochemical potential between two phases 
of identical chemical composition will clearly be proportional to the electrical 
charge ZiF associated with a gram-ion of the species in question but 
independent of all its other individual characteristics. Hence for any two 
phases a and /S of identical chemical composition and any ionic species i 
wc may write 

juf — jjl\ z=zziF ^) 

where y)^ — y)^ is the electrical potential difference between the two 
phases. Formula (1) may be regarded as the thermodynamic definition of 
the electrical potential difference between two phases of identical chemical 
composition. The equilibrium condition for a given ionic species between 
two phases of identical composition is that the two phases should be at the 
same electrical potential. In fact the laws of mathematical electrostatics are 
applicable to any ionic species, in particular to electrons, only in so far as 
differences in chemical composition between several phases are excluded 
or ignored. 

For the distribution of ionic species i between two phases a. ^ of 
different chemical composition the equilibrium condition is equality of the 
electrochemical potential ///, that is to say 


(10. 03.2) 


Any splitting of pf — into a chemical part and an electrical part is in 
general arbitrary and without physical significance. 

As long ago as 1899 Gibbs** wrote: "Again, the consideration of the 
electrical potential in the electrolyte, and especially the consideration of 
the difference of potential in electrolyte and electrode, involve the 
consideration of quantities of which we have no apparent means of 
physical measurement, while the difference of potential in pieces of metal 
of the same kind attached to the electrodes is exactly one of the things 
which we can and do measure/’ This principle was however ignored or 
forgotten until rediscovered and reformulated thirty years later as follows: * 
"The electric potential djlderence between two points in different media 
can never be :nea. iired and has not yet been defined in terms of physical 
realities. It . theref/ne a conception which has no physical significance." 
The ei :: . potentmi difference between two points is admittedly 

defim d a :: tatu the mathematical theory of an imaginary fluid 

e/t a / e equilibrium or motion is determined entirely by the 


< ' a;in. /. Phijsic. Chem. (1929) 33 842. 
C 1 I •, C\a7et fec/ Works, vol. 1, p, 429. 
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electric field. Electricity of this kind docs not exist. Only electrons and 
ions have physical existence and these differ fundamentally from the 
hypothetical fluid electricity in that their equilibrium is thermodynamic not 
static. 

Although the above considerations seem almost obvious to anyone who 
has thought about the matter, there has in the past been considerable 
confusion due to misleading terminology. It therefore seems worth while 
considering in more detail some simple examples. Consider a potentiometer 
wire made of say copper and in particular two sections of the wire a and a" 
between which the electrical potential difference y/' — is say 2 volts. 
Since a and arc both in copper, there is no ambiguity in the meaning 
of — y>\ If two pieces of copper wire arc attached to a and a", then 
the electrical potential difference between these two is also i/;" — y/ = 
2 volts. If instead of copper wire we attach two pieces of silver wire /S' and 
to a' and a" respectively, then the difference of electrical potential 
between /?' and /S" is likewise 2 volts. The electrical potential difference 
between a piece of copper and a piece of silver is however not defined. 
The silver wire /?' and the copper wire a are in equilibrium with respect 
to electrons, so that 


iMer* 




(10. 03.3) 


where the subscript el denotes electrons. Likewise 

a''_ 

//er = /^er. 


(10.03.4) 


Thus the situation is completely described by (3) or (4) together with 


= -F (10.03.5) 

Suppose further that the two pieces of silver wire /S', /3" be dipped 
respectively into two solutions 7 " both having the same composition 
and both containing a silver salt. Then between each piece of silver wire 
and the solution with which it is in contact there will be equilibrium with 
respect to silver ions Ag-^. Hence 

(10.03.6) 

At the same time 


=f x 2 vous. ( 10 . 03 . s) 

If the two solutions y" are contained in insulating vessels and the 
silver wires are removed without otherwise touching or disturbing the two 
solutions then the relations (6) remain valid until either solution is 
touched by some other electrically charged or electrically conducting body. 
From this it is clear that the value of in a solution of a silver 

dalt depends not only on the composition of the solution but also on its. 
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usually accidentally determined, electrical state. If the solutions also 
contain nitrate ions NOJ* then, since both solutions have the same com¬ 
position, 

-^Nor = -F(v-"-v'). (10. 03. 9) 

Adding (6) and (7), we obtain 

+ <or = . (10.03.10) 

the electrical terms cancelling. We accordingly speak of the chemical 
potential of a salt, for example electro^ 

chemical potentials of ions, for example and . 

§ 10. 04 Absolute Activities of Ions 

Since the absolute activity A/ is related to pi by 

Pi = RT\oq Xi, 

it is clear that the absolute activity of an ionic species contains a factor 
depending on the, usually accidentally determined, electrical state of the 
system. The same applies to the activity coefficient of an ionic species. As 
already emphasized in the previous Chapter all such indeterminacy 
disappears in formulae relating to electrically neutral combinations of ions, 
in particular to salts. 

§ 10. 05 Dilute Solutions in Common Solvent 

According to (9.09.3) the absolute activity Xi of an ionic species i is 
related to its molality m/ and its activity coefficient yiby 

Xi = limiYif (10. 05. 1) 

where // depends on the solvent and temperature and moreover contains a 
partly undetermined factor, which however cancels in all applications to 
processes not involving a net transfer of electrical charge. Correspondingly 
the electrochemical potential u, has the form 

Pi — RT ]mo /., RT log m/ + RT log y/, (10. 05. 2) 

and includes an unJet. rn ,urd additive term which cancels in all applications 
to proccs^c ^ I] t in . ;I\ aiv] a net transfer of electrical charge. We shall 

in\-c.^uaaitl.i in c;rcatcr detail. 

I-e! n, ! '■ : mIn- v i I'e 

RTlog A? + /?riog m/ + RTlog yt, (10. 05. 3) 

/.■ i! dependent of the electrical state of the phase and y) is the 
tribal jK^tentidl of the phase. Let us now apply (3) to two phases 
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denoted by a single and a double dash respectively and then subtract. We 
obtain 


= z, F{rp"-w') + RT log + /?riog ^ 


+ RT log 


h_ 

h 


(10. 05.4) 


We now reexamine the condition for the term containing (?/'—?//) to be 
physically defined. 

The easiest case is when the two phases have the same chemical 
composition so that 

r'; = Y'r 

Formula (4) then reduces to 

z/F(v;'W). (10.05.8) 

Since -/i'/ is well-defined, formula (8) in this special case defines 

We now consider the extreme opposite case of two solutions in different 
solvents or two different pure phases. This is the case in which there is 
no means of distinguishing in (4) between the term containing y"— 

and the term containing A® '/A/'. The splitting into these two terms has in 
this case no physical significance. 

The above remarks merely repeat and confirm what has already been 
stated in the preceding sections. We have still to consider the intermediate 
case of two solutions of different composition in the same solvent, of 
course at the same temperature. We then have 

Ar = A?'. (10.05.9) 

SO that (4) reduces to 

ft tt 

= Z, F(v"-V') + i?riog ^ log (10.05.10) 

y I 

Since (I'l — fi'i is well>defined and m'l, m'l are measurable, the question 
whether is determinate depends on our knowledge of y'iiy'i. If 

both the solutions are so dilute that we can evaluate y by explicit formulae 
such as those of § 9.23, then we may consider that (10) defines 
— If on the other hand either solution is so concentrated that our 
knowledge of the value of y, is incomplete, then the value of 
becomes correspondingly indefinite. 


(10. 05.5) 
(10.05 .6) 
(10.05.7) 
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§10.06 Volta Potentials 

It is outside the province of this book to consider thermionic 
phenomena. In case however any reader may be puzzled by the fact that 
the so-called Volta potential dif[erence between two metals can be 
determined, it seems worth while stressing that the only measurable 
potential difference of this kind is that between two regions in free space 
immediately outside the two metals respectively 

§ 10.07 Membrane Equilibria (Non-Osmotic) 

Suppose two solutions a and /3 at the same temperature and pressure in 
the same solvent be separated by a membrane permeable to some ions, but 
not to others, nor to the solvent. We call this a non^osmotic membrane 
equilibrium. Then for every permeant ion we have the equilibrium 
condition 


= (10. OM) 

If for example one of the permeant ions is the Ag+ ion, we have 

= ' (10.07.2) 

If then we place in each of the two solutions a piece of silver wire since 
each piece of wire is in equilibrium, with respect to Ag + , with the 
solution in which it dips, the equality of also holds between the two 
pieces of silver wire. Hence the two pieces of silver wire have equal 
electrical potentials, as could be verified by connecting them to a 
voltmeter or electrometer. 

We have yet to consider what, if anything, can be said concerning the 
electrical potential difference between the two solutions. Since the solvent 
is the same in both solutions, we may in accordance with (10.05.10) 
replace (2) by 

F(v^-V'“) + RT\og + i?riog ^ = 0. (10.07. 3) 

">Ag+ 7 ab+ 

Supposing that has been measured in both solutions, the deter¬ 
mination of reduces to that of the values of in the two 

solutions. If the solutions arc so dilute that accurate or at least 
approximate, forrr uiae for the activity coefficients y are available then the 
electrical potent. '! ddlerence can be evaluated with greater or 

less accnic c v the case may be. If cither solution is so concentrated 
that : nn t De evaluated, then no more can 

If thei : e cveral permeant ions, then the relations of the form (1) 
can be combined into relations corresponding to processes involving no net 
fivA of electric charge. For example for a salt consisting of cations R 
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of clectrovalency and v. anions X of clcctrovalcncy r-., both permeant, 
the equilibrium condition is 


+ V- (10. 07. 4) 

which can be written in the equivalent form 

{m%f* {m^f~ ^ = (m^)’ ^ (m^J ~ (rlt • (* 0- 07. 5) 


§ 10. 08 Osmotic Membrane Equilibrium 

In the preceding section we assumed that the membrane was 
impermeable to the solvent. The more usual case when the membrane is 
permeable to the solvent, called osmotic membrane equilibrium, is much 
less simple. In this case equilibrium as regards the solvent between two 
phases separated by the membrane, will generally require a pressure 
difference between the two phases, the osmotic pressure difference, and 
this pressure difference complicates the exact conditions of equilibrium 
for the solute ions. We shall consider only the case of one and the same 
solvent on both sides of the membrane. 

The conditions for membrane equilibrium can be written in the general 
form 


(10.08.1) 

for the solvent and 

(10.08.2) 


for each permeant ionic species. 

We have now to take account of how each p depends on the pressure, 
but for the sake of brevity we shall neglect the compressibility of the 
solutions. We have then in accordance with (9.06. 1) 


= ^\ + PV,-RTgM,Iimt. (10.08.3) 

where (P) is the value of px for the pure solvent at the pressure P, 
while yu* is the value for the pure solvent in the limit of zero pressure. We 
recall that m/ the molality of the ionic species i is defined as the number 
of gram-ions of i dissolved in one kilogram of solvent, while M| is the 
mass of one mole of solvent divided by a kilogram. 

Similarly for each ionic species i we replace (10.05.3) by 

= PVi + ZiFy) + Priog A* + PTlog mi (10. 08. 4) 

where k* is independent of the pressure. 

22 
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Using (3) in (1) we obtain for the equilibrium value of the pressure 
difference 


P^-P“ = Pr ^ (gl> It m\-g'^ h m«). (10. 08. 5) 


Using (4) in (2) we obtain 

tn^ty\ 


RT log + z,F= (P“-P.®) Vt. (10 .08. 6 ) 


and then substituting (5) into (6) 


log 


'"“y? 


2i F 

w 


=r Ml 


Yl 

Vi 


( 9 “ li mJ li m fj. (1 0. 08. 7) 


Whether formula (7) by itself has any physical significance depends, as 
explained in 10. 05, on whether values of can be computed. If they can, 
then from formula (7) the value of can be computed, since all 

the other quantities occuring in (7) are measurable. In any case the term 
containing — ly* can be eliminated by applying (7) to several ionic 
species together forming an electrically neutral combination. Thus for the 
equilibrium distribution of a permeant electrolyte consisting of cations R 
and v- anions X we obtain 


= exp jM. {g’‘Iim«-g^Iimf)]^ (10.08.8) 

At high dilutions the quantity within the { } on the right side of (8) 
may be so small that it can be neglected. Under such conditions (8) 
reduces to 


of the same form as (10. 07, 5) for a non-osmotic membrane equilibrium. 

The thermodynamic method.'^ of Gibbs were first applied to osmotic 
membrane equilibria by Donnan. Such equilibria are accordingly called 
Donnan s membrane 


W) 


§ 10. 09 Contact Equilibrium 

Tht' Ti r :’ int and simplest example of non-osmotic equilibrium 
is that oi : r. i es with one common ion, the surface of separation being 
in effect a i; c i.biane permeable to the common ion but impermeable to all 
others. 1 his mas' be called contact equilibrium^ 
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We have already met several examples of contact equilibrium. For 
example, for two metals say Cu and Ag in contact there is equilibrium 
between the metals as regards electrons, but not as regards the positive 
ions Cu-^"^ or Ag+. This equilibrium is expressed by 

(10.09.1) 

the subscript eP denoting electrons and the superscripts denoting the two 
phases. 

Likewise for a piece of metal M of say Cu dipping into a solution S 
containing ions of the metal, in this case Cu’^ + , the contact equilibrium is 
completely described by 

(10.09.2) 

the metal and solution being in mutual equilibrium as regards the metallic 
ions only. 

In neither of these cases is any contact electrical potential difference 
thermodynamically definable. 


§ 10. 10 Examples of Electrochemical Cell 

We shall now introduce the subject of electrochemical cells by the 
detailed study of a simple example in terms of the electrochemical 
potentials. At a later stage we shall proceed to derive more general 
formulae applicable to all electrochemical cells. 

We describe a cell symbolically by writing down in order a number of 
phases separated by vertical lines, each phase being in contact with the 
phases written down immediately to its left and right. For example 


Cu 


Zn 


Solution I 
containing Zn++ 


Solution II 
containing Ag'*’ 


Ag 


Cu (10.10.1) 


may be regarded as denoting a copper terminal attached to a zinc 
electrode dipping into a solution containing zinc ions; this solution is in 
contact with another solution // containing silver ions in which there is 
dipping a silver electrode attached to another copper terminal. We shall 
use the following superscripts to denote the several phases: 


' the copper terminal on the left, 
Zn the zinc electrode, 

I the solution on the left, 

II the solution on the right, 

Ag the silver electrode, 

" the copper terminal on the right. 


In the metal phases, since there is equilibrium between electrons, 
metallic ions and the metal atoms, we have 


A‘Ca++ + 2 /x;,- = yU"„++ + 2 , 


( 10 . 10 . 2 ) 
(10. 10.3) 
(10. 10.4) 
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The contact equilibrium conditions are 

~ ^Zn + + ' 

^Ag-*- ~ ^Ag+ * 

=Kr- 

From (5) and (8) we deduce 
Kr--“lr 

and so using (3) and (4) 

- i«zn -/‘A^ + i 

and then using (6) and (7) 

We may further write 


(10. 10.5) 
( 10 . 10 . 6 ) 
(10. 10.7) 
( 10 . 10 . 8 ) 

(10. 10.9) 

( 10 . 10 . 10 ) 

( 10 . 10 . 11 ) 

( 10 . 10 . 12 ) 


where v" — \/ denotes the electrical potential difference between the two 
copper terminals. It is evident from relations (5) and (8) that the value 
of (12) would be the same if both copper terminals were replaced by any 
other metal provided both are of the same metal. Thus i/' — y' is 
determined by the nature of the two electrodes and the two solutions. 
The electric potential difference i/' — is called the electromotive force 
of the cell and is denoted by £. We accordingly replace (12) by 


(lo. 10.13) 

Substituting (13) into (11) we then obtain 

— F£ = /^^S-J/'i;:-/“Ag+ + ii“zn++- (^0- •O- 1^) 

We shall now assume that there is at least one anion, say NO^ present 

at equal molalities in both yoiuticns I and II. In any such solution we 
have 


V.r.lNOA ^NO/ 


Usin.^ >]'' 


■ ~ \\^o, ^No.r* 

•n rewrite (H) as 


(10.10.15) 
(10. 10. 16) 



■"/.ntNOjiJ -p ^NOr ^ 




Aa 


^AgNOj I ' 


(10.10.17) 
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We have now a formula for E containing three terms in { } of which the 
first relates only to the Zn electrode and the Zn(N 03)2 in the solution 
around this electrode and the last relates only to the Ag electrode and the 
Ag NO 3 in the solution around this electrode. The middle term on the 
other hand is independent of the nature of the electrodes and relates to 
an anion in the two solutions. One might be inclined to call the first of 
these three terms the electrode potential of the Zn electrode, the second 
the liquid-liquid junction potential and the last the electrode potential of 
the silver. Such a procedure is harmless provided it is realized that 

(a) this decomposition of E into three terms is affected by our arbitrary 
choice of the anion NOT for use in our formulae; 

(b) other alternative decompositions of E into three terms can be 
obtained by the arbitrary choice of some other ion instead of N 03 ~ 
in our formulae; 

(c) any such decomposition of E is no more nor less fundamental than 
another; 

(d) there is in general no means of decomposing E into three terms 
which is less arbitrary than the one described. 

In view of some inevitable arbitrariness in the decomposition of the 
electromotive force of a cell into two electrode potentials and a liquid- 
liquid junction potential, we shall for the most part abandon any attempt 
at such a decomposition. We shall accordingly in the next section derive 
a general formula for the electromotive force of any cell by a more powerful 
method which makes no reference at all to the localization of separate 
terms in the electromotive force. Before proceeding to this general 
treatment, we shall however draw attention to a special case where the 
arbitrariness referred to above effectively disappears. 

Reverting to formula (17), let us now consider the particular case where 
the molalities of Zn++ and Ag'^- in the two electrode solutions are extremely 
small compared with the molalities of other ions in these solutions and the 
compositions of the two electrode solutions are apart from their content of 
Zn++ and Ag+ nearly identical. Under these particular conditions we may 
regard the two electrode solutions as effectively identical except with 
regard to the equilibrium between solution and electrode. We may 
accordingly drop the superscripts / and II so that (17) reduces to 

£ = p- { i Pzn i ^Zn(NOj, ^ 

( 10 . 10 , 18 ) 


where the jli*s without superscripts refer to the solution. We may then 
regard the cell ( 1 ) under consideration as 


Cu 


Zn 


Solution containing 
Zn++ and Ag**" 


Ag 


Cu, 


(10.10.19) 
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bearing in mind that in reality the Ag*^ must be kept away from the Zn 
electrode to avoid irreversible dissolution of Zn with plating out of Ag. 

It is quite usual to describe certain cells in this manner as if containing 
only one solution, but in reality there must always be some real, though 
possibly small difference between the composition of the two electrode 
solutions. Consider for example the cell commonly described as 

H 2 .Pt Aqueous solution of HCl AgCl Ag Pt. (10.10.20) 

This description implies that an electrode consisting of platinum in contact 
with hydrogen and another electrode consisting of a mixture of AgCl and 
Ag are dipping into the same solution. Actually the platinum dips into a 
solution saturated with hydrogen, but containing no AgCl, while the 
silver is immersed in a solution saturated with AgCl but containing no 
hydrogen. If in fact any part of the solution contained both hydrogen and 
silver chloride, these might * react irreversibly to give silver and hydrogen 
chloride. Thus the cell is more accurately described by 

! 

AgCl AgjPt.{10. 10. 21) 

I 
i 

By an analysis of (21) similar to that applied to (1) it can be shown that 
the electromotive force is given accurately by 

where the superscript G denotes the gas phase. Since however as far as 
the HCl is concerned we may regard the solutions / and 11 as essentially 
identical, we may drop these superscripts and (22) reduces to 

FE = i(10* 10* 23) 

where denotes the chemical potential of HCl in the solution. 

§ 10. 11 General Treatment of Electromotive Force 

We now proced to a more general treatment applicable to any electro¬ 
chemical cell. We begin by describing the characteristics common to all 
such cells. In so doing it is convenient to assume that the system which 
we refer to as the cell is tvrnnr vo d at both ends by terminals of the same 
metal. The essential char o: ret c of the cell is that a chemical process 
involving ions can tak : i . v a: it in such a manner that the process is 
necessarily a ; a; . • ‘ v a transfer of electric charge from one 

terminal to h o k \ .ih. at building up any charge in any of the 

inteimedaiO. : * of rhe cell. Moreover the charge which flows from the 

one \c:r :;o cuher is directly proportional to the change in the 

degree a. :::enr of the chemical process. 

Ao . i in the case of this cell the Irreversible process will usually be too slow 
tc oOtor the ucturacy of the electromotive force measurements. 


Solution I Solution II 

Aqueous solution Aqueous solution 

^ of HCl saturated of HCl saturated 

with H 2 with AgCl 
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For example in the cell, already discussed in the previous section, 


Pt 


Aqueous solution of HCl 


AgCl 


Ag 


Pt, (10.11.1) 


the chemical process accompanying the flow of one faraday from the left 
to the right is 

i H 2 {g) + AgCl (s) Ag (s) + HCl (aq). (10.11.2) 

where (g) denotes gas, (s) denotes solid and (aq) denotes aqueous 
solution. 

We now suppose the two terminals of the cell to be put into contact 
respectively with two points of a potentiometer bridge so placed that the 
electric potential of the right contact exceeds that of the left contact by an 
amount E\ Then in general an electric current will flow through the cell 
and between the two points of contact with the potentiometer bridge. If 
cither of the points of contact is moved along the bridge the current will 
increase or decrease and it will change sign when £' has a certain 
value jB. When is slightly less than E there will be a flow of current 
from left to right in the cell and from right to left in the potentiometer 
bridge; this flow of current will be accompanied by a well defined 
chemical change in the cell. When JS' is slightly greater than E there will 
be a flow of current in the opposite direction and the accompanying 
chemical change in the cell will also be reversed. When £' is equal to E 
there will be no flow of current and no chemical change, but by a small 
shift in the point of contact between cell terminal and potentiometer bridge 
a small current can be made to flow in either direction. This is a typical 
and a particularly realistic example of a reversible process. The value E of 
£' at which the current changes sign is the electromotive force of the cell. 

We now stipulate that £' = £ so that the electromotive force of the cell 
is balanced against the potential difference in the potentiometer bridge 
and we consider the flow of one faraday from left to right in the cell, the 
temperature being maintained constant throughout and the pressure on 
every phase being kept constant. The pressures on different phases will 
usually, but not necessarily always, be all equal. Then since, as we have 
seen, this process is reversible and isothermal, it follows from (1.41.6) 
that the work w done on the cell is equal to the increase in free energy F, 
that is to say 

w = AF. (10. 11.3) 

In the present case w consists of two distinct parts, namely 

(a) the work — done by the pressures P“ acting on the 

several phases a, 

(b) the electrical work —F£ done by the potentiometer on the cell in 
transferring one faraday through a potential difference £. 
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We may therefore replace (3) by 

-FjB=AF+-2’.P“cfV“ = AG. (10.11.4) 

It must be emphasized that the symbol A in both (3) and (4) denotes 
the increase of a function when the chemical change taking place is that 
associated with the flow in the cell of one faraday from the left to the 
right. 

From (4) we see that the electrical work obtainable from a reversible 
isothermal process, at constant pressure on each phase, is equal to the 
decrease in the Gibbs function G. This explains the alternative name useful 
energy for the Gibbs function. 

Alternatively we could derive the relation 

FE = A. (10.11.5) 

where A denotes the affinity of the chemical process associated with the 
flow of one faraday from left to right. Formulae (4) and (5) are entirely 
equivalent. 

§ 10.12 Temperature Dependence 

By combining (10. 11.4) with the Gibbs-Helmholtz relation (3.06.4) 
we obtain * 

F^£-r^j=-AH. (10.12.1) 

By subtracting (1) from (10.11,4). or by a more direct method, we obtain 

F^ = AS. (10.12.2) 

In both (1) and (2) the symbol A denotes increase when the chemical 
change takes place which accompanies the flow of one faraday from left 
to right. 

It is perhaps worth while drawing attention to the physical meaning of 
A Hand A 5, If the cell is kept in a thermostat and balanced against a 
potentiometer so that any flov/ of current is reversible, then when one 
faraday flows from left to right in the cell 

(a) the work done on the cell by the potentiometer is — FE. 

(b) the work done on the cell by external pressures is—-JaP^AV^i 

(c) the hcv^t ab orbeo! i TilS ~ F{dE/dT), 

(d) the : he energy of the cell is the sum of the above three 

tcir : • ^L/r^-FE^-TaP^AV^+FldE/dD, 

(3.06.4) is generally called the Gibbs-Helmholts relation, it is 
in fd.r . G.:hs while its corollary (10.12.1) was obtained independently by 
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(c) the increase in the heat function is AH= A t/ +P“ A V* = 
-F\E^T(dE/dT)l 

If, on the other hand, the cell is kept in a thermostat and short circuited 
so that the chemical change takes place irreversibly without the 
performance of electrical work, then when the chemical change takes place 
to the same extent as before, 

(a) the electrical work done on the cell is zero, 

(b) the work done on the cell by external pressures is P* A • 

(c) the heat absorbed is AH. 

§ 10. 13 Application of Nernsfa Theorem 

The measurement of electromotive force provides a method of 
determining AG for the accompanying chemical reaction; this can be 
combined with a value of AH, determined calorimetrically, so as to obtain 
the value of A S. Since however the magnitude of T A S is often small 
compared with that of AG and of AH, the relative error in AS determined 
in this way can be large. If on the other hand accurate measurements of 
electromotive force are made over a range of temperatures so as to give 
an accurate value of the temperature coefficient of the electromotive force, 
this provides directly the value of AS for the cell reaction. Values of AS 
thus obtained for any chemical reaction between only solid phases may 
be used to test Nernst’s heat theorem, provided heat capacity data down 
to low temperatures arc available for each substance. The procedure is 
illustrated by the following example *• 

In the cell 


Pt 


Pb(H«) 


Solution of Pb salt 
saturated with Pbl 2 


Pt, (10.13.1) 


where the superscript (Hg) denotes that the lead is in the form of an 
amalgam, the chemical process when one faraday flows from left to right is 

(10.13.2) 

For the cell at 25 it is found ** that 


In the cell 


E = 893.62 m volt, 

|f=-0.042 ±0.005^'. 

oT deg. 


(10.13.3) 

(10.13.4) 


Pt 


Pb 


(Ha) 


Pblj 


Solution of KI 


Agl 


Ag 


Pt. (10.13.5) 


Hi* 


Due to Webb, 7 . Phj/sic. Chtm. (1925) 29 827. 
Gcrke, /. Am. Chem. Soc, (1922) 44 1703. 
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where denotes the same lead amalgam as in (1). the cell process 
accompanied by the flow of one faraday from left to right is 

iPb‘”"*+AgI-^iPbl2 + Ag. (10.13.6) 

For this cell at 25 °C it is found * that 

E = 207.8 dt 0.2 m volt, (10.13. 7) 

^ = -0.188 ± 0.002^^. (10.13.8) 

oT deg. 

The data for neither of these cells can be used directly for testing Nernst’s 
heat theorem owing to lack of calorimetric data for Pbl 2 down to low 
temperatures. However by subtracting (7) from (3) and (8) from (4) 
we obtain for a cell at 25 ‘’C in which the cell process is 

Ag + I->AgI. (7= 298°), (10.13.9) 

£ = 685.8 ± 0.2 m volt. (7 = 298°), (10.13.10) 

^ = 0.146 d= 0.004 (10.13.11) 

Multiplying (10) and (11) by 

F = 0.9649 X 10* coulombs 
= 0.9649 X 10* joule/volt 
= 0.09649 K joule/m volt, (10.13.12) 

and using (10.11.4) and (10.12.2), we obtain for the process (9) at 
298 °K 

AG = —66.17 K joule. (7 = 298°), (10.13.13) 

AS = 14.06 ± 0.4 joule/deg, (7 = 298°). (10.13.14) 

From (13) and (14) we derive incidentally 

AH=AG+rAS 

= (—66.17 + 4.22) K joule 
= — 61.95 K joule 

= - 14.8i Kcal., (10.13.15) 

with which may be compared the calorimetrically measured value** 
—14.97 K cal. 

We must now convert the vaU. : of AS at 298° K given by (14) to the 
corresponding value in ti e lirv.t T0. The following calorimetric data 

arc available ■'*' for5(2V'.- 5(0). 

* Gcrkc, / A-..'.' ■■ :: . I'!::) 44 1703. 

** Web: ' !■' ■ . ; : 11925) 29 827. 

*' * Ag!. : I ; A.71 Chem. Soc. (1941) 63 516: Ag, see Griffiths and Griffiths, 
Proc. }<o:i .1 .1 i! ;i‘!j 90 557; 1, see Lange, Zeit. Physik. Chem. (1924) 110 343. 

L-Api.-rimcnta! Icr Ag and 1 recomputed by Kelley U.S. Battey of Mines, (1932) 
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Agl 115.5 ± 1.2 joule/deg., (10.13.16) 

Ag 42.5 Hh 0.4 joule/dcg.. (10. 13. 17) 

I 58.4 joule/deg. (10. 13. 18) 

Although accurate calorimetric data for Agl are available down to 
T = 15 at this temperature C/R has the exceptionally high value 
1.45 which leads to the rather high uncertainty in the extrapolation to 
7* 0 shown in (16). 

Combining (16). (17) and (18) we obtain for the process (9) 

AS(298) — AS{0) H.6 ^ 1.2 joulc/deg.’ (10. 13. 19) 

Now comparing (19) with (14) we obtain 

AS(0) rr: —0.5 ±: 1.3 joule/deg. 

so that within the experimental accuracy A 5(0) == 0 in accordance with 
Nernst’s heat theorem. 

§ 10.14 Cells without Transference 

When an electrochemical cell contains only two solutions, one 
surrounding each electrode, and these two solutions are so nearly alike 
in composition that they be regarded as identical except with respect to 
the reactions at the electrodes, the cell is called a ce// without transference. 
When a current flows through the cell there is in fact necessarily 
tranfcrence of some electrolyte from the one electrode to the other, but if 
the two electrode solutions are of nearly identical composition the changes 
in the chemical potentials of the electrolytes transferred are negligible 
and so this transference is without importance. 

As a typical example of a cell without transference we again consider 
the cell 

Solution I Solution II 

Pt. H 2 Aqueous HCl Aqueous HCl AgCl Ag Pt. (10. 14. 1) 
saturated with H 2 saturated with AgCl | 

When one faraday flows from the left to the right, the following changes 
take place: 

(a) at the left electrode 

iH2{^)-^HMaq./): (10.14.2) 

(b) at the right electrode 

AgCl{s) Ag(s) + CP (aq. //); (10. 14. 3) 

(c) there is a simultaneous transfer of some H*** ions from left to right 
and of Cl*' ions from right to left such that the net transfer of 
charge from left to right is one faraday and that electrical 
neutrality is preserved in both electrode solutions. 
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Since however we ignore the effect on the properties of HCl in solution of 
saturating the solution with either H 2 or AgCh we need not distinguish 
between the two electrode solutions. We may therefore replace (1) by 

Pt H 2 1 Aqueous HCl | AgCl 1 Ag |Pt. (10. H. 4) 
Correspondingly (a) and (b) reduce to 

(a) HUaq): (10.14.5) 

(b) AgCl(s)->Ag(s) + CP (aq); (10. 14.6) 

and (c) may be ignored. Thus the chemical change accompanying the 
flow of one faraday reduces to' 

i H, ig) + AgCl(s) Ag(5) + (aq) + CP (aq). (10. 14. 7) 

for which 

AG = ;a;S + /.„e,-i<-/.JJ§. (10.H.8) 

where the superscript G denotes the gas phase and denotes the 

chemical potential of HCl in the solution. 

Substituting (8) into (10.11.4) we obtain 


- F£ = 1 , (10. H. 9) 

in agreement with (10. 10.23). 

Explicit formulae for all cells without transference can be obtained 
similarly. We shall merely quote, without detailed derivation, one other 
example 


Pt 


Solution containing | Solution containing 
Sn++ and Sn++++ | Fe++ and Fe-^ + + 


Pt. (10. H. 10) 


Provided that both electrode solutions contain a preponderating excess of 
other electrolytes and have nearly the same composition so that we may 
regard them as one solution, the chemical change accompanying the flow 
of one faraday from left to right may be written 

^Sn^-^ + ^ ► iSn+*^++ + (10. 14. 11) 

for which 

— —+ /^P^+ + +. (10.14.12) 

Consequenth/ 

* ^ ^ 4 -r + —?/^Sn+ + + + 

nci, /'rcClj i^SnCU "“^^FcClj • 

[ I ome CP ion in the solutions. 
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§ 10. 15 Cells with Transference having Two Similar Electrodes 

Any cell which does not satisfy the conditions in the definition of a 
cell without transference, is called a cell with transference. The detailed 
discussion of a cell with transference is more involved than that of a cell 
without transference. We shall initially restrict ourselves to the case that 
the two electrodes arc of the same chemical nature so that the chemical 
processes taking place at the electrodes are the converse of each other. 
For example we may consider the cell 


Ag AgCl 


Solution / 
containing Cl 


Bridge 

solutions 


Solution II 
containing Cl 


AgCl 


Ag. (10.15.1) 


We assume that the two electrode solutions I and II ace connected by 
bridge solutions in which the composition varies continuously. It is essential 
to exclude any discontinuity of composition, for in that case the passage 
of an infinitesimal current would not be reversible and it would not then 
be possible to apply thermodynamic equations. Suppose for example in two 
solutions in contact that the cation Na"** were present in that on the left 
but not that on the right, while the cation /f’*' were present in the solution 
on the right but not that on the left. Then an infinitesimal current from 
left to right would transfer Na"^ from the left solution to the right solution. 
Reversal of the current would on the other hand transfer from the 
right solution to the left solution. If however any two solutions in contact 
differ only infinitesimally in composition, the passage of current will be 
reversible. It is true that simultaneously there is taking place an irreversible 
diffusion between the two solutions tending to equalize their compositions. 
It is however safe to regard this irreversible diffusion process as super¬ 
posed on the reversible flow of current and the former may be ignored 
while considering the latter. 

This condition of continuity of composition is the only condition imposed 
on the nature of the bridge solutions. In view of this condition the 
compositions of the outermost bridge solutions are identical respectively 
with those of the electrode solutions. If the bridge solutions are formed by 
natural mixing or interdiffusion of the two electrode solutions, then their 
compositions throughout will be intermediate between those of the two 
electrode solutions. On the other hand the middle portion of the bridge 
solutions may consist of a solution of entirely different composition from 
either electrode solution, but such solution must be connected to each 
electrode solution through solutions of continuously varying composition. 
The formulae which we are about to derive are applicable to ail cases. 

Consider now any solution forming part of the bridge and let its 
composition be described by molalities of cations R with electrovalency 
Zff and of anions X with electrovalency a negative integer. We 
can equally well describe the nature of this solution by specifying the 
electrochemical potentials fjp of each cation and of each anion. The 
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composition of the solution immediately to its right is similarly described 

by fip + dup and ~ X' 

When there is a net flow of one faraday from left to right, this occurs 
partly by flow of cations from left to right and partly by flow of anions 
from right to left. If denotes the fraction of the current carried by the 
cation R and tx the fraction of the current carried by the anion X, then 
tp and tx called the transport numbers or transference numbers of R 
and X respectively. The values of and tx in each solutions are determined 
by its composition and temperature. In every solution they necessarily 
satisfy the identity 

Thus when one faraday flows through the cell from left to right, then at 
each place in the bridge solutions there is a flow of tj^jzp gram-ions of the 
cation R from left to right and a simultaneous flow of tj^l(— 2 ^) gram-ions 
of the anion X from right to left. The resultant increase in G is 

2 -^ + 2 -^ (- d,.^). ( 10 , 15 . 3 ) 

This is the increase in G associated with the flow of current through one 
clement of the bridge. The increase in G associated with the flow of current 
from the one electrode solution through all the bridge solutions to the 
other electrode solution is therefore 

rn f ru ( 

i ( 10 . 15 . 4 ) 

J t Zp J I ^x 

where the integration has to be extended through all the bridge solutions 
from the left electrode solution / to the right electrode solution 11. 


At the same time we have the electrode processes 
flow of one faraday from left to right 

accompanying the 

Ag + Cr'-^AgCl. 

(10. 15.5) 

AgCl-^Ag + Cr". 

(10. 15.6) 

which arc together equivalent to the single process 


G '^cr"- 

(10.15.7) 

The associated increase m (} g 


- /'ir. 

(10.15.8) 

Adding > v . nh un for the process accompanying the net flow 

of one :: l-.-ri tr-. light 

;■// t r 

^ ^ ' /, ^'/? Y +1, ^xY 

J 1 Zp J ! Zy 

(10.15.9) 
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Substituting (9) into (10.11.4), wc obtain for the electromotive force 
= (10. 15. 10) 

J I Zp J J 


In obtaining (7) anid (8) we used the fact that 2 


1. In order 


to facilitate generalization of the formulae to other kinds of electrodes 
we rewrite the above formulae, displaying 2 ^^-, as follows 


—cr^ 

^Cl-" ■^ci~ 




(10.15.11) 


If we express each it in terms of molalities m and activity coefficients y, 
we obtain 

- F£ = —- log -7r--7r- + RT 2 -^ — J log 


+ RT 


i >4 


dlogm^yx. 


(10. 15. 13) 


It is instructive to verify that the //s in (12), and consequently the 
log y’s in (13), occur only in linear combinations of the form 


Zi V. 2 i V. log J'/, 


(10. 15, H) 


where 


2,v.z^ = 0. (10.15.15) 

To do this we make use of (2), from which we derive the identity 

(10.15.16) 

Using (16) we can rewrite (12) and (13) as 

-FE=^AG=r 


=zRTr2 t <^lo9'»ci-yci- '* 

J l ^ ^ \ Zff Zq- j 

, ^ ( dlogm^rx d\ogmci-7a- 

J/ zj. Za- 


(10.15.17) 
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from which, remembering that and 2 ^,- are negative, we see that the 
linear combinations of the c//^*s and d log ys satisfy the condition described 
by (15). Incidentally we may note that the terms of the first integrand 
correspond to the transfer of equivalents of the ions R and CI'“in the 
same direction, while the terms of the second integrand correspond to the 
transfer of equivalents of the ions X and CP in opposite directions. 
We thus verify that no electrical charge accumulates anywhere inside the 
cell when a current passes. 


§ 10. 16 Determination of Transport Numbers 

Formula (17) gives an explicit value of the electromotive force E. but 
to apply it or test it we require to know the values of the transport numbers 
of all cations and all anions throughout the bridge solutions. This in turn 
involves a knowledge of the compositions of all the continuous series of 
solutions forming the bridge. Since this knowledge is usually not available, 
formula (17) though exact is not of much use except in specially 
simple cases. 

The simplest and the most useful example of a cell with transference 
is that in which there is only one kind of cation and one kind of anion 
in the whole cell. Let us consider for example the cell 


Ag 


AgCI 


Aqueous MgCl 2 
at molality 


Transition 

layer 


Aqueous MgClj 
at molality m 2 


AgCI 


Ag. 


(10. 16. 1) 


We use the name transition layer to denote the naturally formed bridge 
between the two electrode solutions consisting entirely of solutions of 
MgCl 2 of intermediate compositions. For the cell (1) formula (10. 15.17) 
reduces to 




W* j-2- 

RT 

= -2*/ 

^ J m^rrii 


dlog mc^-rc^l 
(- 1 ) ) 

(10.16.2) 


where m denotes the molality and the mean activity coefficient 

of the electrolyte MgCl 2 . If the values of arc known either from 

measurements of the clectna:: . t \ . force of cells without transference or 
by freezing-point mcjMireinev . rnbined with use of the Gibbs-Duhem 
relation, then fcnr:n;hi \2i w :: h used to give information concerning 
the tran.spoi: 

Since in I .* • . nninq only the single electrolyte MgCl 2 the 

value of f .. j only on the molality, the integral in (2) is 

. and IS independent of how the molality varies along 
In particular it is independent of whether the 



ELECTROCHEMICAL SYSTEMS 


353 


transition layer has been formed mainly by mixing of the two electrode 
solutions or mainly by interdiffusion between them. 

If the molalities of the two electrode solutions do not differ greatly 
from each other, it may be legitimate to neglect the variation of ^ 1 ^^++ 
with composition. In this case ( 2 ) simplifies to 

-F£ = -i^„.+ /?riog^ (10.16.3) 

where denote the mean activity coefficients of MgCl 2 in solutions 

of molality mi, mi respectively. 


§ 10.17 Cells with Transference having Two Dissimilar Electrodes 
In § 10.14 we discussed cells without transference and in § 10.15 cells 
with transference having two similar electrodes. We have still to consider 
cells with transference having two dissimilar electrodes. These are most 
easily disposed of by regarding them as a combination of the two types of 
cell previously discussed. This will be made clear by a typical example. 
The cell 


Pt. Hi 


Solution I 
containing HCl 


Bridge Solution II \ ! i 

, . . . tint I AgCl Ag | Pt 

solutions containing HCl j i ! 


(10,17.1) 


may be regarded as a combination of the two cells 

Solution / 


Pt 


Ag 


AgCl 


Pt. Hi 

Solution / 
containing HCl 


AgCl 


Ag 


containing HCl 

Solution II 
containing HCl 


Bridge 

solutions 


Pt. 


AgCl 


(10.17.2) 


Ag 


Pt. (10.17.3) 


Consequently the electromotive force of the cell ( 1 ) is the sum of those 
of the cells ( 2 ) and ( 3 ). But cell (2) is without transference and. as shown 
in § 10.14. its electromotive force Ei is given by 

where the superscript / refers to the solution /. Cell (3) on the other hand 
has two similar electrodes and its electromotive force £3 is given by 
(10.15.17) 
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wherein we recall that = —1 and all the 2^ are negative integers. 
The electromotive force £, of the cell 1 is then given by 

£, = £ 2 + £ 3 . (10.17.6) 

The accurate expressions for the electromotive force of the most general 
type of cell with transference were formulated by P. B. Taylor *. 

* P. B. Taylor. /. Physic. Chem. (1927) 31 H78: compare Guggenheim, /. Physic. 
Chem. (1930) 34 1758. 



CHAPTER XI 


GRAVITATIONAL FIELD 

§ 11.01 Nature of Gravitational Field 

The formulae of chapter I are easily extended so as to take account of 
the presence of a gravitational field. Such a field is characterized by a 
gravitational potential 0 with a definite value at each place. The 
modification of the gravitational field by the presence of matter in 
quantities of the order of magnitude of those dealt with in ordinary 
chemical and physical processes is completely negligible compared with 
the earth's field or any other field of comparable importance. We may 
therefore regard the gravitational field as completely independent of the 
state of the thermodynamic system considered. In this sense, wc call the 
gravitational field an external field, and regard the gravitational potential 
at each point as independent of the presence or state of any matter there. 
It is owing to this fact that, although the abstract theories of gravitational 
and electrostatic potential are in many ways parallel, yet their significance 
for thermodynamic systems is different. 

§ 11.02 Phases in Gravitational Field 

Since a phase was defined as completely homogeneous in its properties 
and state, two portions of matter of identical temperature and composition 
must be considered as different phases if they are differently situated with 
respect to a gravitational field. It follows that the mere presence of a 
gravitational field excludes the possibility of a phase of finite depth in the 
direction of the field. In the presence of a gravitational field even the 
simplest possible kind of system must be considered as composed of a 
continuous sequence of phases each differing infinitesimally from its 
neighbours. 

§ 11.03 Thermod)mamic Functions in Gravitational Field 

The characteristic property of the gravitational potential is that the 
work w required to bring a quantity of matter of mass M from a place 

where the potential is to a place where it is <p^ is given by 

w = M ((p^-tpy (11.03.1) 

thus depending on the mass but not on the chemical nature of the matter. 
If the molar mass of the species i is denoted by Mi and the number of 
moles of this species transferred is v,, then (1) becomes 

iv = 2ivi Ml 


(11.03.2) 
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In transferring dru moles of the species i from the phase a to the 
phase the gravitational work is 

Ml dm. 

Thus the formula (1.33. 1) for dU^ must for each phase a contain the 
extra terms 2*/ 0“ M/ c/n“. That is to say 

dW = r dS^-P^ dV^ + + Mi (?“) dnl (11. 03. 3) 

For the other characteristic functions H, F and G, defined respectively by 
(1.31.1). (1.31.2), (1.31.3) we have 

dH"= rdSr+V^dP^ + £i{fi^i + Mi0^)dnl (11.03.4) 
dF'' = -S^dr-P^dV^ + 2:i{fi^i + Mi(p^)dnl (11.03.5) 
dG^ - dr + dP" + :Si(ju^i + Mi(p^)dnl (11.03.6) 

If follows that to take account of the effect of a gravitational field one 
Aas merely to replace jui throughout by (/4/+ M/cp“). 

Although in all thermodynamic formulae the quantity Cp^ occurs only in 

combinations of the form ilA + MiCp"^), yet the gravitational potential 
difference A^P between two phases, in contrast to the electric potential 
difference Av'» is thermodynamically determinate owing to the fact that 
its value is independent of the presence and nature of the phase there. The 
phase may therefore be removed without altering ^ and then A?) 
determined in empty space by direct mechanical measurements. 

§ 11.04 Equilibrium in Gravitational Field 

For the equilibrium as regards the species i between two phases a and /i, 
defined not merely by their temperature, pressure and composition, but 
also by their gravitational potentials, we have in analogy with (1.45.5) 
the general condition 

+ Mi //f + Mi (p^, (equilibrium). (11.04. 1) 

§ 11.05 Dependence of /i/ on T and P 

Applying the cross-differentation identity (3.01.7) to (11.03.6), 
observing that Mi and are independent of T* and P*. we obtain, 
dropping the superscript a throuphout, 

-- (11.05.1) 

07 drii 

t);/ AV 

(11.05.2) 

OP drii 

precisely the ime a m the absence of a gravitational field. 



GRAVITATIONAL FIELD 


357 


§ 11. 06 Single Component in Gravitational Field 

For the equilibrium of a single component f in a gravitational field wc 
have according to (11.04.1) 

dn^ + Mid<P=zO. (11.06.1) 


or at constant temperature using (11.05. 2) 

VtdP + Mid(p = 0. 
If Q denotes the density, then. 



Substituting (3) into (2) we obtain 

dP =■ —qd^. 


(11.06.2) 

(11.06.3) 


(11.06.4) 


in agreement with the general condition of hydrostatic equilibrium. 

In the case of a single perfect gas we have 

Vt = RT/P (11.06.5) 

Substituting (5) into (2) we obtain 

RTd\ogP + Mid<p = 0 (11.06.6) 

or integrating 

RTlog^ = M, (<?>“-4)^). (11.06. 7) 

For a liquid, on the other hand, neglecting compressibility and so 
treating Vi as independent of P, we can integrate (2) immediately 
obtaining 

Vt (P^-P“) = M (11.06.8) 

Alternatively integrating (4) we obtain 


P^-P* = Q (11. 06.9) 


§ 11.07 Mixture in Gravitational Field 

For the equilibrium of each species t of a mixture in a gravitational 
field we have according to (11.04.1) 


d/i, + M,dtp-0. (11.07.1) 

Substituting (11.05.2) and using the notation defined in §6.05, we 
obtain at constant temperature 


DM,+ VidP + Mid(pz^0. (11.07.2) 

But according to the Gibbs-Duhem relation (6. 06. 7) we have 

2 "/ Xi D^i — 0 . 


(11.07.3) 
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Multiplying (2) by summing over all species i and using (3) we obtain 

2-’, Vi dP + 2/ X, Mi d(p^0. (11.07. 4) 

Introducing the mean molar volume and the mean molar mass Mm 
defined respectively by 

= (11.07.5) 

Mm = 2iX^Mi. (11.07.6) 

we can write (4) as 

VmdP^MmdCp^Q. (11.07.7) 

But the density q is related to Vm» Mm* by 

Q^MmlVm. (11.07.8) 

Substituting (8) into (7). we again recover the ordinary condition of 

hydrostatic equilibrium 

dP=z^gd0. (11.07.9) 

If we substitute for dP from (4) into (2), we obtain 

Df,. + d4> = 0. (11.07.10) 

or. according to (5) and (6), 

Dm,+ ^j<f^> = 0. (11.07.11) 

Equation (11) can be integrated only in certain exceptionally simple 
cases which we shall consider in turn. 

§ 11.08 Mixture of Perfect Gases 

For a mixture of perfect gases it is possible to integrate (II. 07. 11), but 
the same result can be obtained more directly. For any component i in two 
perfect gas mixtures a, § at the same temperature 7*, according to (6. 12.1) 

-/f-//; _ f?riog-4-. (11.08.1) 

pi 

Substituting] (1) j - . .. e obtain as the equilibrium condition 

for the species / <:■ '.'Oi! f-vla 

p> 


(11.08.2) 
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= (11.08.3) 


If wc differentiate (2) we obtain 


Using 


we can write (4) as 


p, “ RT' 


RT 

p,-x. 




(11.08.4) 


(11.08.5) 


(11.08.6) 


Summing (6) over all species i, we obtain 


dP=-iPd<p=-gdCp. 

y m 


(11.08.7) 


thus verifying that (2) and (3) are consistent with hydrostatic equilibrium. 


§ 11.09 Extremely Dilute Ideal Solution 

In the case of a solution which is both ideal dilute and extremely dilute, 
wc may replace (11.07. 11) for each solute species s by 


RTd\ogx^ + lMs-V,^jd0 = O. (11.09.1) 


Neglecting compressibility, this can be directly integrated, giving 




Vj RT • 


(11.09.2) 


§ 11.10 Binary Ideal Solution 
For an ideal solution 


DfA^^RT (flog X,.. 


( 11 . 10 , 1 ) 


and (11.07. 10) becomes 


RTd]oqx^ + [M^-V^^^^^^^d<P-Q. ( 11 . 10 . 2 ) 


This can be integrated in the special case of only two components. If 
we denote these components by 1 and 2, then (2) becomes 
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d0 __ X| Vi + Xj Vj _ 

RT~ Xj M2(XiVi + XjVj)—V2{XtMt+X2M2) 
_ dX2 Xj Vi + X2 V 2 


X 2 Xi (Afz V, — 

Af, V 2 ) 


dxj 

(Yi- 



\X2 

X,} 

dx2 

(Yl^ 

V 2 


- M2V,-M,V2[x2 1-xJ- 


(11. 10.3) 


Integration of (3) gives 




IRT "" x^ 


. V, 1 

= ,Og^ + ^log--^ 

2 K 1 ^ ^2 


4 


(11. 10.4) 


( / M,\ x^lx^:Y>iv, 

The relation (5) can also be written in the more symmetrical form 


exp j(M,V 2 -M 2 V,) 




KT 


•* 2 ' \**i / 


( 11 . 10 . 6 ) 


If the solution is extremely dilute with respect to the species 2, so that 
X 2 « 1» we may replace (5) by 



in agreement with (11.09. 2). 


(11. 10. 7) 


§ 11.11 Chemical Reaction in Gravitational Field 
For the chemical reaction 

( 11 . 11 . 1 ) 

the most general form for the condition of equilibrium in the absence of a 
gravitational field is 

= ( 11 . 11 . 2 ) 

In the presence of a gravitational field the corresponding equilibrium 
condition is evidently 

-I- .^7, + (11.11.3) 

But owing to the con^trv.i;! .n (..i n:ass 

(11.11.4) 

Multiplying '*?) i > C c;ncl subtracting from (3) we recover (2). It follows 
4hat any ch' nicu’ equilibrium is independent of the gravitational potential 
or in ( thci \ i J i unaffected by the presence of a gravitational field. 
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ELECTROSTATIC SYSTEMS 

§ 12.01 Introduction 

Wc now propose to study the thermodynamic properties of substances 
in an electrostatic field. For this purpose it will suffice to consider the 
field in a parallel plate condenser neglecting any edge effect. Thus when 
we refer to the extensive properties of a parallel plate condenser of area 
A, we really mean the difference between those of a condenser of area 
+ and those of a similar condenser of area R, where R » A. 

As it is important to be completely unambiguous concerning the meaning 
of such quantities as dielectric constant, it is desirable to describe in some 
detail the characteristics cf a parallel plate condenser, beginning with one 
in vacuo. 


§ 12. 02 Parallel Plate Condenser in Vacuo 

Consider a parallel plate condenser of area A, the distance between the 
plates being /. Let the charges on the two plates be +Q and —Q. The 
condenser being in vacuo let the work required to transfer an elementary 
charge dQ from the negative plate to the positive plate be Av' dQ. Then 
Av called the potential dif[erence between the two plates and 
E= Ay// is called the electric field strength between the plates. Then 
the ratio Cq defined by 


4nlQ _ 4nQ _ 

XZiv — AE 


( 12 . 02 . 1 ) 


is a universal constant called the permittivity of free space. The value of 
tg in various units is * 

fo = 1 (ranklin^/eig cm. 

= 1.113 X 10‘‘°coulombVjoule m. 

= 1.113 X 10“'® coulomb/volt m. 


§ 12. 03 Parallel Plate Condenser in Fluid 

Now consider the same parallel plate condenser completely immersed m 
a homogeneous fluid. If the charges on the plates are again 4-Q and —Q, 
and if the potential difference between the plates, defined as before is 
again denoted by A y then the ratio c, defined by 


4nlQ _4nQ _ 

AAv “ AE 


(12.03.1) 


* The name Irmklin is used for a charge which repels a similar charge at a distance 
'One centimetre in vacuo with a force of one dyne. See Nature (1941) H8 751. 
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is called the permittivity o[ the fluid. The value of e depends on the nature 
of the fluid, on its temperature and possibly also on E = but is 

independent of the size and shape of the condenser, e has of course the 
same dimensions as The ratio is called the dielectric coefficient of 
the fluid. 


§ 12.04 Work of Charging a Condenser 
According to (2) we have 

Av' = ^-^. (12.04.1) 


and 50 the work required to bring an element of charge dQ from the 
negative to the positive plate is 


47rl QdQ 
A e 


(12. 04.2) 


From (12. 03. 1) we have 

Q = AeE. (12.04.3) 

^71 

dQ=^d{eE). (12.04.4) 

n7i 

Substituting (3) and (4) into (2) we obtain for the work w required to 
increase the field strength from E to E + c/E 

w=^Ed(eE) = ^Ed(iE), (12.04.5) 

TJX TJX 


where Vc denotes the volume between the plates of the condenser. 

Formula (5) is valid for any infinitesimal change, including in 
particular an adiabatic charge and an isothermal change, but the dependence 
of fiE on E will in general not be the same in these two cases. The 
quantity eE is called the electric displacement. 


§ 12.05 Thermodynamic Potentials 

If we now consider the system consisting of the whole fluid of volume V 
surrounding and including the condenser, we obtain by using (12.04.5) 
the 


dU=. TdS i\iv ~ Ed(EE) + 2ifi,drn, (12.05; 1) 

df - SdT Pd V-r^Ed{eE) + 2i ft,dm. (12.05.2) 
Formulric (1; (2) arc the extensions of (1.33.1), (1.33.2) 
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respectively including the extra term (12.04.5) representing the work 
required to change the field E between the plates of the condenser. 

We now define functions G and O by 

G = F + PV. (12.05.3) 

0 = E'. (12.05.4) 

When the field X vanishes O becomes identical with G. 

Differentiating (3) and (4) in turn and eliminating dF by means of 
(2), we obtain 

dG:^ -SdT ^ VdP+~Bdle-E) + li/iidm, (12.05.5) 

dO- -SdT+ VdP-~tEdE+ 2'i fi.dm. (12.05.6) 

In all the above formulae P denotes the pressure acting on the outside 
boundary of the fluid in which the condenser is completely immersed. Wc 
have carefully avoided reference to any pressure within the fluid between 
the plates of the condenser, for the definition of such a pressure would 
require special caution and its use as an independent variable would lead 
to more complicated formulae. 


§ 12. 06 Analogues of Maxwcll^s Relations 

By applying the cross-differentiation identity (3.01.7) to (12.05.5) 
and (12.05.6) we can obtain several relations analogous to Maxwell’s 
relations obtained in § 3. 04. 

Thus 


/ dS \ /^E\ 

\d[^Ej ‘l.’i \dr 47t \ dT 


(12.06.1) 
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Similarly wc obtain 

(J}L\ 

dEfr^p dP Jj-B “l-T \dPjr,E 


(12. 06.5) 
(12.06.6) 


these two relations also being mathematically equivalent to each other. 
This change in volume accompanying change in field strength at constant 
temperature and pressure is called electrostriction. 


§ 12.07 Constant Permittivity. Dielectric Constant 
For the sake of generality we have hitherto made no assumption 
concerning the dependence of the permittivity e on the field strength E. 
For almost all substances at all field strengths met in an ordinary 
laboratory the permittivity £ is for a given temperature and pressure 
independent of the field strength. We shall from here onwards assume 
this to be case. The dielectric coelficient e/eq is then called the dielectric 
constant. 

Formulae (12.06. 1) and (12.06.2) now become identical and give for 
the heat q absorbed at constant temperature and pressure per unit volume 
of the field and per unit increase in the field strength E 


q 


(dS'\ 

_ E 

/d^\ 

[dEj 

1 



(12. 07. 1) 


The electrostriction formulae (12.06.5) and (12.06.6) both reduce to 


J_/^\ 

Vc\dE]j,p^ ^n[dP)/ 


(12. 07.2) 


§ 12.08 Integrated Formulae 

If we apply formula (12. 05. 2) to the condenser and the fluid contained 
between its plates, thus dropping the distinction between V and Vf, we 
can integrate at constant T, V., n,- obtaining 

F=F°+V^. (12.08.1) 

671 

where F® denotes the value of the free energy, at zero field and at the 
same temperature, of the quantity eif fluid between the plates. 

We may note that the qiijintity which in textbooks on electricity 

is usually de,scribed as thr cn* iy\' density due to the field, is in fact the 
free cnergtj dcnsitq. 

From (1 ) de iiu e : : ;he • lu iqy II when we neglect electrostriction 

and use (12 i'7 ] i. 
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where L/® denotes the value of the energy, at zero field and at the same 
temperature, of the quantity of fluid between the plates. We thus see that 
the energy density due to the field is 

(12.0S.3) 

To obtain a formula for /i/ we differentiate (I) with respect to at 
constant T, V and rE. We thus find 




d [e EM 

dn,. 


T'.V'.IcEI 









(12. 08.4) 


where /i? denotes the value of jui at zero field strength and at the same 
temperature and composition. 


§ 12.09 Application to Perfect Gas 

We shall illustrate the use of the relation (12.08.4) by its application 
to the simplest case of a single perfect gas. 

The permittivity c of a perfect gas is related to the permittivity Fq of 
free space by 

^ = + + (12.09.1) 


where a and p are constants characteristic of the molecules of the gas. 
a is equal to the molecular polarizability multiplied by Avogadro’s number, 
while p is given by 


.Ny^_(Nyy 

P- 3k ~ 3R'’ 


(12.09.2) 


where y is the electric moment * of the molecule, N is Avogadro's number 
and k is Boltzmann’s constant. 

Substituting (1) into (12.08.4) we obtain 



= + (12.09.3) 

using (4.25.2) 

Let us now consider the equilibrium distribution of a gas between the 


♦ The symbory is used here instead of the more usual /« because the latter symbol is 
already t^quired for the chemical potential. 
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region, denoted by the superscript i, inside the condenser where the field 
strength is E and the region, denoted by the superscript e, exterior to this 
field. We have then 


, + , n-ri n‘RT 

,.'=,.* + Rriog^,p, 

(- 4 ). 

(12.09.4) 

+ 1 D-ri RT 

^ =^'+^^109 ytpV 


(12. 09.5) 

The equilibrium distribution is determined by 



11 


(12.09.6) 


Substituting (4) and (5) into (6), wc obtain, writing c for n/V, 

/?riog^'-^(a + -^)=0 (12.09.7) 

or 

Since a is always positive and ji is cither positive or zero, it follows 
that c is always greater inside the field than outside it. Thus every gas is 
attracted into an electric field. 



CHAPTER XIII 


MAGNETIC SYSTEMS 

§ 13.01 Introduction 

In order to apply thermodynamics to magnetic systems we have merely 
to extend our previous formulae bv including extra terms for the magnetic 
work. In principle the procedure is straightforward and should cause no 
difficulty whatever. There is however a serious incidental difficulty, namely 
that of finding the correct general expression for magnetic work. We 
should expect to be able to discover such an expression by consulting any 
reputable text-book on electromagnetism. Unfortunately this is far from 
the case. The treatment given in most text-books is quite inadequate. In 
most cases the derivations of formulae for magnetic work assume either 
explicitly or implicitly that the permeability of each piece of matter is a 
constant, whereas from a thermodynamic viewpoint one of the questions 
of greatest interest is how the permeability varies with the temperature. 
It is therefore desirable, if not essential, to start from formulae which are 
not restricted to the assumption that the permeability of each piece of 
matter is invariant. In many, if not most, text-books on electromagnetism 
the treatment of magnetic work suffers from other even more serious 
defects. In many cases the treatment is based on a discussion of permanent 
magnets imagined to be constructed by bringing together (reversibly ?) 
from infinity an infinite number of infinitesimal magnetic elements. Actually 
a permanent magnet is an idealization far from reality. It is true that 
magnets can be made which are nearly permanent with respect to changes 
in position, but they are never permanent with respect to changes of 
temperature. Increase of temperature is usually accompanied by an irrever¬ 
sible loss of magnetization. Whatever may be the use of the conception of 
a permanent magnet in the theory of such instruments as compasses, 
galvanometers and dynamos it is not a useful conception as a basis for the 
analysis of magnetic work when changes of temperature may be important. 
The worst text-books give formulae for magnetic work which not only are 
of restricted applicability, but even contain wrong signs. Fortunately there 
arc a few text-books * on electromagnetism which give a clear correct 
treatment of magnetic work. A brief summary of such a treatment is given 
in the Appendix A at the end of this chapter. In the main text we shall 
assume the correct formula for magnetic work after first recalling the 


• In particular Stratton, Electromagnetic Theory (1941), hereafter referred to 
as S.. E. T. 
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physical meaning of the several magnetic quantities involved and how they 
are related to one another *. 

§ 13. 02 Rationalization 

There are two distinct and mutually contradictory conventional systems 
of defining magnetic, and incidentally at the same time electrostatic, 
quantities. In the more modern system, called the rational system, the 
electric and magnetic quantities are defined in such a manner that the 
factor 4 71 occurs frequently in integral formulae relating especially to 
systems of point charges, but not in the general differential formulae. In 
the older irrational (a better word than unrationalized) system on the 
other hand the factor occurs repeatedly in the general differential 
formulae and disappears only in the integral formulae relating especially 
to point charges. 

The rational system is now in general use on the continent of Europe 
and its use in America is increasing. Unfortunately the rational system 
has not found favour with the majority of British physicists. The rational 
system is used in the text-books which give the most satisfactory account 
of magnetic work ** and so. to facilitate reference to these books, it will 
be used in this chapter. In Appendix B at the end of the chapter a brief 
description is given of how to translate from the rational to the irrational 
system for the benefit of any readers who still prefer the latter to the 
former. 

§ 13.03 Fundamental Electric and Magnetic Vectors 

We recall that the strength and direction of an electrostatic field is 
described at each point by a vector E such that the force acting on a small 
stationary test charge Q placed at this point is QE. This vector E is called 
the electric field. The analogous magnetic vector describing the force acting 
cn a small test clement of current is denoted by B and has the property *** 
that the force on each element ds of a conductor of current i is given by 
the vector product /dsXB. This vector Bis called the magnetic induction, 

§ 13. 04 Permittivity and Permeability of Empty Space 

In empty space the value of E at each point is determined by the 
distribution of electric charges and is the sum of independent contributions 
from each charge. The contribution to E of a charge Q at a distance r is 
directed along r and is of magnitude 

Q 


* Following v;!o.si!v the trLMt'nf::t m.l r-vjt.itiur. of S.. E. T. 

Such cKs S. I’ 'V ,u.J. C-ih::. Da:- Idcktromagnctische Feld (1926). 
See S.. I-:. I', p 


(13.04. I) 
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where Bq is a universal constant called the rational permittivity of empty 
space. Alternatively we may say that each charge Q makes an additive 
contribution 


Q 

to the electrostatic potential and that E is then determined by 


(13.04.2) 


E = — grad (13.04. 3) 

We turn now to the analogous magnetic formulae. Each element ds of 
a conductor carrying a current i makes an additive contribution 


Po I ds 
47rr ' 


(13. 04. 4) 


to A, called the magnetic vector potential, and B is then determined by 

B- curl A. (13.04.5) 


The quantity pq occurring in (4) is a universal constant called the rational 
permeability of empty space. 


Before proceeding further it is instructive to consider the physical 
dimensions of the quantities occurring above in terms of the four indepen¬ 
dent dimensions length L, time T, energy U and electric charge Q. For the 
present purpose it is more convenient to choose energy than mass as one 
of the four independent dimensions. Table 13.1 gives the dimensions of 
the most important quantities. The following points are worthy of note. 


TABLE 13.1 

Dimensions of Electric and Magnetic Quantities 
L denotes length. T time. U energy and Q electric charge 


Symbol 

Name 

Dimensions 

Q 

Electric charge 

Q 

1 

Current 

or-' 

ds 

Element of length 

L 

ids 

Element of current 

QLT-' 

W 

Electrostatic potential 

UQ-' 

A 

Magnetic vector potential 

UL~' TQ~' 

£ 

Electric field 

UL-' Q-' 

B 

B/a^o 

'0 

PO 

^0- 

tofio 

*oE» 

Magnetic induction 

UL-^ TQ-' 

Q£,-’ 

QL-' T~' 

Q^L-'U-' 

UQ~^L~'r^ 

Q^LT-^U-' 

LT^T^ 

UL-^ 

UL-^ 


24 
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K Inasmuch as an element of current is the analogue in a magnetic 
system of an clement of electric charge in an electrostatic system, we 

observe that /^o *. not /iq* analogue of £q. 

2. dimensions of a velocity; it is well known that this 
quantity is equal to the speed of propagation of electromagnetic waves 
in empty space. 

3. The quantities and have the dimensions of energy 

density or pressure. 

The values of and /<o and related quantities in the rational system are 
as follows: * 

= I hanklll- = 7.958 X IO-» = S.85< X 10-'> 

4--! erg cm. erg cm. loulc m. 

J!_ _ coulomb^ m ._- ^ .^5 coulomb^ m . 

Mq 4rr joule sec.^ joule sec.^ 

_ 4jr joule sec.^ _ , ^ . joule sec.^ 

10^ coulomb^ m. * coulomb^ m. 

fo/io= I-1126X 

m. 

—- = 8.988 X 10'‘ j 

fo /^O SCC.^ 

--Lr = 2.998 X 10* — . 

\/rof<o 

§ 13. 05 Simplest Examples of Fields in Empty Space 

The formulae of the previous section are sufficient to specify completely 
the E field due to any given distribution of charges in empty space or the 
B field due to any given distribution of currents in empty space. The 
quantitative application of these formulae is however complicated and 
tedious except for the simplest systems having a high degree of symmetry. 
We shall consider briefly one such electrostatic system and one such 
magnetic system. 

As the electrostatic system we choose the parallel plate condenser, 
already discussed in the previous chapter, neglecting edge effects. If 
charges Q and —Q are distributed uniformly over the two plates each of 
area A at a distance / apart, then in the absence of any dielectric between 
the plates the electric field is uniform, normal to the plates and has the 
value 

E (13.05.1) 

* The name [ranhltn \i. 'T'k.! to dorun».- a charge which repels a similar charge in 
vacuo at a distanv:c ore . I'o.rijiiCtrc with a force of one dyne. See Nature (1941) H8 751. 
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This formula differs from formula (12.02.1) by a factor because the 
latter is expressed in the irrational system. 

As an example of a magnetic system having simple symmetry wc choose 
a long uniform solenoid and wc ignore end effects. The magnetic induction 
inside the empty solenoid is then uniform, parallel to the axis and has 
the value 


T, _ /^o i 


(13.05. 2) 


when the intensity of the current is i and there is one turn per length L 
For reasons which will appear later it is instructive to rewrite (1) and 
(2) in somewhat different forms. We rewrite (1) as 


^oE 



(13.05. 3) 


where / is the distance between the plates and = lA is the volume 
included between the plates of the condenser. The product Ql of the 
charge on a plate and the distance between the plates may be called the 
electric moment oi the charged condenser. Thus according to (3) we 
observe that in this system with simple symmetry is equal to the 
electric moment per unit volume. 

We likewise rewrite (2) in the form 


B _ niA 
Vs* 


(13. 05. i) 


where n denotes the total number of turns, A denotes the cross-section 
of the solenoid and Vs == rilA denotes the volume contained by the 
solenoid. We may regard the solenoid as an electromagnet and we call 
the product niA its magnetic moment. We sec then according to (4) that 
B/pq is equal to the magnetic moment per unit volume of the solenoid. 

From these relations we again perceive that po ^, not is the analogue 
of fo- 


§ 13. 06 Presence of Matter 

We shall now discuss briefly the effect of filling the parallel plate 
condenser and the solenoid respectively with uniform matter. 

When the space between the plates of the condenser is filled with 
uniform matter, this matter becomes electrically polarized as a result of the 
field due to the charges on the plates. The electric polarization P is defined 
as the electric moment per unit volume induced in the matter. Owing to 
the symmetry of the system under consideration P is in this case uniform 
and normal to the plates. It is not difficult to sec what will be the resultant 
effect on the field E. We interpreted formula (13.05.3) to mean that 
€qE is equal to the electric moment per unit volume of the charged con¬ 
denser. It is evident that BqE will now be equal to the resultant electric 
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moment per unit volume due partly to the charges ± Q on the plates and 
partly to the polarization of the matter between the plates. Thus in place 
of (13.05.3) we shall have 

eoE = ^-P. (13.06.1) 

or 

+ P = = (13.06.2) 

Thus eoE -h P is now related to the charge on the condenser plates in 
precisely the same manner as was related to it when the condenser was 
empty. In other systems having lower symmetry the situation is less simple 
because E and P vary from place to place. The composite vector CqE -f P 
still however plays an important role.. It is called by the curious name 
electric displacement and is denoted by D. Thus 

D = £oE + P. (13.06.3) 

From the identity (3) it is evident that any two of the vectors E, P, D 
completely determines the remaining one. It is however a fundamental 
assumption of electrostatics, borne out by experiment, that at any point in 
a piece of matter of given composition, given temperature and given 
pressure any one of the vectors E, P. D completely determines the other 
two. If moreover the matter is isotropic, then E, P and D have the same 
direction. If then we write 


D = £E. (13.06.4) 

the coefficient e is a scalar quantity, provided the matter is isotropic. 
(Otherwise t would be a tensor of rank two.) 

£ defined by (4) is called the permittivity of the matter. Its value in 
general depends on the composition of the matter, the temperature, the 
pressure and the field strength. The ratio 


P _ e 

eoE Bq 


(13.06. 5) 


is called the dielectric coefficient or. when its value is independent of E, 
the dielectric constant. 

It is evident from (3) that P and D have the same dimensions as e^E, 
namely that of charge/area. It is likewise evident from (3) and (4) that 
£ has the same dimensions as Sq, so that the dielectric coefficient c/eq is a 
dimensionless number. 

Much of the above is repetition from the previous chapter, is moreover 
well-known and seemingly irrelevant to magnetic systems. It is however 
convenient to have these relations before us for comparison with analogous 
magnetic relations. 

We turn now to consider ihe effect of filling the uniform solenoid with 
uniform matter. As a result of the current in the solenoid the matter will 
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behave as if it contained induced microscopic molecular current circuits, or 
elementary magnets. According to (13.05.4) their contribution to 
will be equal to the magnetic moment per unit volume; this quantity is 
called the magnetization and is denoted by M. Owing to the symmetry 
of the solenoid. M will be parallel to the axis and so (13.05.4) has to be 
replaced by 

^ = ^ + (13.06.6) 

or 

--M = 2^ = 4- (13.06.7) 

V's / 

Thus the composite vector (B///^)—M is now related to the current through 
the solenoid in precisely the same manner as B///q was related to it when 
the inside of the solenoid was empty. In other systems having lower 
symmetry the situation is less simple because B and M vary from place to 
place. The composite vector (B///q)—M still however plays an important 
role It is called by the misleading name * magnetic field intensity and is 
denoted by H. Thus 

H = —-M. (13.06.8) 

/“o 

From the identity (8) it is evident that any two of the vectors B. M, H 
completely determine the remaining one. It is however a fundamental 
assumption of electromagnetic theory that at any point in a piece of matter 
of given composition, given temperature and given pressure any one of 
the vectors B, M, H completely determines the other two. This assumption 
is often, though not always, borne out by experiment. The phenomena 
known as hysteresis contradict the assumption; such phenomena are here 
expressly excluded from consideration. With this proviso we write 

H = —. (13.06.9) 

/* 

and the coefficient is called the permeability of the matter. Provided the 
matter is isotropic jul is a scalar. (Otherwise p would be a tensor of rank 
two.) The value of p in general depends on the composition, the tempera¬ 
ture, the pressure and the field strength. The ratio p /will be referred 
to as the magnetic coefficient of the substance, or when its value is in¬ 
dependent of B as the magnetic constant. 

§ 13.07 Electric and Magnetic Work 

Having completed our elementary review of the physical significance of 

* In S., £. T. p, 12'B and B are called force vectors while D and H are called derived 
vectors. Confusion of thought would be diminished if the following names were used: 

E electric force vector; B magnetic force vector. 

D electric derived vector; H magnetic derived vector. 
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the vectors E» D and B. H we shall quote without proof general formulae 
for electric and magnetic work. A brief outline of the derivation of these 
formulae from Maxwell’s equations is given in Appendix A at the end of 
this chapter. 

We first consider an electrostatic system consisting of charged con¬ 
ductors and dielectrics. For any infinitesimal change in the system, pro¬ 
duced by moving either an electric charge or a conductor or a dielectric, 
the electric work w done on the system is given by * 


w 



dVEdD. 


(13.07.1) 


where dD denotes the increment of D in the element of volume dV and 
the integration extends over all space, or that part of space where the 
electric field does not vanish. 

In the simplest case of a parallel plate condenser containing a uniform 
dielectric, if we neglect edge effects. E and D vanish outside the condenser, 
while between the plates they are uniform having the values 

D = ^. (13.07.2) 


E = 


eA' 


(13.07.3) 


where it Q denotes the charge on either plate of area A. If then / denotes 
the distance between the plates and Vc the volume contained between 
them, formula (1) reduces to 


w-Vc 


eA A 


_ I QdQ 
A e • 


(13.07.4) 


in agreement with formula (12.04.2) apart from the disappearance of a 
factor 4^ owing to rationalization. 

We turn now to a magnetic system consisting of current circuits and 
magnetic matter, concerning which our only restrictive assumption is the 
absence of hysteresis. For any infinitesimal change in the system either 
by changing the current in any circuit or by moving any conductor 
carrying a current, the magnetic work done on the system is ** 

w=jdvncm. (13.07.5) 

where cfB is the increment of B in the element of volume dV and the 
integration extends over all space, or that part of space where the magnetic 
field does not vanish. 

Since we have been at pains to emphasize that B is the analogue of the 


See S.. E.T. p, lOS 

See Appendix A at end of chapter. 
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force vector E, while H is the analogue of the derived vector D. the reader 
may justifiably express surprise that formula (5) contains as integrand 
Hc/B. not Bc/H. The explanation of this paradox is that the analogy must 
not be pushed too far. because, whereas the electrostatic energy due to 
fixed charges is potential energy, the magnetic energy due to electric 
currents is kinetic energy *. 

In the simplest case of a long solenoid filled with a uniform isotropic 
substance, if we neglect end effects. B and H vanish outside the solenoid, 
while inside they are uniform having the values 

H = |. (13.07.6) 

B — (13.07.7) 

where i denotes the current an J / the length per turn. If then denotes 
the internal volume of the solenoid. L its length, A its cross-section and n 
the total number of turns, formula (5) becomes 

.. f d{ui) 

u> = v,j-r 

= ^nUd{fAi). (13.07.8) 


§ 13. 08 Formula for Free Energy 

Once we know the general formula for magnetic work, it is. as already 
mentioned in § 13.01, a straightforward matter to write down thermo¬ 
dynamic formulae of general validity For the sake of brevity and simplicity 
we shall confine our discussion to phases of constant volume. The formulae 
may still be applied to solid and liquid phases at constant pressure as an 
approximation equivalent to neglect of thermal expansion, compressibility 
and magnetostriction, the name for volume changes due to change of the 
magnetic induction 

Consider now a system consisting of linear conductors and magnetic 
matter and suppose the currents gradually increased from zero to final 
values corresponding to final values of B and H at each point of the 
system. Then the magnetic work w done on the system when the field is 
thus built up is 


tv 



Hc/B. 


(13.08. 1) 


where the first integration extends over all space The second integral 
will depend on the relation between B and H which in turn depends on 
the temperature at each stage. Let us now specify that the path of inte- 


• While the Hamiltonians contain as integrands EdD and HdB. the Lagrangians 
contain as integrands -Ec/D and BdH. See Guggenheim. Proc. Roy. Soc. A (1936) 


155 63 
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gration shall be isothermal. Then the work w is equal to the increase in 
the free energy F of the system. We accordingly have 

F=F°+jdV pHdB, (13.08.2) 

(Tconat.) 

where F® denotes the free energy when B is everywhere zero, that is to 
say when no currents arc flowing. 

In the simplest case of a uniform field, as when a long solenoid is filled 
with a uniform substance, (2) can be written as 

F—F^ r® 

{T const.) 

= r—dB. (13.08.3) 

Jo f* 

(7* const.) 


§ 13. 09 Other Thermodynamic Functions 

From the formula for the free energy F we can immediately derive 
formulae for the entropy S and the total energy U by differentiation with 
respect to T. For the sake of brevity and simplicity we shall confine our¬ 
selves to the formulae valid in a region where composition and field arc 
uniform. Using the superscript 0 to denote values of a function when B 
is zero, we derive from (13.08.3) 


5-5° 
" V 


d /•» B 

dfjo 

(7* const.) 


dB 


0 dr 


BdB. 


(T const.) 


\T const.) 


BdB. 


(13. 09. 1) 

(13.09. 2) 


§ 13.10 Case of Linear Induction 

Hitherto we have imposed no restriction on the relation between H and 
B. The permeability (i was defined by 

^ (13.10.1) 

and in general depends on B (or H) as well as on the temperature. 

For most materials, other tho.n .-‘.[id^itin^ hysteresis, at the field 

strengths ordinarily u^vd in ! ih>•;.n-.i,ind at ordinary temperatures 
it is found that u i-. at an n-inncintii;a. independent of B. Under these 

condition.*^ the i:v. .:i die I ninulae of the previous two sections 
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can be performed explicitly. Thus formulae (13.08.3), (13.09.1) and 
(13.09. 2) reduce respectively to 


F—F® 11 1 1 


S—S® _ \ dfi \ 
V ~/n^clT2 




U-U° 




djUL 1 
^2 




(13. 10. 1) 
(13. 10. 2) 
(13. 10. 3) 


Although a variation of // with B at constant temperature is the 
exception, it does occur especially at low temperatures. In particular this 
phenomenon of magnetic saturation has been observed for hydrated 
gadolinium sulphate *. The formulae of the present section are then not 
applicable. 


§ 13. 11 Spherical Specimen in Uniform Field 

The relations developed so far involve integration over all space or that 
part of space where the field does not vanish. These integrations are 
usually too complicated to be practicable except in the case of a long 
solenoid completely filled with a uniform material. Unfortunately this 
example is of little practical interest. The experimenter is more interested 
in the behaviour of a small specimen of matter introduced into a magnetic 
field, which was uniform before the introduction of the specimen. We shall 
begin by considering as the simplest case, a spherical specimen. 

Consider a uniform magnetic field such as that inside a long solenoid 
and denote the induction by Be. Suppose now that a sphere of radius a 
consisting of uniform isotropic material is introduced into this field. It is 
assumed that the sphere is small compared with the volume over which 
the external field Be could be considered uniform. It is well known that 
the resultant magnetization M in the sphere is uniform and parallel to Be. 
If then we denote the total magnetic moment of the sphere by m, we have 

(13.11.1) 

If now Be is varied, there is a consequent variation of M and m. The 
work done on the specimen by the external field is then 

u? = — mdBe 

= (13.11.2) 

To most readers this formula will be well-known. It is however far from 
obvious that it is equivalent to or derivable from formula (13.07.5). As a 
matter of fact (2) can be derived from the more general relation (13. 07.5), 


0 


Woltjer and Onnes, Comm. Phys. Lab. Leiden (1923) no. 167c. 
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but the proof is long and complicated. It is given * in Appendix C at the 
end of this Chapter. 

It is important to realize that the value of B inside the spherical specimen, 
though uniform, is not equal to In fact inside the specimen 

B = Be + |A<oM. (13.11.3) 

If now wc denote by F' the free energy of interaction between the 
specimen and the field, we deduce immediately from (2) 


F‘ 


V ~ 



MdBt, 


(Tconst. 


(13. 11.4) 


where V denotes the volume of the specimen. 

From (4) wc derive for the entropy S^and total energy of interaction 

V=r(3T).,‘®- <‘^■"• 5 ' 

(T const.) 

03. 11.6) 

(T const.) 

and 5^ have the following simple physical interpretations. When the 
external field is increased from 0 to B« keeping the temperature of the 
specimen constant, the woik required exceeds the work required in the 
absence of the specimen by F^ while the heat that has to be supplied to 
the specimen to keep its temperature constant is 

These formulae are independent of the form of functional relation 
between M and B, In the particular case of linear induction described in 
§ 13. 10. B/H and M/B are, at a given temperature, constant. If follows 
from (3) that M/B^ is also constant at each temperature. Wc can then 
perform the integrations, obtaining 


^ = (13.11.7) 

The limitations on formulae (7) and (8) are the same as on the formulae 
of § 13. 10. 


§ 13. 12 Specimens with other Shapes 

If the specimen introduced into the uniform external field B^, instead 
of being spherical, is a spheroid with, it- -ymmetry parallel to Be 


* The author knows ot ru, totlo.k or oUier published work, which contains this 
proof. There are indeed to i,e found prcjof.s valid only under the special condition of a 
linear relation between M arid B^. 
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then the resultant magnetization M is still parallel to B,. The total 
magnetic moment m of the specimen is equal to the product of M and 
the volume of the spheroid. If the semi-axis of the spheroid arc of length 
a, b, b then 

m=ya6^M. (13.12.1) 

When the field Bg is varied the work w done by the field on the specimen 
IS given by 

u;zi: — mdBe 

--‘^abmdBe. (13.12.2) 

For the thermodynamic functions F*. S* and W formulae (13.11.4), 

(13. 11.5) and (IJ. il.6) are still valid. In the particular case of linear 

induction formulae (13. 11. 7) and (13. 11.8) are valid. 

The relation between B inside the specimen and Be is still linear, of the 
form 

B=:Be + a;roM, (13. 12.3) 

where a is a numerical coefficient depending on the ratio a/b. The derived 
vector H is then given by 

H = —-M= —-(l-a)M. (13.12.4) 

f^o Mo 

The numerical coefficient (1—a) in (4) has in the past been given the 
curious name demagnetizing coefficient, but the name has nothing to 
recommend it. 

If the specimen is an ellipsoid having three unequal principal axes, the 
conditions are slightly more complicated. If the specimen is not an ellipsoid, 
then the induced magnetization is not uniform and so the situation is con¬ 
siderably more complicated and will not be discussed further. 

§ 13.13 Diamagnetic, Paramagnetic and Ferromagnetic Substances. 

Substances arc divided into three classes according to their magnetic 
properties. These have the names diamagnetic, paramagnetic and ferro¬ 
magnetic. 

In a diamagnetic substance /x has a constant value less than iUq. in¬ 
dependent of the field strength and of the temperature. For such a sub¬ 
stance there is no magnetic term in the entropy and consequently there is 
no distinction between total energy and free energy. Thus the thermo¬ 
dynamics of diamagnetic substances is so simple as to be trivial. 

In a paramagnetic substance fi has a value greater than and varying 
with the temperature. The value of jx also depends on the field, but usually 
varies but little with the field except in high fields or at low temperatures. 
Paramagnetic substances form the class to which the application of 
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thermodynamics is most interesting and useful. The remaining sections 
of this Chapter will be devoted almost entirely to paramagnetic substances. 

The characteristic of ferromagnetic substances is the occurrence of 
hysteresis. This means that M is not a single valued function of the field. 
When the field is varied the changes in magnetization are usually not 
reversible. The application of thermodynamics is accordingly difficult. Such 
attempts as have been made to apply thermodynamics to ferromagnetic 
substances are still controversial and nothing further will be said of them. 
Our only remarks concerning ferromagnetic substances will be of a general 
qualitative nature. 

In ferromagnetic substances ju is greater than /uq and usually con¬ 
siderably greater than in paramagnetic substances. There can even be 
magnetization in the absence of any external field. This is called permanent 
magnetization or remanent magnetization. 

When the temperature of a ferromagnetic substance is raised, it even¬ 
tually becomes changed to paramagnetic. The temperature at which this 
change occurs is called the Curie temperature. The change is a transition 
of higher order as defined in Chapter VII. Thus the Curie temperature is 
a lambda-point, in fact the first example of a lambda-point to be known. 


§ 13. H Simple Paramagnetic Behaviour 

We shall describe in some detail the behaviour of those paramagnetic 
substances whose magnetic properties are entirely due to electron spin. 
The behaviour of the larger class whose magnetic properties are due partly 
or entirely, to orbital angular momentum is qualitatively similar but 
quantitatively more complicated. A description of these will not be attempted 
here as it would require too much space. The reader interested will have 
to turn to a more specialized source of information 

The fundamental unit of magnetic moment in electron theory is Bohrs 
magneton and all magnetic moments will be expressed in terms of this unit. 
Bohr’s magneton is denoted by ^ and is defined by 


P = (13.H.1) 

me T 7t 

where —e denotes the charge and the mass of an electron while /i. as 
usual, denotes Planck’s constant. If we multiply (1) by Avogadro’s number 
N, we obtain the corresponding molar unit 



me 


h 

4.T 


Fh 

^71 me* 


(13. H. 2) 


where F denotes the faraday. Insertina the numerical values 


3" 1-9.6S • 10' 

T71, - ^)A] ■ 10 -.]. 

h -- t).o2 ■ 10 • sec.”b 


♦ Van V], 


M 


Su.svi’pr:hiiitjes (1932) p. 259. 
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wc obtain 




9.65 X 10^ X 6.62 X 10“’^ coulombs cm.^ 


sec. 


(13. M.3) 


471X9.11 X 10-28 
= 5.58 X 10^ amp. cm.^ 

= 5.58 amp. m.^ 

Correspondingly for p we have 

? ^ 5.58 X 1.66 X 10-2^ amp. m.2 
-9.27 X 10-2^amp. m.2 (13. 14.4) 

Following standard spectroscopic notation we shall denote the resultant 
spin quantum number by S. so that the multiplicity is 2S -t- 1. Examples 
of values of 5 for some typical paramagnetic ions of transition elements 
are given in Tabic 13. 2. The first and last ions in the table, having S = 0, 
are diamagnetic 

TABLE 13.2 

Multiplicities of typical paramagnetic ions o[ transition elements 


Ions 

Number of 3d 
electrons 

S 

2S+ 1 

Sc*-'* 

0 

0 

1 

Sc*"". 

1 

1 

2 


2 

1 

3 


3 

11 

4 

Cr**, Mn'"-"'" 

4 

2 

5 


5 

2i 

6 

Fe+-^ 

6 

2 1 

5 


7 

U 

4 


8 

1 

3 


9 

i 

2 

Cu+, Zn-^* 

10 

0 

1 


Wc now consider a substance such as ferric alum NH^Fe (SO^) 2 . 12 H 2 O 
each molecule of which contains a considerable number o* atoms, in this 
example 52. only one of which, in this case Fe. is paramagnetic. In such 
a substance the paramagnetic ions, in this case Fe^^*^. may usually be 
considered as mutually independent, each making its own contribution to 
the paramagnetism of the substance. We shall denote the molar volume as 
usual by V this being the volume which contains iV paramagnetic ions. 

If a small spherical specimen of such a substance is placed in a uniform 
external magnetic field with induction Be, then the free energy F* of 
interaction between the field and the specimen is given by * 


sinht(25+l)AfiSBe//?rt 


(13. 14.6) 


• ^ce Van Vleck, Electric and Magnetic Susceptibilities (1932); Stoner. Magnetism 
and Matter (1934). 
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where V denotes the volume of the specimen. Formula (6) is due to 
Brillouin. 

From formula (6) we can derive all the thermodynamic formulae 
relating to the magnetic properties of the specimen. The magnetic moment 
m of the specimen is determined by 


dF‘ 

“ dB.' 

(13. H. 7) 

and the magnetization M by 


1 

II 

(13. H. 8) 


From (6) and (8) we derive 


MVm = (2S+l)Nficothl(2S+l)NfiBe/RTl 

-N/?coth!A/^B./i?ri. (13. 14.9) 

In the particular case S = formula (9) reduces to the simple form 

UV„, = NP tanh \NpBelRTl (13. 14. 10) 

We sec at once that for sufficiently small field strengths we may replace 
(10) by the approximation 

= lN^Be<RT). (13. H. 11) 

so that M is directly proportional to Be and inversely proportional to T. 
This behaviour is known as Curie's law. At the opposite extreme of 
sufficiently high values of Be. may replace (10) by the approximation 

UV„ = Np. (N^Be^RTl (13. 14. 12) 

so that M is independent of Be and of T. This behaviour is called magnetic 
saturation. 

We shall soon see for all values of S that Curie’s law is valid in suffi¬ 
ciently low fields and that saturation occurs in sufficiently high fields. 

Wc now return to the general formula (6) and consider its simplification 
in the two extremes of large and of small Be. Considering first large values 
of Be. we replace each sinh by i exp and obtain immediately 

F‘^' =-2SN(iBe {N^Be^RT). (13. H. 13) 

From (8) and (13) we derive 

UVrn=^2SN[l {N[lBe>RT), (13. 14. 14) 

representing .‘saturation. 

We turn now to the oppoMt^ L‘\trcnic of small We expand each slnh 
as a power senes retaining the first two terms. We then expand the 
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logarithm, again retaining the first two terms. We thus obtain 
P‘ = -RTl„g,2S+ fWI-'l!, 

(N?B,<Rr). (13. H. 15) 

From (8) and (15) we derive 

MV„ — B,. (N^ B, < RT), (13. H. 16) 

so that M is directly proportional to and inversely proportional to T 
in accordance with Curie's law. 

Formula (16) has been verified experimentally for numerous substances. 
The more general theoretical relation (9) between M and Be extending 
from the extreme of Curie's law to the opposite extreme of saturation has 
been quantitatively verified * for hydrated gadolinium sulphate, in which 
the paramagnetic Gd^ion has S 3^. 

§ 13. 15 Entropy of Simple Paramagnetic Substances. 

We continue to restrict our discussion to substances whose paramagnet¬ 
ism is due entirely to electron spin. The behaviour of other paramagnetic 
substances is qualitatively similar but more complicated. 

By differentiating (13. 14. 6) with respect to T we can obtain a general 
formula for the entropy of interaction between the field and the specimen. 
For the sake of brevity we shall however confine ourselves to the two 
extreme cases of B^, large and of B^ small. 

At magnetic saturation according to (13. 14. 13) the free energy is 
independent of the temperature. Hence the energy is the same as the 
free energy while the entropy vanishes. 

Under the opposite conditions of small field we derive from (13. 14. 15) 

(13.15.1) 

§ 13.16 Adiabatic Demagnetization 

In a system whose state can be completely defined by the temperature T 
and the external magnetic field B, (all other degrees of freedom such as 
pressure and composition being either irrelevant or held constant), the 
equation for a reversible adiabatic process is 

S(r,B,)=: const.. (adiabatic). (13.16.1) 

In a sample of a paramagnetic substance, such as ferric alum, in the 
temperature range 2 °K to 4 °K all contributions to the entropy from trans¬ 
lational, rotational, intramolecular, and vibrational degrees of freedom arc 
effectively zero, while any contributions from intra-nuclear degrees of 

• Woltjer and Onnes, Comm. Phys. Lab. Leiden (1923) no. 167c. 
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freedom remain constant. Hence for adiabatic variations of the field 
we have 

S* {T, B() = const., (adiabatic). (13.16.2) 

Provided is not too great, we may use formula (13. 15.1) for S\ so 
that (2) leads to 

= const, (adiabatic). (13.16.3) 

Thus when the field is reduced the temperature drops proportionally. 
This is the principle of cooling by adiabatic demagnetization. 

§ 13.17 Unattainability of Absolute Zero 

By means of adiabatic demagnetization temperatures as low as 10~^ deg. 
have been reached. It would appear from formula (13.16.3) that by 
reducing the external field to zero, one should reach T = 0 in contradiction 
of Nernst’s theorem. The resolution of this paradox is that before T = 0 
is reached, usually in the region T ~ 10’^ deg., the formulae of § 13. 14 
and § 13. 15 cease to be applicable. In other words, at some such tempera^ 
ture the substance ceases to be paramagnetic, but becomes eventually either 
diamagnetic or ferromagnetic. 

In the change from the paramagnetic to the diamagnetic or ferromagnetic 
state, the molar entropy in zero magnetic field is altogether reduced by 
an amount 

/?Iog(2S+l). (13.17.1) 

Hence by comparison with (13.15.1), we see that the value of S for zero 
field falls to zero. This is in agreement with the third principle of thermo¬ 
dynamics as expounded in Chapter IV. The reader must turn elsewhere * 
for details of such changes. 

* For example Debye, Ann. Phys. (1938 ) 32 85. An excellent elementary account 
is given by Simon, "Very Low Temperatures", Science Museum Handbook (1937) 
No. 3 p. 58. 



CHAPTER XIII. APPENDIX A 


DERIVATION* OF FORMULAE FOR ELECTROSTATIC AND 
MAGNETIC WORK 


We start from Maxwell's equations in their rational form, namely 

(13A. 1) 
dD 


curl E + ^® = 0. 


curl H- 


dt 


= J. 


(13A.2) 


where J denotes current density, while E. B, D, H have their usual 
meanings. 

We multiply (2) by E. (1) by H and subtract. Using the identity 

H curl E --Ecurl H =div (E X H). (13A. 3) 

we obtain 

div(EXH) + EJ + E^ + H^=0. (13A.4) 

We now multiply (4) by dVdt and integrate over the whole volume of 
the system. Assuming that the field vanishes at the boundary of the 
system we obtain 

JdVEJdt+j clVEdD+JdVHdB = 0. (13A.5) 

Now consider a cylindrical volume element parallel to the current density 
of length dl and of cross-section dA. Then, according to the definition of 
current density J, the quantity of electricity flowing through this cylinder 
in time dt is J dAdt, But the force acting on unit electric charge in the 
direction of its motion is the component of E in this direction, since the 
magnetic force is always at right angles to its motion. Moreover the 
difference of electric potential between the two ends of the cylinder is Edl. 
Hence the work done in the time dt on the electricity while it is passing 
through this cylinder is J dA. dt, Edl or E J dV dt, where dV is the 
element of volume. 

It follows that the work — w done by the whole system in the time dt is 
just equal to the first term of (5). Consequently we have 

w^j'dVEdD+JdVHdB. (13A.6) 

The two terms on the right of (6) are naturally called electrostatic work 
ana magnetic work respectively. 


• See S; E. T. p. 131. 0)inpare Guggenheim, Proc. Roy. Soc. A. (1936) 155 59. 

25 
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COMPARISON OF RATIONAL AND IRRATIONAL SYSTEMS 

The following table shows how any quantity in the rational system is 
translated into the corresponding quantity in the irrational system 


Rational 

Irrational 

Q 

Q 

i 

i 

V 


A 

A 

E 

E 

B 

B 

^0 

fo/4^ 

i«0 


^Of^O 

^0^0 

i 


t* 


ffX 

€fi 

D 

D/4;r 

H 

Ulin 

ED 

ED/4;r 

BH 

BH/4;r 


It is to be noted that the difference between the rational and irrational 
systems is a difference in the definition of certain quantities. It has nothing 
to do with the choice of units For example we have: — 

In the rational system 

= ItaJcto' = 8,85< X 1 0-> . 

4 7* erg cm. joule m. 

whereas in the irrational system 

1 = l.„26X 

erg cm. joule m. 

• See Guggenheim, Phil. Mag. (1942) 33 4S7. 






CHAPTER XIII. APPENDIX C 


SPHERICAL SPECIMEN IN UNIFORM EXTERNAL FIELD 

Consider a uniform magnetic field inside a uniform solenoid of length L. 
radius R and internal volume V = jiR^ L. Suppose now that a sphere of 
radius a consisting of uniform isotropic material is introduced into the 
interior of the solenoid. It is assumed that a is small compared with R 
and L. More precisely wc shall consider what happens in the limit /? -♦ oo 
and L 00 . 

It is well known that the magnetization induced inside the spherical 
specimen is uniform and parallel to the field. We denote the intensity 
of this magnetization by M. It is to be emphasized that there is no 
restriction on the form of the functional relation between M and the field. 

Wc use to denote the induction of the uniform field before the 
specimen is introduced and wc take the direction of this field as z axis. 
When the spherical specimen is present the magnetic field can be described 
as follows: 

Outside the sphere: — 


B = Be + B|. 

(13CI) 


{13C.2) 


w’here B/ has components B/,. 3iy, B/z defined by 


B,x = A«oMa»^^ 

(13C. 3) 

B/y = /ioMa»^. 

(13C. d) 

2^ —i 

Bu-/ioMa’^— 

(13C. 5) 

Inside the sphere: — 


B = B«+ 

(13C. 6) 

f*o 

(13C. 7) 

We now consider in turn the contributions of the 

regions outside and 

inside the sphere to J dV H dB, 
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Outside the sphere^ we have 

HrfB = -(B« + B,)£f(B« f B/) 

H’Q 

= ——<f{BeB,) + —B,c/B,. (13C.8) 

/^o A*o 

We now have to substitute from (3), (4), (5) into (8), transform to 
spherical polar coordinates, integrate from the surface of the sphere to the 
boundary of the solenoid and let its length and radius tend to infinity. 
After a long but straightforward calculation we obtain eventually 


ext 

-^a»|cf{MB.) 

+ ya»?//oMdM. (13C.9) 


Inside the spherical specimen we have according to (6) and (7) 


HdB = ^ (B, - d (Be + ^ /^M) 

flQ ^ J 

= —BedBe-5MdBe+5BedM-5//oMdM 

= —* dB*-MdBe +1 d(MBe)- 5 ^0 MdM. (I3C. 10) 

Hence for the integral of H cf B over the interior of the spherical specimen 
we have 


/ 


dVHdB = ^a»— ‘dBe 

3 fif, 


-y a’MdBe 
+ ya’|d(MBe) 
-y a’y<oMdM. 


Finally adding (9) and (11), we obtain 


(13C. 11) 


j dVndBr=j' 


dVHdB- dVndB -- / JVlldB 


--- V — dBt — a’ M dBc. 

."j 3 


(I3C. 12) 
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In the absence of the specimen we should of course have only the first 
term of the right side of (12). The other term 

-ya’MtfB, (13C. 13) 

accordingly represents the work of interaction between the external field 
and the specimen. If we denote the magnetic moment of the whole specimen 
by m, wc have 


m = ya’M, (13C. H) 

SO that the work w done on the specimen by the external field when this 
is changed from to Bg + dBg is given by 

w = - mdBg, (13C. 15) 

Formula (15) is independent of any functional relation between m 
and Be. 

It may be mentioned in passing that even if the specimen had a uniform 
component of magnetization perpendicular to Be (permanent magnetization ), 
such a component would contribute nothing to the work. Formula (15) 
would still be valid, m denoting the component of the moment parallel to 
the external field Be. 



CHAPTER XIV 
RADIATION 


§ H. 01 General Considerations 

There are several alternative ways of approach to the thermodynamics 
of radiation. We shall choose the one according to which the radiation is 
regarded as a collection of photons. Each photon is characterized by a 
frequency, a direction of propagation and a plane of polarization. In vacuo 
all photons have equal speeds c. Each photon has an energy Ui related 
to its frequency v/ by Planck's relation 

Ui-hvt. (H.Ol.l) 

and a momentum of magnitude hv/lc. It is convenient to group together 
all the species of photons having equal frequencies, and so equal energies, 
but different directions of propagation and planes of polarization. We 
denote by the number of distinguishable kinds of photons having 
frequencies V/ and energies U/. More precisely g^dvl is the number of 
distinguishable kinds of photons having frequencies between v/ and 
v/+dv/and energies between Ui and Ui-\-dLIi. By purely geometrical 
considerations it can be shown * ** that in an enclosure of volume V 

c 

the factor 2 being due to the two independent planes of polarization. 


§ 14.02 Energy and Entropy in Terms of p/s 
We denote by n/ the number of photons having energies Ui and 
frequencies v/ interrelated by (14.01.1). Then the total energy U is 
given by 

U=2iniUi. (14.02.1) 

From the fact that photons obey Bose-Einstein statistics it can be 
shown •* that the entropy S of the system is given by 



(g; + n/)/ 
p,/n</ 


(14.02.2) 


Differentiating (1) and (2) at constant g^, that is to say constant V, 
we have 


dU = I, Ui dn.. 


dS , 91"^ 

= log- 

k Hi 


dn ,. 


(14.02.3) 
(14.02. 4) 


* See for example, Brilloum, Die Quantenstatistik (1931) Chapter II or Fowler afid 
Cugqenhtim, Statistical Thermodynamics (1939) §§401—403. 

** See for example, Brilloum. Die Quantenstatistik (1931) Chapter VI. 
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The condition for equilibrium is according to (1.43.1) that 5 should be a 
maximum for given U, V. Hence for the most general possible variation, 
the expressions (3) and (4) must vanish simultaneously. It follows that 

Ui Uh 


log 




log 


+ 


(alli.Jt), (H.02.5) 


and consequently using (3) and (4) 
Ui Ut drti 


log 


g, + n, 


Zi log- dn, 


= k 


dS ■ 


kT. 


(14.02.6) 


since at constant volume 


dU-TdS, (const. V). (14.02.7) 

From (6) we have 

— lL-—e-UiikT^ (14.02.8) 

Qi + n, 

and so 


_ 9i 

''i — eU,ikT_\- 

Substituting (9) into (1), we obtain 

U-Z 

U-Z, 


(14. 02.9) 


(14.02. 10) 


For the entropy we obtain from (2). using Stirling’s approximation for 
the factorials. 

o ^ + . V I + 

S = log-h log —— 

9i 

- Z, -Z, g, log (1 (14.02.11) 

by use of (6) and (8). 

For the free energy F we deduce from (1) and (11) 

F= U-TS = kTZi g, log (H. 02.12) 

§ 14.03 Thermodynamic Functions 

In the previous section we obtained formulae for the energy, entropy 
and free energy in terms of the Ut^s and g^s without making any use of 
(14.01.1) or (14.01.2). If we now substitute the values of Uiandg^, 
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given by these formulae, into the relations of the previous section we obtain 

F=^^kT r (H.03.1) 

^ Jo 

fj SnV f* hv^dv 

^=—(H.03.2) 


We can write (2) in the form 


U.= V 


^00 

-L 

Bnh h v’ 

~p eft'7*r_j ' 


(H.03. 3) 


(H. 03.4) 


which is Planck's formula from which quantum theory originated. 

§ 14.04 Evaluation of Integrals 
We can rewrite (14. 03. 1 ) as 


—?p—'- 


(14.04. 1) 


where / is the integral defined by 


/=:- rfMogd-^e'Orff. (14.04.2) 

Jo 

Using the power scries for the logarithm and then integrating term by 
term, we obtain 

/•» » t2 » 1 /** 

/=r/ Z —e~''«c/f= 2* — 7 / 7]^ drf 

Jo » = ' " '> = ' Jo 


® 1 

= 2 J—= — 

. = ,n^ 45* 

Substituting (3) into (1) we obtain finally 


(14.04.3) 


(14.04.4) 


§ 14.05 Stefan-Boltzmann Law 

We could obtain formulae similar to (14.04.4) for U and S by 
evaluation of the relevant integrals, but it is more con\enient to obtain 
these formulae by differentiation of (14.04.4). 

We first abbreviate (14. 04 4) to 


F^-^aTV 


( 14 , 05 . 1 ) 
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where a is a universal constant defined by 

a= = 7.569 X10-'5 erg cm.-^deg.-'* (14.05.2) 

From (1) we deduce immediately 

S=-(^)^ = iaPV. (H.05.3) 

U = F+TS = aT*V. (14.05.4) 

G- F + PV 0, (M. 05. 6) 

Formula (5) can be derived from classical electromagnetic theory. Formula 
(4) was discovered by Stefan and derived theoretically by Boltzmann. 
It is therefore called the Stefan^-Boltzmann law. 

From (4) we sec that aT^ is the equilibrium value of the radiation per 
unit volume in an enclosure. If a small hole is made in such an enclosure 
then it can be shown by simple geometrical considerations that the radiation 
emitted through the hole per unit area and per unit time is oT^ . where o is 
given by 

0 = ^ ac = 5.672 X 10“^ erg cm.”^ scc.”‘ deg.~^. 

in which c denotes the speed of light. This constant o is called the Sfe/an- 
Boltzmann constant, 

§ 14. 06 Adiabatic Changes 

Suppose radiation is confined by perfectly reflecting walls and the 
volume of the container is altered by moving a piston. If the radiation 
remains in thermal equilibrium its temperature will change. For such a 


reversible adiabatic change, we have 

5 = const. (14. 06. 1) 

From (14.05.3) and (1) it follows that 

VT^ = const, (adiabatic). (14. 06. 2) 
From (14.05.4) and (14,05.5) wc have 

P/T^ = const.. (14.06.3) 

so that PV/T = const, (adiabatic), (14.06.4) 

and PV^ = const, (adiabatic). (14.06.5) 


From (2), (3). (4). (5) it appears that the relations for a reversible 
adiabatic change in radiation are formally similar to those for a perfect 
gas such that the ratio CplC^ has the constant value |. This apparent 
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resemblance is however accidental for the ratio CpfCy of radiation is 
not In fact for radiation 

while 

since no increase in S, however great, can increase T without increasing P. 
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Acid-base equilibrium, 322 
Acid constant, 324 
Acid, Definition of, 322 
Acids and bases. Conjugate, 323 
Acids, Electrically neutral, 326 
Activities, Absolute, sec also 
Thermodynamic functions 
Definition and use of, 92 
Equilibrium product of, 259 
Gibbs-Duhem relation between. 25, 
175, 232 

in binary liquids, 183, 185 
in gas mixtures, 177, 235, 236 
in statistical thermodynamics, 59 
of ions, 297, 334 
Activities. Relative, 184 
Activity coefficients, see also Osmotic 
coefficient 

Behaviour of, at high dilutions. 201 
defined, 200 

Determination of, from osmotic 
coefficient, 253 
Equilibrium product of, 275 
for reactions in electrolyte solutions, 
305 

Illustrative symmetrical formulae for, 

201 

Illustrative unsymmetrical formulae 
for, 202 

in extremely dilute solutions, 291 
Relation of, to osmotic coefficient, 
294 

in non-ideal solutions, 199, 200, 239, 
244 

Pressure dependence of, 204 
Temperature dependence cf, 204 
in regular solutions, 208 
in solid solutions, 228, 254 
Temperature dependence of, 229, 
254 

in solutions of electrolytes, 301 
Comparison of, with theory, 317, 
320 

Debye’s limiting formula for, 310, 

311 

Experimental data for, 320 
Extensions to Debye’s formula for, 

312 et seq. 


Activity coefficients, 

in solutions of electrolytes, contd. 

Limiting laws for, at high dilutions, 
308 

Mean, 301 

not extremely dilute, 307 
of solvent, 320 

of solvent, related to osmotic 
coefficient, 321 
Practical and rational, 308 
Relation of mean, to ionic, 307 
Relation of, to osmotic coefficient, 
307 

Temperature dependence of, 302 
in solutions of large and small 
molecules, 213 
Ionic. 301 seq. 

of solute in non-ideal solutions, 246 
Temperature dependence of, 248 
of solvent in non-ideal solutions, 244 
Pressure dependence of, 245 
Temperature dependence of, 244 
Relation between, in binary solutions, 
200, 251 

Relation of, to osmotic coefficient, 
200, 244, 251, 294, 307 
Relations between, for solute and 
solvent, 249, 251 
Adiabatic behaviour of gas, 102 
Adiabatic changes, 

in closed system, 26 
in radiation, 393 

Adiabatic compressibility, 101 , 

Adiabatic demagnetization, 383 
Adiabatic process, Definition of, 5 
Advancement, Degree of, 34, 258 
Affinity, 

defined, 34 

of chemical reaction, 258 
related to E.M.F. of cell, 344 
Allotropic changes, 272, 273 
Avogadro’s number, 92 

Base, 

Acid-, equilibrium, 322 
Conjugate acid and, 323 
Definition, 322 
. Electrically neutral, 326 
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Bohr s magneton, 380 
Boiling point. 

Dependence of, on pressure for binary 
liquid, 188 

Dependence of, on pressure for pure 
liquid, 123 

Mixtures with stationary, 189, 237 
of extremely dilute solutions, 293 
of ideal dilute solutions. 241 
of ideal solutions, 199 
of non-ideal solutions, 245 
of solutions of electrolytes, 300 
of solutions of non-volatile solute, 192, 
204, 237 

Boltzmann’s constant, 54, 92 
Boltzmann statistics, 62 
Bose-Einstein statistics, 61 
Boyle’s law, 88, 97 
Boyle temperature of a gas, 96, 140 

Calorimetry, Units used in, 85 
Capillary rise due to interfacial tension, 43 
Carnot’s cycle, 77 
Catalysis, 32 

Cells, Electrochemical, 339 et seq., see 
also Electrochemical cells 
Changes, 

Adiabatic, 26 
Isothermal, 27 
Natural, 11 
Reversible, 10 

Reversible, and reversible processes, 

10 

Characteristic temperature, sec 
Temperature Characteristic 
Chemical content of a phase. 15 
Chemical equilibrium, 32, 258 et seq„ see 
also Equilibrium 
Chemical potentials, see also 
Thermodynamic functions 
defined, 17 

Gibbs-Duhem relation between, 25, 
175, 232 

in statistical thermodynamics, 57 ef 
seq. 

of ions, see Electrochemical potentials, 
331 

of salts in electrolyte solutions, 298, 
333 

Relation of, to absolute activities, 92 
Relation of, to equilibrium distribution I 
between phases, 30 j 

Chemical reactions, 32, 258 ct seq. ! 

between gases, 259 • | 


Chemical reactions, contd* 

between gases and solids, 268 
between solids or liquids. 271 
in a gravitational field, 360 
in solutions of electrolytes, 304 
Clapeyron's relation. 

Derivation of, 120 
for two condensed phases, 122 
for vapour equilibrium, 123 
Combustion, Heats of, 261 
Components of a system, 32, 288 
Composition scales for solutions, 290 
Compressibility, 

Adiabatic, 101 
Isothermal, 70 
of condensed phase, 111 
of gas, 94 
of perfect gas, 98 
Concentration, defined, 291 
Condensed phases, see Phases 
Condenser, 

Electric moment of charged, 371 
Parallel plate, in fluid, 361 
Parallel plate, in vacuo, 361, 370 
Work of charging, 362 
Conjugate acids and bases, 323 
Content, Chemical, of a phase, 15 
Cooperative systems, 278 
Corresponding states, see States, Principle 
of corresponding 

Critical conditions for liquefaction of gas, 
129 

from Dieterici’s equation, 138 
from van der Waals’ equation, 137 
Principle of corresponding states and, 
138 et seq. 

Critical mixing, 

in binary liquid, 207 
in regular solid solutions, 229 
in regular solutions, 210 
Critical point for gas, 129 
Crystals, see Solids 
Curie’s law, 382 

Curie temperature, 283, 380, see also 
Lambda point 
Cycle, 

Carnot’s, 77 
Isothermal, 7S 
Reversiiilc. 76 

Thermodynamic efficiency of, 77 
Dalton's law of partial pressures, 181, 234 
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Debye’s limiting law for electrolyte 
solutions, 309 

Comparison of, with experiment, 317 
Extension of, to higher concentrations, 
312 ef seq, 

for mixed electrolytes, 311 
for single electrolyte, 310 
Debye’s model for crystals, IH 

Comparison of, with Einstein’s model, 
118, 119 

Comparison of, with experiment, 117 
Degree of advancement, 34, 258 
Degrees of freedom, 288 
Classical, 64 
of a closed phase, 16 
Separable, 63 
Translational. 64 
Unexcited, 64 

Demagnetization, Adiabatic, 383 
Diamagnetic substances, 379 
Dielectric coefficient, 362, 364, 372 
Dielectric constant, 361. 364, 372 
Dieterici’s equation of state, 136, 139 
Dilution, Partial molar heat of, 244, 254 
Displacement, Electric, 362, 372 
Distribution, 

Nernst’s, law, 242 

of electrolyte between two solvents. 
303 

Temperature dependence of, 304 
of solute between ideal dilute 
solutions, 242 

Temperature dependence of, 243 
of solute between non-ideal solutions, 
248 

Temperature dependence of, 249 
Donnan’s membrane equilibrium, 337 
Duhem-Margules relation, 186, 232 

Efficiency, Thermodynamic, of cycle, 77 

Eigenfunctions, 59 

Einstefn’s model for crystals, 118 

Comparison of, with Debye’s model, 
118, 119 

Electric displacement, 362, 372 
Electric field strength, 361, 368 
Electric moment of charged condenser, 371 
Electrk polarization, 371 
Electric work, 373 

Derivation of formulae for, 385 
Electrochemical cells, 339 et seq. 

Application of Nemst’s theorem to, 
345 


Electrochemical cells, confd. 

Determination of transport numbers 
using, 352 

Electrode potentials in, 341 
Electromotive force of, 340, 342 
Liquid-liquid junction potentials in, 
341 

Thermodynamic functions for, 344 
Transition layers in, 352 
without transference, 347 
with transference, 349 
with different electrodes, 353 
with similar electrodes, 349 
Electrochemical potentials of ions, 331 
Electrochemical systems, 330 et seq., sec 
also Electrochemical cells 
Contact equilibrium in, 338 
Non-osmotic membrane equilibrium in, 
336 

Osmotic membrane equilibrium in, 337 
Electrode potentials, 341 
Electrolytes, 296 et seq., see also 
Solutions, Electrolyte 
Strong, 296 
Weak, 325 
Electromotive force, 

of cells without transference, 347 
of cells with transference, 349, 353 
of electrochemical cells, 340, 342 
related to thermodynamic functions, 
343, 344 

Electronic contributions to energy and 
entropy, 110, 146 
Electrostatic field, 361 et seq. 

Analogues of Maxwell's relations for, 

363 

Energy and free energy density in, 

364 

Properties of condensers in. 361 
Thermodynamic functions for, 362 
perfect gas in, 365 
Work of charging condenser in, 362 
Electrostatic work, Derivation of formulae 
for, 385 

Electrostriction. 364 
Electrovalency of ions, 297 
Energy, 7 

constants, 144, 262 
density in electrostatic systems, 365 
Free, 19, sec also Helmholtz function; 
Gibbs function; Thermodynamic 
functions 

Internal, 19, see also Thermodynamic 
functkms 
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Energy, contd. 

Thermal, 7 

Total, 19, see also Thermodynamic 
functions 

Useful, 19, see also Gibbs function; 
Thermodynamic functions 
Entropy, see also Thermodynamic 
functions 

and second principle of 
thermodynamics, 11 . 
and thermodynamic probability, 50 
and third principle of thermodynamics, 
46, 158 

Atmospheric molar, 264 
changes, 

at transition points. 82, 122, 272, 
273 

in highly disperse systems, 46 
in very cold systems, 46 
constants, 144, 262 
Effect of isotopes on, 147, 157 
for exceptional cases, 151 
for hydrogen. 154 

Numerical values in, 148, 152, 153 
of monatomic substances, 146 
of polyatomic substances, 149 
Conventional values of, 147 
defined, 11 

Dependence of, on pressure, 72, 86 
Dependence of, on temperature, 81 
in magnetic field, 383, 384 
Molar, of mixing, 148, 182, 197, 235, 
238 

of crystals, 

at very low temperatures, 113 
from Debye's formula, 115, 117 
from Einstein’s formula, 118, 119 
of evaporation, 82, 123 

at corresponding temperatures, 143 
Dependence of, on temperature, 125 
of fusion, 82, 122 

at corresponding temperatures, 144 
Dependence of, on temperature, 125 
of mixing, 

of isotopes, 46, 148 
for ideal solutions, 197, 238 
for perfect gases, 182, 235 
for solid solutions, 228 
of simple paramagnetic substances, 
383 

of sublimation, 123, 145 
related to other thermodynamic 
functions, 17 et seq. 

Standard molar, 263 


Entropy, contd. 

Translational, of gas, 66 
Zero, Convention for, 145, 149, 150 
Equation of state, see State, Equation of 
Equilibrium, 

Acid-base, 322 

and reversible changes, 10, 13 
between electrolyte solution, 
and pure solid electrolyte, 304 
and pure solid solvent, 300 
and vapour of pure solvent, 300 
between extremely dilute solution, 
and pure solid, 293 
and vapour of pure solvent, 293 
between ideal dilute solution, 
and pure solid, 241 
and vapour of pure solvent, 241 
between ideal solution, 
and pure solid, 198, 239 
and vapour of pure solvent, 199 
between non-ideal solution, 
and pure solid, 204, 245 
and vapour of pure solvent, 204, 245 
between phases, Gibbs’ phase rule for, 
232 

between pure liquid and vapour, 123 
between saturated solution and vapour 
of pure solvent, 257 
between solution, 
and pure solid, 191, 204, 237, 245 
and vapour, 188, 204, 237, 245 
and vapour of pure component, 192, 
204 

between three pure phases, 126 
between two condensed pure phases, 
122 

between two phases, 

at different pressures, 134 
of same composition, 254 
between two pure phases, 120 
Relation between temperature and 
pressure for, 120 
Chemical, 32, 93, 258 et seq. 
Conditions for, 27, 29 
in chemical reactions, 32, 93 
constants, 260, 264, 268, 274 
Temperature coefficient of, 265. 
269 . 274 

Cop.tuel. Ill pIc' 'v-u.. Iioni’cj.l -y- ’.lmus, 
S S.S 

dc(]:'ee o! urJp:, 

-iiriDii between phases, 30 
u. va iinition of solute between solvents, 
tor electrolyte solutions, 303 
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Equilibrium, 

distribution of solute between solvents, 
contd. 

for ideal dilute solutions, 242 
for non-ideal solutions, 248 
Donnan’s membrane, 337 
for chemical reactions, 32, 93, 259 ei 
seq. 

between gases, 259 
Numerical example of, 265 
between gases and solids, 268 
Numerical example of, 269 
between pure solids, 271 
Numerical example of, 273 
in electrolyte solutions, 304. 322 
in gravitational field, 360 
in ideal dilute solutions, 274 
in liquid solutions, 274 
Frozen, 32 
Gaseous, 259 

General conditions for, 27. 29 
Heat capacities of two phases in. 124 
Heterogeneous, involving solutions. 
275 

Hydrolytic, 322 
Hydrostatic, 30 
in gravitational field, 356 
Membrane, 31 

in electrochemical systems, 336 
Metastable, 29, 128, 132 
Osmotic, 193 
product, 
defined, 259 

in electrolyte solutions, 305, 322 
in non-ideal solutions, 275 
Stable and metastable, 29, 128, 132 
Thermal, 5 
Evaporation, 

Heat and entropy of, 82, 123 
at corresponding temperatures, 143 
Dependence of, on temperature, 125 
Expansion, Coefficient of thermal, 70 
at low temperatures, 160 
of a condensed phase, 112 
of a gas, 94 
of a perfect gas, 98 

Ferml-Dirac statistics, 61 
Ferromagnetic substances, 379 
Field, 

Electrostatic, 361 et seq. 
Gravitational 355 et seq. 

Magnetic, 367 ei seq. 


Films, 

Insoluble, 224 
Spreading pressure of, 224 
Two-dimensional condensed, 225 
Vapour pressures of, 226 
Two-dimensional gaseous, 225 
First principle of thermodynamics, 7, 45 
and statistical thermodynamics. 52 
Formation. Heat of, 261 
of solutions, 257 
Freedom, Degrees of, 288 
Classical, 64 
of a closed phase, 16 
Separable, 63 
Translational, 64 
Unexcited, 64 

Free energy, defined, 18, see also 

Helmholtz function; Thermodynamic 
functions 
Freezing point, 

Dependence of, on pressure for pure 
liquid, 122 

Mixtures with stationary, 227 
of electrolyte solutions, 300 
Experimental data for, 318 
of extremely dilute solutions, 293 
of ideal dilute solutions, 241 
of ideal solutions, 198, 239 
of liquid mixtures, 191, 237 
of non-ideal solutions, 204, 245 
Fugacity, 

coefficients, 247 
defined, 98 

in binary liquids, 183 
in gaseous mixtures, 179, 235 
in idealized gaseous mixtures, 180 
of condensed phases, 136 

Dependence of, on pressure and 
temperature, 136 
of gases, 98 

Dependence of, on pressure and 
temperature, 98 

Fusion, 

Heat and entropy of, 82, 122 
at corresponding temperatures, 144 
Dependence of, on temperature, 125 

Gas constant, 91 
Gases, 

Activities of, 92 

Dependence of, on temperature, 102 
Adiabatic behaviour of, 101 
Boyle temperatures of, 96, 140 
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Gases» contd. 

Chemical reactions between, 259 er 
seq. 

solids and, 268 
Corresponding states of, 138 
Critical conditions for, 129, 140 
from Dieterici's formula, 136 
from van der Waals’ formula, 136 
Dalton’s law for mixtures of, 181, 234 
Dieterici’s formula for. 136 
Electronic contributions to energy of, 

no 

Entropy constants of, 144, 262 
monatomic, 146, 262 
polyatomic, 149, 262 
Entropy of mixing for perfect, 182, 
235 

Entropy, Choice of standard, for, 263 
Equation of state for, 91 
Dieterici’s, 136 
Van der Waals*, 96, 136 
Equilibrium between reacting, 259 
Fugacities of, 98 
Idealized mixtures, of 179, 236 
in electrostatic systems, 365 
in gravitational field, 357 
Inversion temperatures of, 96 
Isothermal behaviour of, 88 
Isotherms for, 129 

Joule-Thomson coefficients of, 94 I 
Joule-Thomson experiment with, 89 
Mixtures of, 176, 233 
Activities in, 177 
perfect, 181, 235 
Dalton's law for, 181, 234 
Entropy of mixing for perfect, 182, 

235 

Fugacities in, 179, 235 
idealized, 180 
Idealized, 179, 236 
Partial pressures in, 179,, 235 
Perfect, 180, 233 
Second virial coefficients in, 176. 

236 

idealized, 179 

Thermodynamic functions for, 176, 
236 

idealized. 180, 236 
perfect, 180, 233 
Perfect, 97 

Mixtures of, 180, 233 j 

Pressure, Choice of standard, for, 263 
Relation between and Cj. for. 
Rotational energy in molecules of. 104 j 


Gases, contd. 

Second virial coefficients of, 89, 140 
Dependence of, on temperature, 95 
Thermodynamic functions for, 
diatomic, 104 

mixtures of, 176, 236, see also Gases, 
Mixtures of 
monatomic, 103 
perfect, 97, 100 
polyatomic, 106, 107 
real, 88, 93, 99 
Translational, 64 
Two-dimensional, 225 
Van der Waals' formula for, 96, 136 
Vibrational energy in molecules of, 
104 

Virial coefficients of, 89, 140 
Gas thermometer, 91 
Perfect, 3 

Gibbs-Duhem relation, 25, 175, 232 

Analogue of, for surface phases, 39 
for electrolyte solutions, 305 
Gibbs function, defined, 18, see also 
Thermodynamic functions 
Gibbs-Helmholtz relation, 72, 74 
for E.M.F. of cell, 344 
Gibbs’ phase rule, 232 
Gravitational field, 355 et seq. 

Chemical reactions in, 360 
Equilibrium in, 356 
Ideal solutions in, 359 
Mixtures in, 357 

Mixtures of perfect gases in, 358 
Phases in, 355 
Single component in, 357 
Thermodynamic functions in, 355 

Harmonic oscillator. Contributions of, to 
thermodynamic functions, 109 
Heat, 7 

Conversion of work to, 8 
flow and temperature, 13 
Mechanical equivalent of, 85 
of combustion, 261 
of evaporation, 82, 123, 140, 192 
Dependence of, on temperature, 125 
of formation, 261 
of a solution, 257 
of fusion, h?, 122. 144. 192 
DepcTKlericc of, on temperature, 125 
of reattion, 260 

at infinite dilution, 275 

at infinite dilution, electrolytes, 305 
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Heat. 

of reaction, contd. 

Dependence of, on temperature, 261 
of solution of solid electrolyte. 304 
of sublimation, 123, 145 
of transition, 272 
Partial molar, 
of dilution, 244 
in solid solutions, 254 
of mi'xing, 

in non-ideal solutions, 229 
in regular solid solutions, 229 
in regular solutions, 209 
of transfer, 243, 248 
in solid solutions, 254 
in solutions of electrolytes, 304 
Heat capacity. 

at constant pressure. 84 

at constant volume, 86 

at saturation, 124 

of monatomic gases, 103 

of polyatomic gases, 106 

of two phases in equilibrium, 124 

of water, 85, 86 

Relation between C^and 87 
for gases, 100 
for perfect gases, 101 
Heat content, see Heat function 
Heat function, see also Thermodynamic 
functions 
defined, 18 

Zero convention for, 145 
Helmholtz function, defined, 18, see also 
Free energy; Thermodynamic functions 
Henry’s law, 240 
coefficients, 240 

Dependence of, on temperature, 243 
in Nemst’s distribution law, 242 
Deviations from, 246 
for regular solutions, 209 
related to Raoult’s law, 247 
Hess’ law, 260 
Heterogeneous equilibrium, 

between solids and gases, 268 
involving solutions, 275 
Hydrogen, 

Para-ortho equilibrium in, 105, 155 
Thermodynamic functions for, 154 
Hydrolysis, 322 
Hydrostatic equilibrium, 30 
Hysteresis, 373 

Ideal solutions, ^ee Solutions, Ideal 
Inter facial layers, 35, 163 


Interfacial layers, contd. 

Analogue of Gibbs-Duhem relation 
for, 39 

between liquid mixture and vapour, 
214, 255 

Example of, (watcr-alcohol), 218 
between liquid mixtures, 220, 256 
Curved, 39 

Gibbs’ treatment of, 44 
in binary systems, 214 
Accurate formulae for, 221 
in electrolyte solutions, 326 
in extremely dilute solutions, 295 
in one component systems, 163 
Insoluble, 224 
Plane, 36 

Thermodynamic functions for, 37 
Interfacial tension, 
defined, 36 

Determination of, 43, 44 
for liquid-liquid interface, 220, 256 
Dependence of, on temperature, 221, 
256 

for liquid-vapour interface, 214, 255 
Dependence of, on composition, 217, 
256 

Dependence of, on temperature, 216, 
255 

Example of, (w’ater-alcohol), 218 
for pure liquid-vapour interface. 163 
Corresponding states applied to, 169 
Dependence of, on temperature, 163 
Empirical equations for, 167 
of curved interface, 39, 44 
of electrolyte solutions, 326 
of extremely dilute solutions, 295 
of plane interface, 36 
Inversion temperature of a gas, 96 
Ionic solutions, S'ee Solutions, Electrolyte 
Ionic strength, defined, 311 
Ionization product of water, 324 
Ions, 

Absolute activities of. 297, 334 
Activity coefficients of, 301 
Electrochemical potentials of, 331 
Elcctrovalcncies of, 297 
Specific interaction of, 316 
Transport numbers of, 350 
Isothermal behaviour of gas, 88, 93, 99 
Isothermal changes in closed system. 27 
Isothermal compressibility, 71 
of a gas. 94 
of a perfect gas, 98 
Isothermal cycle, 78 
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Isotherms, 

of carbon dioxide, 129 
Stable and metastable, 133, 206 
Isotopes, Mixtures of, 46, 147, 157 

Jacobians, use of, in thermodynamics, 74 
Joule-Thomson coefficient of gases, 94 
Jcule-Thomson throttling experiment, 89 

Kelvin scale of temperature, 12, 90 
Kirchhoff’s relations, 261 
Lambda point, 278, 281, 380 
Conditions for, 283 
contrasted with phase change, 284 
Dependence of, on pressure, 285 
Liquid-liquid junction potentials, 341 
Liquids, see also Phases, Condensed; 
Solutions 

Binary, 183 seq. 

Boiling point of, 123 
Corresponding states of, 139, 140 
Critical mixing of, 207, 210 
Fugacity of, 136 
Mixtures of, 183, 236 see also 
Solutions 

Thermodynamic functions for, 111, 
113 

Two dimensional, 225 
Vapour pressure of, 123 
Dependence of, on pressure, 135 
Dependence of, on temperature, 123 

Magnetic coefficient, 373 
Magnetic constant, 373 
Magnetic field intensity, 373 
Magnetic field. Spherical specimen in 
uniform, 377, 387 
Magnetic induction, 368 
Magnetic moment of solenoid, 371 
Magnetic permeability, 369, 373 
Magnetic quantities. Dimensions of, 369 
Magnetic saturation, 377, 382 
Magnetic systems, 367 et seq. 

Rational and irrational definitions for. 
368, 386 

Thermodynamic functions for, 375 
Magnetic vector potential, 369 
Magnetic work, 373 

Derivation of formulae for, 385 
Magnetization, 373 
Permanent, 380 
Magneton, Bohr’s, 380 
Magnetostriction, 375 


Massieu function, see also Thermodynamic 
functions 
defined, 18 

Use of, in statistical thermodynamics, 
53 

Maxwell's relations, 71 

Analogues of, for electrostatic 
systems, 363 

Mean molar quantities, 174, 230 
relation of, to partial molar 
quantities, 174, 230 

Melting point, see also Freezing point 
Stationary, in solid solutions, 227 
Membrane equilibrium, 31 

in electrochemical systems, 336, 337 
Metastable and stable equilibria, 29, 128 
Metastable and stable isotherms, 133, 206 
Mixing, 

Critical temperature for, 

in regular solutions, 210, 229 
in solutions, 207 
Entropy of, 

for ideal solutions, 197, 238 
for isotopes, 46, 148 
for perfect gases, 182, 235 
for solid solutions, 228 
Partial molar heat of, 

for non-ideal solutions, 229 
for regular solid solutions, 229 
for regular solutions, 209 
Mixtures, 

Gaseous, see Gases, Mixtures of 
Liquid, see Solutions 
of isotopes, 46, 147, 157 
Solid, see Solutions, Solid 
Thermodynamic functions for, sec 
Thermodynamic functions 
Molality, 290 
Ionic, 296 

Mole fractions, 24, 173 

as independent variables, 231 
Moutier's theorem, 78 
Multiplicities of paramagnetic ions, 381 

Nernst’s distribution law, 242 

Extension of, to non-ideal solutions, 
248 

For solutions of elcrtrolvtcs, 303 
Nernst's hcdt thcoroni. 13,S, . ^ also Third 
prinLipk’ of tficniK'-Llyiianiics 

ApplRdtion ol, to electrochemical 
cells. 

NiKlcar spin, H6 
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Order, 

Degree of, 280 

Dependence of, on temperature, 281 
"disorder transitions, 276 
Long-range, 229 
Orientational weight, H5 
for exceptional cases, 151 
for hydrogen, 154 

Osmotic coefficient of solvent, see also 
Activity coefficients 
defined, 200 

Experimental determination of, 252 
in electrolyte solutions, 300 
Experimental data for. U9 
from Debye's limiting law, 310 
Limiting behaviour of, 308 
Practical and rational definitions of, 
308 

Relation of, to activity coefficient, 
of solute, 306 
of solvent, 321 

in extremely dilute solutions, 294 
Relation of, to activity coefficients, 
294 

in non-ideal solutions, 294 
Relation of. to activity coefficient, 
of solute, 251 
of solvent, 200, 244 
Osmotic equilibrium, 193 
Osmotic membrane equilibrium, 337 
Osmotic pressure, 194 

of extremely dilute solutions, 294 
of ideal dilute solutions, 242 
of ideal solutions, 199, 239 
of'non-ideal solutions, 205, 238, 246 
of regular solutions, 210 
of solutions of electrolytes, 301 
Two-dimensional, of insoluble films, 
224 

Paramagnetic substances, 379 
Curie's law for, 382 
Entropy of, 383 
Properties of, 380 

Partial differential coefficients, Identities 
between, 68 

Partial molar areas of components at 
interface, 218 

Partial molar heat function in solutions, 
see Heat> Partial molar 
Partial molar quantities, 
at high dilutions, 175 
Definition and use of, 170, 230 


Partial molar quantities, contd. 

Dependence of, on composition, 173 
Gibbs-Duhem relation between, 176, 
232 

Relations between, 172, 230 
Relations of, to mean molar quantities, 
174 

Partial pressure, see Pressure, Partial 
Partial v^apeur pressure, sec Vapour 
pressure, Partial 
Partition coefficient, 

for ideal dilute solutions, 242 
Dependence of, on temperature, 243 
for non-ideal solutions, 249 
for solutions of electrolytes, 303 
Partition functions. 50 et scq. 
of units, 62 

related to thermodynamic potentials, 
58. 62 
Permeability, 

of empty space, 369 
of matter, 373 
Permittivity, 

of empty space, 361, 368 
of fluid. 361 
of matter, 372 
of perfect gas, 365 
Phase, 

Chemical content of, defined, 15 
defined, 4, 14 
Pressure of, defined, 15 
Phase changes, 

compared with changes of higher 
order, 287 

compared with lambda points, 283 
Phase rule, Gibbs’, 232 
Phases, 

Closed, 16 
and open, 16 

Degrees of freedom of, 16 
Condensed, see also Liquids; Solids 
Compared with gases, 88, 111 
Compressibility of. 111 
Fugacity of, 136 

Thermodynamic functions for, 111, 
113 

Vapour pressure of, 123, 142 
Conditions for equilibrium between, 
binary liquid and pure solid, 191, 
204 

for ideal solution, 198 
for non-ideal solution, 204 
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Phases, contd. 

binary liquid and vapour of pure 
solvent 188, 192 
for ideal solution, 199 
for non-ideal solution, 204 
binary liquid, pure solid and vapour 
of pure solvent. 257 
three pure, 126 
two pure, 120 

Conditions for internal stability of, 
binary liquid, 205 
pure, 79 

regular solution, 210, 229 
Electrically charged, 330 
Equilibrium distribution between, 30, 
242, 248 

at different pressures, 134 
Gaseous, see Gases 
in gravitational field, 355 
Potential difference between two, 332 
Reactions between, 
gaseous and solid, 268 
solid or liquid, 271 

Surface, 35, 163, 214, 255, see also 
Interfacial layers 
in electrolyte solutions, 326 
insoluble, 224 

Thermodynamic functions for, 38 
Planck function, see also Thermodynamic 
functions 
defined, 18 

Use of, in statistical thermodynamics, 
56 

Planck's radiation formula, 392 
Polarization, Electrical, 371 
Potential difference, 

between two phases, 332 
between two plates of condenser, 361 
Potentials, 

Electrochemical, defined, 331 
Electrode, 341 
Gravitational, 355 
Liquid-liquid junction, 341 
Thermodynamic, defined, 17, see also 
Thermodynamic functions 
Volta, 336 
Pressure, 

Critical, 130, 140 
Dependence on, 

of activity coefficients, 204, 245 
of boiling point of pure liquid, 123 
of freezing point of pure solid, 12? 
of lambda point, 285 


Pressure, contd. 

of partial vapour pressures of 
solution, 187 

of thermodynamic functions, 71 
of vapour pressure of pure liquid, 
135 

of volume of condensed phase. 111 
of volume of gas, 92, 97, 177 
of phase, defined, 15 
of radiation. 393 

on semi-permeable membrane, 194 
Osmotic, see Osmotic pressure 
Partial, 

Dalton’s law of, 181, 234 
in gas mixtures, 179, 235 
in idealized gas mixtures, 180 
in perfect gas mixtures, 181, 234 
Partial vapour, see Vapour pressures. 
Partial 

Spreading, of insoluble film, 224 
Standard, Choice of, 263 
Vapour, see Vapour pressure 
within a bubble, 42 
Probability, Thermodynamic, 50 

related to thermodynamic potentials, 
58 

Processes, 

Adiabatic, 5 
Infinitesimal, 5 
Natural, 9 
Reversible, 9 

and reversible changes, 10 
in electrochemical cells, 343 
Thermodynamic, 4 
Unnatural, 9 
Properties, 

Extensive, 11, 15 
Intensive, 15 

Radiation, 390 et seq. 

Adiabatic changes in, 393 
Stcfan-Boltzmann law for, 392 
Thermodynamic functions for, 390 
Raoult’s law, 197 

Deviations from, 246 
for regular solutions, 210 
for ideal dilute solutions, 241 
Relation of, to Henry’s law. 246 
Reactions. Chemical, 25S ct sec also 

Chemical reactions 

Regular solulions, ?riS, >c(' also Solutions, 
Regular 

Reversible chcinges, 10 
Reversible cyt^ies. 12, 76 
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Reversible processes, 9. 10 

in electrochemical cells, 343 
Rotation in gas molecules, 104 

Characteristic temperature for, 104, 
105, 107, 108 

Second principle of thermodynamics, 11, 45 
and statistical thermodynamics, 52 
Solenoid, Magnetic properties of, 371 
Solids, sec also Phases, Condensed 
Chemical reactions, 

between gases and, 268 
between pure, 271 
Corresponding states for, 118, 144 
Debye's model for crystalline, 114 
Einstein’s model for crystalline, 118 
Energy zero for crystalline, 145 
Entropy zero for crystalline, 146 
Fugacity of, 136 

Melting point of, sec also Freezing 
point 

Dependence of, on pressure, 122 
Solubility of, 248 

Thermodynamic functions for. 111, 
113 

at intermediate temperatures, 114, 
118 

at very low temperatures, 113 
Zero entropy for crystalline, 145 
Solid solutions, 226, 254, see also 
Solutions, Solid 
Solubility of pure solid, 248 
Solubility product, 304 
Solute, 183, 236 

Solutions, Chemical equilibria in, 274, 275 
Electrolyte, 304, sec also 
Solutions, Electrolyte 
Extremely dilute, 291, see also 
Solutions, Extremely dilute 
Solutions, Electrolyte, 296 ct seq., sec also 
Electrochemical 
Acid4)ase equilibrium in, 322 
Acid constants in, 324 
Activities and chemical potentials in, 
297 

Activity coefficient of solvent in, 320 
Relation of, to osmotic coefficient, 
321 

Activity coefficients in, 301 
Comparison of theory and 
experiment for, 317, 320 
Debye's limiting law for, 310, 312 
Experimental data for, 320 


Solutions, Electrolyte, contd. 

Extensions to Debye's formula for, 
312 et seq. 

Limiting laws for, at high dilutions, 
309 

Mean, 301 

not extremely dilute, 307 
Practical and rational, 308 
Relation of mean, to ionic, 307 
Relation of, to osmotic cocfficent, 
307 

Temperature dependence of, 302 
Boiling point of, 300 
Chemical potential of salt in, 297, 
334 

Chemical reactions in, 304 
Chemical reactions involving solvent 
in, 322 

Concentration scales used for, 296 
Debye’s limiting law for, 310 
Extensions to, 312 et seq. 
Distribution of solute between, 303 
Donnan’s membrane equilibria in, 338 
Electrical neutrality in, 297 
Electrochemical potentials of ions in, 
332 

Equilibrium, 

Acid-base, in, 322 

between solid electrolyte and, 304 

Chemical, in, 304 

for reactions involving solvent in, 
322 

Non-osmotic membrane, in, 336 
Osmotic membrane, in, 337 
Freezing point of, 300 
Gibbs-Duhem relation for, 305 
Heat of solution at infinite dilution 
for, 305 

Heat of solution foi, 304 
Hydrolysis in, 322 
Ideal and non-ideal, 300 
Ideal dilute, 307 

in electrochemical systems, 330 et seq, 
see also Electrochemical 
Ionic absolute activities in, 297, 334 
Ionic strength of, 311 
Ionization product of water in, 324 
Limiting laws for, at high dilutions, 
309 

Mean activity coefficient in, 301 
Membrane equilibria in, 336 
Non-osmotic, 336 
Osmotic, 337 
not extremely dilute, 307 
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Solutions, Electrolyte, contd. 

Osmotic coefficient of solvent in, 300, 
306 

Experimental data for, 319 
Relation of, to activity coefficient 
of solvent, 321 

Relation of, to ionic activity 
coefficients, 307 
Osmotic pressure of, 301 
Partial molar heat function in, 303 
Partial molar heat of transfer in, 304 
Reactions, Chemical, in, 304 
Thermodynamic functions for, from 
E.M.F.S, 344 

Reactions involving solvent in, 322 
Solubility product in, 304 
Solvation in, 322 
Solvolysis in, 322 

Specific interaction of ions in. 316 
Comparison with experiment for, 
317 

Surface phases in, 326 
Thermodynamic functions for chemical 
reactions in, from E.M.F.s, 344 
Transference numbers in, 350 
Determination of, 352 
Weak electrolytes in, 325 
Solutions, Extremely dilute, 290 et beq. 
Activity coefficient of solute in, 291, 
294 

Boiling point of, 293 
Chemical equilibria in, 291 
Composition scales for, 290 
Freezing point of, 293 
Ideal, 292, 295, see also Solutions, 
Ideal extremely dilute 
Osmotic coefficient of solvent in, 292, 
294 

Osmotic pressure of, 294 
Properties of solute in, 291 
Properties of solvent in, 292 
Surface tension of. 295 
Solutions, Gaseous, see Gases, Mixtures of 
Solutions, Heterogeneous equilibria 
involving, 275 
of electrolytes, 304 
Solutions, Ideal, 195, 238 
Activities in, 195 
Boiling point of, 199 
dilute, 240, see also Solutions, Ideal 
dilute 

dilute, of electrolytes, 307, see also 
Solutions, Electrolyte 
Entropy of mixing for, 197. 238 


Solutions. Ideal, contd. 

Equilibrium between, and pure solid 
phase, 198 

Equilibrium between, and vapour of 
solvent, 199 

extremely dilute, 290, see also 
Solutions, Ideal extremely dilute 
Freezing point of, 198, 239 
in gravitational field, 357, 359 
Mixing properties of, 197 
Molar entropy of mixing for, 238 
of electrolytes, 300, see also 
Solutions, Electrolyte 
of several non-reacting components, 
238 

of two non-reacting components, 195 
Osmotic pressure of, 199, 239 
Partial molar heat of mixing of, 197, 
238 

Partial vapour pressures of, 197 
Raoult’s law for, 197, 238, 246 
solid, 228, see also Solutions, Solid 
Surface tension of, 218 
Thermodynamic functions for, 196 
Solutions, Ideal dilute, 240 
Activity of solute in, 240 
Temperature dependence of, 243 
Boiling point of, 241 
Chemical equilibria in, 274 
Distribution of solute between, 242 
Temperature dependence of, 243 
Freezing point of, 241 
Henry’s law for, 240, 246 
Mixing properties of, 240 
Nernst’s distribution law for, 242 
of electrolytes, 307, see also 
Solutions, Electrolyte 
Osmotic pressure of, 242 
Raoult’s law for, 241, 246 
solid, 254, see also Solutions, Solid 
Vapour pressure of solvent in, 241 
Temperature dependence of, 243 
Solutions, Ideal extremely dilute, 292, 295 
in gravitational field, 357, 358 
Van't Hoff’s laws for, 295 
Solutions, Non-ideal, 199, 239, 244 

Activity coefficients for, 199, 200, 239 
Dependence on pressure of. 204, 245 
Dependence on temperature cjf. 204, 
244. 24S 

Liinitincj beluic lOur of, 201 
Relation between. 20t\ 249 
Relation of, to osmotic coefficient, 
244. 251. 253 
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Solutions, Non-ideal, 

Activity coefficients for, contd, 
solute in, 246 
solvent in, 244 

Symmetrical formulae for, 201 
Unsymmctrical formulae for, 202 
Boiling point of, 204, 245 
Chemical equilibria in, 275 
Critical mixing in, 207 
Critical temperature of mixing in, 207 
Distribution of solute between, 248 
Dependence of, on temperature, 249 
Equilibrium of, with pure solid phase, 
204, 245 

Equilibrium of, with vapour of pure 
component, 204. 245 
Equilibrium product in, 275 
Extremely dilute, 290. sec also 
Solutions, Extremely dilute 
Freezing point of, 204, 245 
Heat of formation of, 257 
Heat of reaction at infinite dilution 
in, 275 

Interfacial layers in, 214, 255 
Internal stability of, 205 
Liquid-liquid interfaces in, 220, 256 
Interfacial tension of, 221, 256 
Liquid-vapour interfaces in. 214, 255 
Numerical example of, 218 
Surface tension of, 214, 255 
Nernst's distribution law for, 249 
of electrolytes, 300, see also 
Solutions, Electrolyte 
of large and small molecules, 212, see 
also Solutions of large and small 
molecules 

of several non-reacting components, 
239, 244, sec also Solutions of 
several non-reacting components 
of two non-reacting components, 183, 
199, see also Solutions of two non- 
reacting components 
Osmotic coefficient for solvent in, 
199, 200, 205, 244 
Experimental determination of, 252 
Relation of, to activity coefficients, 
244, 251, 253 

Temperature dependence of, 245 
Osmotic pressure of, 205, 246 
Partial molar heat of dilution in, 244 
Partial molar heat of mixing in, 204 
Partial molar heat of transfer In, 248 
Partial vapour pressures in, 247 
Properties of solute in, 246 


Solutions, Non-ideal, contd. 

Properties of solvent in, 244 
solid, 228, 254 see also Solutions, 
Solid 

Solubility of pure solid in, 248 
Surface tension of, 214, 255 

Dependence of, on composition, 217, 
256 

Dependence of, on temperature, 216, 
255 

Vapour pressure of saturated, 257 
Solutions of large and small molecules, 212 
Activity coefficients for, 213 
Thermodynamic functions for, 213 
Solutions of several non-reacting 
components, 236 et seq. 

Activity coefficients for, see Solutions, 
Non-ideal 

Boiling point of (non-volatile solute). 
237 

Deviations from ideality see 
Solutions, Non-ideal 
Extremely dilute, 290, see also 
Solutions, Extremely dilute 
Freezing point of, 237 
Ideal, 238, sec also Solutions, Ideal 
Ideal dilute, 240, see also Solutions, 
Ideal dilute 

Interfacial layers in, 255 
Liquid-liquid interfaces in, 256 
Non-ideal, 199, 239, 244, sec also 
Solutions, Non-ideal 
Osmotic pressure of, 238 
Solid, 254, see also Solutions. Solid 
Stationary boiling point in, 237 
Stationary vapour pressure in, 237 
Surface tension of, 255 
Dependence of, on composition, 256 
Dependence of, on temperature, 255 
Solutions of two non-reacting components, 
183 et seq. 

Activities and fugacities in, 183 
Dependence of, on external pressure, 
187 

Dependence of, on temperature, 190 
Activity coefficients for, see Solutions, 
Non-ideal 

Boiling point of. 192 
Critical temperature of mixing for, 207 
Deviations from ideality in, see 
Solutions, Non-ideal 
Duhem-Margules relation for, 186 
Equilibrium between, and pure solid 
phase, 191 
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Solutions of two non-reacting comp., conid. 
Equilibrium between, and vapour of 
pure component. 192 
Extremely dilute, 290, see also 
Solutions, Extremely dilute 
Freezing point of. 192 
Ideal, 195, see also Solutions, Ideal 
Ideal dilute, 240, see also Solutions, 
Ideal dilute 

Illustrative symmetrical formulae for, 
201 

Illustrative unsymmetrical formulae for, 
202 

in gravitational field, 357, 359 
Intcrfacial layers in, 214 ei seq. 
Interfacial tension of. 221 
Internal stability of, 206 
Liquid-liquid interfaces in, 220 
Liquid-vapour equilibrium in, 188 
Liquid-vapour interfaces in, 214 
Surface tension of, 214 
Non-ideal, 199, see alsxt Solutions. 
Non-ideal 

of large and small molecules. 212 sec 
also Solutions of large and small 
molecules 

Osmotic equilibrium in, 193 
Osmotic pressure of, 194 
Partial vapour pressures of, 185 
Effect of external pressure on, 187 
Effect of temperature on, 190 
Regular, 208, see also Solutions, 
Regular 

Relations between activity coefficients 
. in. 251 

Solid, 226, see also Solutions, Solid 
Stationary boiling point in, 189 
Stationary vapour pressure in, 189 
Surface tension of, 214 
Dependence of, on composition, 217 
Dependence of, on temperature, 216 
Vapour pressure of saturated, 247 
Solutions, Regular, 208 

Activity coefficients in, 202, 208 

Critical mixing in, 210 

Deviations from Raoult’s law for, 210 

Heat of mixing for, 209 

Henry’s law for, 209 

Osmotic coefficient in, 210 

Osmotic pressure of, 210 

Partial vapour pressures of, 209, 210 

solid, 229, see also Solutions, Solid 

Strictly, 209 

Surface tension of, 218 


Solutions, Saturated, Vapour pressure of, 
257 

Solutions, Solid, 226, 254 
and long range order, 229 
Ideal. 228 

Entropy of mixing in, 228 
Ideal dilute, 254 
Non-ideal, 228 

Partial molar heat of dilution of, 
254 

Partial molar heat of mixing for, 
229 

Partial molar heat of transfer for, 
254 

Regular, 229 

Critical temperature of mixing for, 
229 

Partial molar heat of mixing in, 229 
Stationary melting point in, 227 
Solvation in solutions of electrolytes, 322 
Solvent, 183, 236 

Solvolysis in electrolyte solutions, 322 
Specific interactions of ions, Principle of, 
316 

Spin, Nuclear, 146 
Spin quantum number, 381 
Spreading pressure of film, 224 
Stability, 

and metastability, 29, 128, 133, 206 
Conditions for internal, 
of a binary liquid, 205 
of a pure phase, 79 
of a regular solution, 210, 229 
General conditions of, 28 
Stable and metastable isotherms, 133, 206 
State, 

Continuity of, 130 
Critical, 130, 136 
Equation of, for a gas, 91 
Dieterici’s, 136 
Van der Waals’, 96, 136 
Liquid and solid compared with gas, 
88, 111 

Thermodynamic, defined, 4 
States, Principle of corresponding, 118, 138 
applied to surface tensions, 169 

for gases and liquids, 139 
for solids. IKS. Hd 
Statistical therinodynaniKs. 48 ct :>cq, 
Fundamenlal assuiripLioii of, 49 
Relation of principles of classical 
thermodynamics to, 52, 65 
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Statistics, 

Boltzmann, 62 
Bose-Einstein, 61 
Fermi-Dirac, 61 
Stcfan-Boltzmann law, 392 
Sublimation, Heat and entropy of, 123, 145 
Surface excess per unit area, defined, 256 
Surface phases, see Interfacial layers 
Surface tension, see Interfacial tension 
Symmetry numbers, 104, 152 
Systems, 

Cooperative. 278 et seq. 
Electrochemical. 330 et seq,, sec also 
Electrochemical 

Electrostatic. 361 et seq., see also 
Eketrostativ. 

in gravitational field, 355 et seq., sec 
also Gravitational 
Magnetic. 367 et seq., sec also 
Magtietic 

of d ;:ingle component, 79 ct seq. 
of chemically reacting species, 258 cl 
seq. 

of several non-reacting components, 
230 et seq. 

of two non-reacting components, 170 
et seq. 

Temperature, 

Absolute, defined, 11 

and heat flow, 13 

and statistical thermodynamics, 53 

Boyle, for gases, 96, 140 

Celsius scale of, 13 

Centigrade degree of, 12 

Characteristic, 

Electronic, 110 
for crystals (Debye), 114 
for crystals (Einstein), 118 
Rotational, 104 
Vibrational, 105 
Critical, 

for liquefaction of gas, 129, 140 
for mixing in liquids, 207 
for mixing in regular solutions, 210, 
229 

defined, 5, 11 

Dependence of entropy on, 81 
Inversion, for gases, 96 
Kelvin scale of, 12, 90 
Measurement of absolute, 90 
of boiling, see Boiling point 
of freezing, see Freezing point 
Scales of, 6 


Temperature, contd. 

Unattainability of absolute zero of, 
161, 384 

Temperatures, Corresponding, 
of crystals, 118 
of liquids and gases, 138 
Thermochemistry, 260 et seq. 

Units used in, 85 
Zero convention for, 262 
Thermodynamic efficiency of cycle, 77 
Thermodynamic functions, 

and thermodynamic probability, 50, 58 
defined. 17 

Dependence of, on P, T, 71 
Dependence of, on V, T, 73 
Dimensions and units for, 22 
for condensed phases, 111, 113 
for cooperative systems, 278 
for crystals, 

at very low temperatures, 113 
from Debye’s model, 114 
from Einstein’s model, 118 
for diatomic molecules, 104, 152 
for electrostatic systems, 362 
for hydrogen, 155 
for ideal solutions, 1%, 238 
for interfaces, 37, 163, 214, 255 
for magnetic systems, 375 
for mixtures of gases, 176, 233, 236 
for mixtures of perfect gases, 180, 233 
for monatomic molecules, 103, 148 
for paramagnetic substances, 381 
for perfect gases, 97, 101 
for polyatomic molecules, 106, 107, 
152 

for radiation, 390 
for real gases, 88, 93, 99 
for regular solutions, 208 
for solutions of large and small 
molecules, 213 
in gravitational field, 355 
Mean molar, 174 
Partial molar, 171 
related to E.M.F.S of cells. 344 
related to partition functions, 58, 62 
Relations between, 21, 23, 25, 68 et 
seq. 

Statistical definitions of, 50, et seq. 
Symbols used for, 19, 20 
Translational, of gas, 64 
Thermodynamic potentials, defined, 17, 
see also Thermodynamic functions 
Thermodynamic probability, 50, 58 
Thermodynamic process, defined, 4 
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Thermodynamic relations of general 
validity, 68 et seq. 

Thermodynamics, 

Basis of principles of, 45 
First principle of, 7, 45 
Introduction to, and scope of, 1 
Method of treatment, 2 
Second principle of, 11, 45 
Statistical, 48 et seq. 

Statistical basis of principles of 
classical, 52 

Statistical basis of third principle of, 
65 

Statistical, Fundamental assumption of. 
49 

Third principle of, 46, 65 
and Nernst’s heat theorem, 158 
Zeroth principle of, 5, 45 
Thermodynamic state, 4 
Thermometer, 36 
Gas, 91 
Perfect gas, 3 
Thermostat, 6 

Third principle of thermodynamics, 46 
and Nernsts heat theorem, 158 
Statistical basis of, 65 
Transference, 

Cells with, 349 
Cells without, 347 
numbers, 350 
Transitions, 

of second order, 229, 276, 380 
of various orders, compared, 287 
Order-disorder, 279 
Phase, 127, 273 
Transport, see Transference 
Triple point, 126, 144 
Trouton's rule, 143 

Useful energy, see Gibbs function 

Van der Waals’ formula for gas, 96, 136 
Van’t Hoff's laws for ideal extremely 
dilute solutions, 295 
Vapour pressure. 

Mixtures with stationary, 189, 237 
of liquid mixtures, 188 
of pure condensed phases, 
at triple point. 126, 135 
Dependence of, on pressure, 135 
Dependence of, on temperature, 123, 
142 

of saturated solutions, 257 


Vapour pressure, contd. 
of small drops, 166 
Two-dimensional, of liquid films, 226 
Vapour pressures. Partial, 

in extremely dilute solutions, 291 
in ideal dilute solutions, 240 
Dependence of, on temperature, 
243 

in ideal solutions, 197, 238 
Dependence of, on temperature, 
198 

in liquid mixtures, generally. 185 
Dependence of, on pressure, 187 
Dependence of, on temperature, 
190 

Duhem-Margules relation between, 
186 

in non-ideal solutions, 200, 239, 244 
in regular solutions, 209 
and critical mixing, 210, 211 
in solutions of large and small 
molecules, 212 

in very dilute regular solutions, 209 
in water and ethyl alcohol, 186, 
187, 247 

Vectors, Electric and magnetic, 368 
Vibrations in gas molecules, 104 et seq. 
Characteristic temperatures for, 105 
et seq. 

Virial coefficients of gases, 89 
Second, 89, 140 

Dependence of, on temperature, 95 
in gas mixtures, 176, 236 
in idealized gas mixtures, 179 
Volta potentials, 336 
Volume, 

Critical, 130, 136 
Dependence of thermodynamic 
functions on, 73 
fraction, defined, 213 
Partial molar, 170 

Water, 

Heat capacity of, 85 
Ionization product of, 324 
Work. 7 

Conversion of, into heat, 8 
Electric. 373, 3S5 
Magnetic. 367. 37 3. 3S5 
of cfiaiging ^.ondenser, 362 

Zeroth principle of thermodynamics, 5, 45 
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ERRATA 

p. IT Formula (1.17.4) should read 

0, (reversible changes). (1. 17.4). 

p. 35. Two lines below (1.50.15): — Insert “for*' between “the 
affinity A" and “any change*'. 

p. 37. Lines 8 and 9: — Interchange the words “above** and “below**, 
p. 37. Line 11: — Replace Ph-yl by Phl--yL 

p. 38. Formula (1.54.3): — The first equation should read dF^ 
-Fdl 

p. 220. First line: — Insert “be** between “nor** and “verified**, 
p 220. Formula (5.60,4): — The first equation should read 
Ai=0.04 X 10^® cm^/mole. 
p. 222. Formula (5.63. 1): — Change rpP to rdP, 
p. 236. Last line of § 6.13: Change pi to p* . 

p. 383. Formula (13. 14. 16): — Change M to M. 





